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PREFACE TO THIRD EDITION 


In this edition a few changes have been made which it is hoped are 
improvements of method or argument. These are not very extensive, 
and they have been worked in so as to alter the rest of the text as little 
as possible. Among these changes the most important are Arts. 270 
to 272 on the rates of change of a vector and the application of this to 
velocities ,aaad accelerations. This method has the advantage of 
bringing under one set of rules a number of processes which appeared 
all different in the earlier editions. Another change, closely connected 
with the one just mentioned, is the representation in Chapter XXIII 
of the momentum of a rigid body by means of a vector acting in a 
definite line, together with a momentum-couple. The introduction of 
the momentum-couple enables us to apply the same operations to 
momentum as we had already applied to forces in Chapter III. 

The rest of the changes are very small alterations or additions. 


June^ 1929. 


John Prescott* 



FROM THE PREFACE TO THE SECOND 

EDITION 

The object of the present book is to supply a text-book on statics and 
dynamics suitable for students taking these subjects up to the standard 
of a pass d^ee at a British university. The author’s intercourse 
throu^out several years with students and teachers of engineering in 
a teleological college has resulted in giving a utilitarian bias to the 
book; but this, I hope, wiD be accounted a virtue, for mechanics is 
surely a utilitarian subject. 

An attempt has been made to supply the answer to every question 
set at the ends of the chapters when the answer is not implied in the 
form of the question. For the labour of verifying most of these answers 
and correcting many of them, I am greatly indebted to Mr. Ixmis 
Toft, M,Sc. 

This edition is a reprint of the first edition with just a few small 
corrections, and tire alteration in two questions of the given speeds of 
aeroplanes to somethmg like the speeds attained at the present day. 

John Prescoix 


Jmtaryi 19x3 
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MECHANICS OF PARTICLES 
AND RIGID BODIES 

CHAPTER I 

PREUMINARY 

1. The subject of mechanics is motion and the causes of motion. 
Sometimes we are concerned with motion alone, and sometimes with 
the causes alone. The cause of motion is force. Mechanics deals ^so 
with forces which mutually annul each other when they art on a rigid 
body. That part of the subject which deals with forces which mutually 
balance, and therefore cause no motion, is called Statics. The part 
which deals with forces causing motion is called Dynamics.^ The part 
which deals with motion alone and takes no account of its cause is 
regarded as a branch of dynamics, and is called Kinematics. 

At the beginning of the subject it is necessary to give a few definitions 
of terms which are in common use, but to which precise meanings must 
now be attached. 

S. Definitions. 

Matter is something we shall not try to define. 

A Body is a portion of matter bounded by a closed surface. 

The Mass of a body is the quantity of matter composing the body. 

It will be shown later how the masses of bodies of dififerent substances 
are compared. It is easy to understand what is meant by equal masses 
of the same substance, but without some convention in addition to the 
preceding definitions there is no means of determining what is meant by 
equal masses of different substances. It is shown in Art. 47 that 
Newton’s laws of motion (which are the postulates of mechanics) imply 
a definition of equal masses, 

A Particle is a body of infinitely small dimensions; or, a mathe- 
matical point endowed with mass. The particle, as defined here, does 
not really exist ; for there can be only an infinitely small mass in an 
infinitely small space. But it is a convenient mathematical fiction which 
simplifies mechanical reasoning. Any finite body is regarded as composed 
of particles with infinitely small masses. 

Displacement.— M. a particle is, at one instant, at a pomt A, and, at a 
later instant, at a point B, its displacement in the interval is the OiStaDc*e 
AB in the direction from A to B. 


B 
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mechanics of particles and rigid bodies 

The Velocity of a particle is the rate of increase of its displacement 
Since velocity is displacement in unit time, it has, like displacement, a 

direction as well as magnitude. r u j *r 

jr^;,^^.-That which changes the motion of a body frona uniform, 

motion in a straight line, or which sets a body in motion, is called a 

There are forces which do not seem to be embraced in the preceding 
definition The physical action which we call a force may exist, but 
no motion may ensue, because its effect is exactly counterbalanced by 
other forces. We may, however, consider, even in this case, that each 
force is actually producing its own motion independently of all the other 
forces, provided that the displacements produced by the several forces 
are added by the rule shortly to be given. 

The Acceleration of a particle is the rate of increase of its velocity. 

A negative acceleration is often called siRetardation or a Deceleration. 

— If a particle occupies the same point in space during any 
^nite interval of time, it is said to be at rest during that interval. 

In reality we can never tell when a particle is at rest. Rest and 
motion are only relative terms. When we say a particle is at rest, we mean 
that it has no velocity relative to some body which we consider fixed in 
space. But in order to be sure that a body is fixed in space we should 
have to be able to distinguish between similar portions of space. We 
can, in fact, only perceive the differences in the motions of bodies, and 
it is with these differences that mechanics is really concerned. 

The Angular Velocity of a line moving in one plane is the rate of 
increase, in radians per second usually, of the angle which the line 
makes with some fixed line in the plane. 

The angular velocity of a rigid body about a fixed axis is the rate of 
increase of the angle which any plane, containing the axis and fixed in 
the body, makes with a plane also containing the axis and fixed in space. 

3. Units. — ^The units of length and time used in this book will be a 
foot and a second respectively, unless other units are specially mentioned. 
The unit of mass will generally be a pound, which is the mass of a piece 
of platinum preserved by the British Government as a standard. 

4. Vectors. — A quantity which cannot be completely determined, 
without fixing a direction as well as a magnitude, is called a vector 
quantity. The displacement of a particle, which is the quantity indicating 
the distance of the particle from some point of reference, is a vector, 
since both a magnitude (namely, the length of line joining the point of 
reference to the particle; and a direction are needed for its complete 
specification. Similarly, velocity and acceleration are vector quantities. 

5. A vector quantity can be completely represented by a line. A 
vector such as a displacement or a force is, moreover, only correctly 
represented by a particular line. A vector of another kind, such as a 
couple, can^ be represented equally well by any line equal and parallel 
to a given line. Two vectors of the first kind are equal only when they 
are represented by equal vectors in the same line, whereas two vectors 
of the second kind are equal when they are represented by equal and 
parallel lines. Since most of the important properties of vectors are 
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common to both kinds, we shall assume, for the present, that two vectors 
are equal if they are represented by equal and parallel lines. 

6 . Quantities which do not depend on direction, and which are 
completely specified by magnitude only, are called scalar quantities^ or 
simply scalars. Time, for example, is a scalar quantity. All non- 
geometrical quantities are in fact scalars, for it is clear that a vector is a 
quantity which depends on space. 

7. Since displacements are the simplest vectors, we shall prove the 
important properties of the displacement- vector, and then show that all 
vectors which are added by the parallelogram rule given in Art. 9 will 
be subject to the same laws as displacements. 

8 . Since the displacement from B to A will just annul the dis^ 
placement from A to B, we have to distinguish between two displace- 
ments which are represented by the same line. Many writers use the 
word “sense” to distinguish between two such displacements. The 
displacements A to B and B to A are considered by them to be in the 
same direction but in opposite senses. But in this book we shall, as a 
rule, use the word “direction” to include sense. When we speak of 
the direction AB we mean from A to B, and the direction BA shall 
mean from B to A. 

9. If a particle receives, successively, displacements represented 
by OA and OB, then the final position is the same as if it had 
received the displacement represented by the diagonal 00 of the 
parallelogram OAOB. 

If the particle is first displaced from O to A, and then from A to C, 
its final position is C. Now the displacement AC can be represented 
by OB. Hence the dis- 
placement OC is equivalent 
to the two displacements 
OA and OB, since the final 
position is the same in both 
cases. 

10. It is evident that 
the order in which these 
displacements are given is 
immaterial, the final posi- 
tion being the same whether the particle is first displaced from 0 to A 
and then from A to C, or first from O to B and then from B to C. 
The displacement OC is called the 
resultant of the displacements OA 
and OB. 

11. Even when the particle re- 
ceives the displacements OA, OB 
simultaneously, it will arrive ulti- 
mately at the position C. We can 
imagine a particle, P, to be receiv- 
ing simultaneous displacements in 
the following w^ay. Suppose the particle is moving along a rod XY 
which starts from the position OA and moves to the position BC*so thaf 
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in every position the rod is parallel to OA. If the particle arrives at Y 
when the rod arrives at the position BC, the particle will have received 
the two displacements XY (or OA) and OB simultaneously. Thus, 
however the displacements are given to the particle, the displacement. 
OC is the resultant of the two displacements OA and OB. 

13. The theorem of the preceding paragraph can be put in a different 
form, w^hich is often more convenient to use. Since the displacement 
OB is equal to the displacement AC, we see that OC is the resultant of 
OA and AC. That is, the resultant of the displacements represented 
by the sides OA and AC of any triangle is represented by the third side 
OC, the direction of this resultant round the triangle being opposite to 
the directions of the other two. 

18. If a particle receives displacements represented by the sides 
of an unclosed polygon, not necessarily confined to one plane, the 

directions of the displacements all 
leading in the same way round the 
figure, then the resultant displace-^ 
ment is given by the line joining the 
D beginning of the first to the end of 
the last side of the polygon. 

This is self-evident from a figure. 

If a particle receives successively the 
displacements AB, BC, CD, DE, the 
effect is just the same as if it had 
been displaced from A to E. If the 
Fig. 3. displacements are simultaneous, we 

. , , can use the result proved for two 

simultaneous displacements to show that the resultant is fust the 
same. For 



the resultant of AB and BC is AC ; 
and the resultant of AC and CD is AD ; 
ue. the resultant of AB, BC, and CD is AD ; 
again, the resultant of AD and DE is AE ; 
thus the resultant of AB, BC, CD, and DE is AE. 


We get ; 


particular case of the preceding theorem when the polygon is 
a closed one, E and A coinciding. Then the 
.Q resultant displacement is zero. 

/ 14. It will be noticed that the addition of dis- 

/ pmcements is a different kind of addition from that 
of ordinary algebra ; for in algebra we are concerned 
only with the magnitudes of quantities, while in the 
case of displacements the direction of the quantities 
to be added affects the result. Thus, in the right- 
angled triangle ABC, where AB = 4 miles, BC = 7 
I miles, and AC — 8'o6 miles, we know that 

displacement AB -h displacement BC 

= displacement AC. 
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Hence, the sum of these two quantities, whose magnitudes are 4 and 
7 miles, is 8 *06 miles when added by the vector method. If we ignore 
direction altogether, 

AB + BC = II miles. 

It is evident that both these methods of summing give results which 
have rational meanings. If a man walked from A to B and then from 
B to C, the vector sum gives the man’s distance from the starting-point 
as well as the direction of his position from A ; whereas the sum by the 
second method gives merely the distance walked over by the man, but 
gives no information about his final position. 

15. In future, when we wish to indicate that quantities are to be 
added by the vector or displacement method we shall put an arrow over 
the vectors, thus — 


AB + BC = AC 

Using the vector notation, the theorem of Art. concerning the polygon 
of displacements can be written very simply and concisely — 


AB 4- BC -r CD + DE = AE 


Also 


AB + BC + CD -h DE + EA = o 
And as a particular case 

AB + BA = o 


16. Since the sum of AB and BA is zero, each may consistently be 
regarded as the negative of the other. This gives a meaning to a 
negative vector. The negative of any 
vector is the vector obtained by reversing 
the direction of the first vector and keep- 
ing its magnitude the same. In Fig. 5 

AB-BC = AB4-CB 


= AB + BD 
= AD 

BD being made equal to CB, 

17. As a simple application of the sub- 
traction of vectors we will find the dis- 
placement of one particle relative to 
another which has also been displaced, 
particle relative to another is the displacement which the first would 
have had to undergo while the second remained fixed in order to leave 



The displacement of one 
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the two particles in the same relative position as the actual displace- 
ment. If two particles, b and c, starting from A, are displaced to B and 

C respectively, the displacement of c 
relative to b is 

AC- AB = AC + BA 
==BA + AC 
= BC 

a result which, for this simple case, is 
obvious without any knowledge of vectors. If AQ is equal and parallel 



to BC (which is all expressed in the equation AQ = BC), then the 
relative position is just the same as if h had remained at A and c had 
been displaced to Q. 

18» Even when the particles do not start from the same point the 
relative displacement is given by the same method. The displacements 
can be represented bylines drawn from the same point, and the relative 
displacement obtained exactly as before. Thus, if ^ is moved from Aj 
to B, and c from A to C, the displacement of c relative to b is 


AC - AiB = AC - AD (where AD = AjB) 

= AC + DA 
*= DC 

Let AQ = DC. Then the relative positions are obviously the same 
as if c had been displaced to Q and b had remained at A^, which shows 

■P ppp 

that AQ or DC represents the rela- 
tive displacement. 

19. It follows from the preced- 
ing paragraphs that the rule fot 
finding the displacement of a pan 
tide c relative to a particle h is the 
same as if both particles moved in 
the same straight line, namely, sub- 
tract the displacement of b from that 
of c. This rule includes all cases 
provided the vector method of sub- 
traction be used. 

•n u similar to those we have proved for displacements 

will be true for any other quantities that are added by the parallelogram 
method. For all these theorems follow from the parallelogram law. 
gram mle ™ prove that velocities are added by the parallel©- 
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Firstly, suppose the velocities with which we are dealing are constant. 


Then, by 



Let a particle have velocities represented by OA and OB, 

^ the definition of velocity the particle 
receives, in unit time, displacements 

represented by OA and OB, Now, 

OACB being a parallelogram, OC is 
the resultant displacement in unit 
time. But the resultant displacement 
in unit time is the resultant velocity. 

Hence OC is the resultant velocity, 
and it is obtained by the parallelo- 
gram rule. 

22. If the velocities are not constant, consider the displacements in 
a very short interval of time 8/ starting from the instant we are consider- 
ing. In Fig. 8, let O^r, O^, represent 0 A . S/, OB . 8/, which, if the 
velocities do not vary suddenly by finite amounts, will represent 
approximately the actual displacements in the interval 8/. The result- 
ant of these is Oc or OC . SA The resultant velocity is what we obtain 
on dividing this resultant displacement by 8/, namely OC. Thus, 
whether the velocities be constant or variable, the resultant is obtained 
by the same process. 

23, It is now only necessary to state the theorem in velocities corre- 
sponding to the theorem of Art. 13 for displacements. 

If a particle has at the same time velocities repi^esented by the sides AB^ 
BC, CD, DE of any polygon^ then the resultant velocity is represented by 


AE. And if E coincides with A the' body is at rest. 

24. As an instance of a body having several velocities at the same 
time, we may mention the case of a man walking on the deck of a 
ship which is steaming across the current of a river. The resultant 
velocity of the man is the vector sum of the velocities of the current, 
of the ship relative to the current, and of the man relative to the ship. 

Example on Relative Velocity. — An aviator^ who flies with a 
velocity v relative to the aii% flies in a straight course from a point A 
to a point B. If a wmd blows with velocity u in the direction making 


an angle 6 with ABjflnd his velocity 
relative to the earthy and the directmi 
in which he must steer his machine. 

The actual velocity of the 
machine is the vector sum of the 
velocity of the air and the velocity v 
in some direction which will make 
the sum into a vector along AB. 


/ 






X 


A r 

4 

B 

Fig. 8a. 

Q 


From A draw AP to represent u. Then a vector representing r, 
the magnitude of which is known, must start at P and end on the line 
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AB, Therefore describe a circle of radius v and with centre at P, and 
let Q be the point where it cuts AB on the same side of A as B. Then 

PQ represents the man’s velocity relative to the air, and PQ is the 

direction in which he must steer. Also AQ is his velocity relative to 
the earth. 

PX is drawn perpendicular to AB. 

Then, if denotes AQ, 

NQ = “ NP2) 

that is, cos d = ^^2 sin2 B) 

Therefore x ^ u cos 8 + sin2 Q) 

which is the required velocity. 

To find the direction in which he must steer, we need only find the 
angle Q. 


Now, Sin Q = - sin 6 

which gives Q. 

25. To show that the parallelogram method of addition applies to 
accelerattons we need only repeat the argument of Art. 21 , substituting 
veloaty for displacement and acceleration for velocity, since acceleration 
bears exactly the same relation to velocity as velocity bears to displace- 
ment. ^ 


26. We now state the polygon theorem for accelerations thus 

^1/ ^arMe at tht same time, accelerations represented by the sides 

AB,^C, CD, DE, of any polygon, then its resultant acceleration is given 


^ ^ cctnddes with A the particle has no acceleraiion ; that 

/i*, thi pdrtich Moves with constant velocity, 

particular attention to the 
meaning of “constant veloaty” in the preceding paragraph, and 
wherever else it may occur in this book. Two velocities are equa only 
when they are in parallel directions and equal in magnitude Cons2 
gently, the velocity of a particle remains constant only when the 
^cle continues to move in the same straight line travLw eqSl 
Jstences m any eq»d intervals of time. A relodty may be chaS 
owmg to a change m its direction while its magiiitude remains Sf 
^me. The magnitude of the velocity of a body is called 

velocity in that the first has magnUuiS 
only, while the second has direction as well as maenitnde tk. 

OA, »|T.“ srs'^.s^ 

increase of velocity in this time is— OB; then the 
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The mean acceleration, therefore, during this interval is — 


A? 

8 ^ 

and if ht be made infinitely small 
this becomes the true acceleration 
at the instant. This quantity is, of 
course, a vector. It is clear from 
the foregoing that the direction 
of the acceleration is entirely independent of the direction of the 
velocity. 

Generally the rate of change of a vector is a vector whose direction 
in no way depends on that of the first vector. 

29. By the aid of one of Newton’s laws of motion we can now show 
that the vector method of addition and subtraction applies to forces. 
His second law is — 

The rate of change of momentum of a body is proportional to the applied 
force and is in the direction of that force. 

Now, the momentum of a body is the product of its mass and its 
velocity. Hence the rate of change of its momentum is the product of 
its mass and the rate of change of its velocity. That is, the force 
producing any acceleration is proportional to the product of the mass 
and the acceleration. 



Fig. 9, 


30. If several forces act on a body at the same time, each force 
must be considered to be producing its own acceleration independently 
of the rest. The accelerations produced by the several forces will be 
equivalent to a single acceleration, namely, their resultant, which could 
be produced by a single force in the same direction as this resultant. 
The single force which could produce the same effect as the several 
forces is the resultant of those forces; and, since the forces are 
proportional to the accelerations, the lines representing the latter could 
equally well represent the former. Thus the same polygon which gives 
the resultant acceleration will give the resultant force ; whence it follows 
that the method of compounding forces is exactly similar to that of 
compounding accelerations. The vector method^ of addition and 
subtraction will therefore apply to forces as well as to accelerations, 
velocities, and displacements. 

31. Not only is it necessary to compound several forces into a single 


resultant, but it is frequently necessary to 
perform the reverse operation, namely, to 
resolve a single force into two or more 
components. We will show how this is 
effected. 

32. To resolve the force OC into two 
components parallel to two given lines 
OA and OB. 

From C draw C^, C^, parallel to BO 



Fig. 10. 


and AO respectively ; then Oa and are the components required. 
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83. The student should be careful to notice that the magnitude of 
the component along each line defends on the direction of the other. 
Suppose, for example, that OC and OA remain fixed while OB turns 
shout O so as to increase the angle AOB ; as this takes place the point ' 
a will move aw^ay from O, and when AOB is nearly tw’o right angles 
Oa, and also Ob^ will be very large. 

34. The commonest w^ay of resolving forces is along two axes 
perpendicular to each other. Whenever we speak of the component of 
a force along a given line in its plane, when no other axis has been 
mentioned, it must be understood to mean the component obtained by 
resolving the force along the given line and a line perpendicular to the 
given line, 

85. By the method of obtaining the components of a force along 
two given axes in its plane it is clear that, for any given pair of axes, 
there ^n only be one pair of components of any force. If, however, 
we wish to resolve a force along three lines in the same plane as the 
force we shall not get a single set of three components j for we can 
choose arbitrarily a component of any magnitude along one of these 
*ines, and then resolve the vector difference between the given force 

and the chosen compo- 
nent along the other two 
lines. 

36. If a force be re- 
solved along three lines 
not in the same plane, 
a single set of three 
components is obtained. 

— Let OC be the given 
force; OX, OY, OZ,the 
three lines not in the 
same plane. 

M teaibed haring its edges parallel to OX, OY, oi^aiSkSg OC 



OL + OM + ON = OL 4- LP + PC 
= 0C 

87. The three components just obtained are the onlv dossiMp 

SeK^n? J” th7tf. eZ. 
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Now the resultant of forces along OY and OZ must be in their 

Therefore /C cannot be equal to this resultant unless it is parallel to the 
4)lane YOZ. But unless / coincides with L, /C is not parallel to this plane. 


Hence / must coincide with L; /.<?. OL is the only possible component 
along OX with the given directions of OY and OZ. Similarly, it can 
be shown that the other two components could not have any other 
magnitude. 

38. If several forces in one plane and their resultant be each 
resolved into components along two given lines in their plane, the 
sum of the components of the forces 


along either of the lines is equal 
to the component of their resultant 
along that line. 

Let AB, BC, CD, represent the 
forces j then AD represents their re- 
sultant. Let AX, AY, be the two 
given lines. If BL, CM, DN, be 
drawn parallel to AY and meeting 
AX in L, M, and N, then AL, LM, 
MN, and AN, are the components 
along AX of AB, BC, CD, and AD. 
But 



Fig. 12. 


AL -f- LM + MN « AN 


ix. the sum of the components of the forces is equal to the component of 
their resultant. 

39. By means of the preceding theorem we can find analytically the 
resultant of a system of forces in one plane which act through one point. 
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Let P, Q, R, be three co-planar forces acting through O whose 
resultant S is required. 

Let OX, OY, be two mutually perpendicular axes in the plane 
of the forces, and let the angles which the positive directions of P, Q, 
R, and S, make with OX be a, j 3 , y, and 0 , these angles being considered 
positive when measured from OX towards OY. Then 

component of S along OX = sum of components of P, Q, and R 

along OX ’ 

U. S cos ^ =s P cos a + Q cos j8 + R cos y . . . (j) 

Similarly, by equating the components along OY, 

S sin = P sin a + Q sin j8 + R sin y • . , (2) 

Squaring both sides of (i) and (2) and adding, 

S 2 = (P cosa + Q cos ^ + R cos y)2 4 - (Psina + Q sin ^ + R sin y;2 

which gives the magnitude of S. 

Dividing (2) by (i), we get 


tan e = ^ ^ + Q -h R sin y 

P cos a + Q cos jS + R cos y 

which gives the direction of S. Thus S is completely determined 
40 . A theorem similar to that of Art. 38 can be shown to be true 
for forces which are not in one plane, when the components are taken 
along three axes not in the same plane. For it is clear, from Art 26 
that the component of any force OC (Fig. n) along one of the three 
^es, OX say IS the intercept cut off OX by two planes through O and 
C ^rmlel to the plane of the other two axes. Now, in Art. 38 if A B C 
Md D, are not in one plane, and components are taken along OX and’ 
of lines through B, C, and D, parallel to OY as 
in Art 38, we shall have planes parallel to the other two axes. The 
proof that the component of AD, the resultant, is equal to the sum of 

the components of AB, BC, 
and CD, along OX is, after 
this point, just the same as 
for co-planar forces. 

41 . To find analytically 
the resultant of a system of 
forces not all in the same 
plane, resolve them along 
three mutually perpendicular 
axes OX, OY, OZ. Letx,v, 

and X, be the sum of the 
components of all the forces 

resultant, R, of the forces is the resultant o^f “ ^ a?d 
In the figure OA = *, OB = jr, OC = x, and OP = R. 
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^2 4 = OQ2 

+ ^2 = OQ2 + QP* 

= OP2 
=: R2 

Thus the magnitude of R is found. 

The direction of R is determined, because we know that it makes 
angles with the axes OX, OY, OZ, whose cosines are — 

X y z 
R’ R’ R 


42. So far we have not introduced the derived units of velocity, 
acceleration, and force, all the properties we have proved being 
independent of the particular unit chosen. We will now introduce 
definite units. 

Taking a foot and a second as the units of length and time, the 
simplest unit of velocity is a velocity of one foot per second. If a body 
moves in a straight line at a uniform rate over v feet in each second, 
then the magnitude of its velocity is v feet per second. If a body, 
moving in a straight line, has not a uniform velocity, but has a dis- 
placement s feet from some reference point in the line of motion at the 

end of / seconds from a particular instant, then its velocity is ^feet per 

second. This general form for the velocity holds, naturally, for the 
simplest case of uniform motion as well as for variable motion. 

43. Pluxional Notation. — Differential coefiicients with respect to 
time, that is, rates of increase with respect to time, were indicated by 
Newton simply by putting a dot over the differentiated quantity, and 
this notation is still frequently used in dynamics, where it is often very 

dx 

convenient. Thus, x and — are different symbols for the same quantity. 


Likewise x means 


^x 


but the notation would clearly get awkward for 


differential coefficients of high orders. 

To indicate differential coefficients with respect to quantities other 
than time, we have to make use of the fact that 


dx dt dx X 


In dynamics, however, it is nearly always differentiations with 
respect to time that are used, and consequently there is little or no need 
of combinations of the fluxions, 

44. If V is the velocity of a body in feet per second moving along a 
straight line, this velocity being regarded as a function of the number 
of seconds f after some particular instant, the acceleration of the 

dv dv 

body is In the case of uniform acceleration -7: is the increase in 
dt dt 

velocity per second; that is, it is the number of feet per second of 



14 MECHANICS OF PARTICLES AND RIGID BODIES 

velocity gained by the body per second. Thus it will be seen that the 
time-unit is involved twice in acceleration j so the unit of acceleration is 
one foot per second per second. 

46 . Newton's second law states that if a force F gives an accelera- 
tion /to a mass of m pounds, then 

F oc mf 

Now it will clearly simplify matters — in dynamics at least — if we so 
choose the unit of force that 

F = m/ 

The unit force in this system is the force which gives to a mass of one 
pound an acceleration of one foot per second per second. This is the 
unit used in dynamics, and it is called a Fonndal But in statics another 
unit is used, an accidental unit, which will now be explained. 

46 . Experience tell us that all bodies, raised above the surface of 
the earth and then let go, fall towards the earth. Accurate experiments 
show that all bodies in vacuo near the earth's surface, fall towards the 
earth with an acceleration of 32*2 feet per second per second. And 
further, Newton's laws, which are the outcome of experience, tell us that 
a force is needed to produce acceleration in a body. Hence the earth 
must be pulling each pound of matter with a force of 32*2 poundals. 
The force with which the earth pulls any body near its surface is called 
the weight of the body. The weight of one pound, which, as we have 
seen, is 32*2 poundals, is the unit of force commonly used in statics, and 
it is called a force of one found or one pound weight. There is a wide 
distinction between one pound mass and one pound weight ; the first 
denotes a quantity of matter, and the second, the force with which the 
earth pulls that matter, an entirely accidental force, since it depends not 
only on the mass butdso on the size of the earth. For this reason the 
poundal is called the Absolute Unit of force, and the pound is the 
Gravitation Unit of force. 

The acceleration of a body falling near the earth's surface in vacuo 
is denoted by^. 

47 . Masses are compared in practice by comparing their weights 
If two masses have equal weights they are considered to be equal 
masses. But what we do really know about the masses is that the 
earth exerts equal forces on them ; and this, combined with the know- 
ledge that both these bodies will fall with the same acceleration under 
the action of these forces, tells us that equal forces produce equal 
accelerations in them. Now, by Newton's second law, since the forces 
and the accelerations are the same in the two cases, the masses must 
be the same. But Newton's law is not a proof that the masses are 
equal, but an assumption. In the case of bodies composed of exactly 
the same substance this assumption can be verified in other ways ; but 
for bodies composed of different substances, such as iron and copper, 
the assumption can only be taken as a definition of equal masses. 

In the metric system the units of length, mass, and time, are a 
centimetre, a gram, and a second, respectively The force which gives 
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to one gram an acceleration of one centimetre per second per second is 
called a dyne. Since one foot = 30*48 centimetres, the acceleration of 
falling bodies at the earth’s surface is 32*18 x 30*48 or 981 centimetres 
■ per second per second. The relations between the derived units in the 
two systems will be investigated in the chapter on and Dimensions, 
The weight of one gram is the unit of force commonly used in statics 
when metric units are employed. 


EXAMPLES ON CHAPTER I 

I. A particle moves round a circle of 3 feet radius at a uniform speed of 
4 feet per second. What is its displacement from the starting-point at the 
end of TT seconds ? What is its average velocity in this interval, and what 
angle does this velocity make with the initial velocity ? 


1^34/3 feet ; feet per sec. ; 


2. P and Q are any two points on the rim of a rotating flywheel. Find 
the velocity of Q relative to P, given the angular velocity ai of the wheel, 
and show that it is the same as if the wheel were rotating about P with the 
same angular velocity. 

3. P and Q are any two points in a plate rotating about an axis perpen- 
dicular to its plane with a given angular velocity. Show that the relative 
velocity is the same for all positions of the axis of rotation. 

4. Show that the velocity of a point P on a spoke of a wheel rolling along 
a road with an angular velocity is CP. ct> at right angles to CP, where C 
denotes the point of the wheel in contact with the road. 

[Add the vectors representing the velocity of the centre and the 
velocity of P relative to the centre.] 

5. Show that the sum of the vectors represented by the medians of any 
triangle, all drawn from the angular points towards the opposite sides, 
is zero. 

6. Forces represented by m,OA and n,0'B act along OA and OB. 

Show that the resultant is {m + ^)OG, where G is the point in AB such 
that m . AG = n . GB. 

[Proof, — OA » m{OG -P GA) = m . OG — m .AG 


n . OB = ^^(OG + GB) = n . OG + m . AG 


therefore 


m, OA -P « . OB = {rn + /^OG.] 


7. ABCD is a parallelogram, and G the intersection of the diagonals. 
O is any point inside or outside the plane of the parallelogram. Show that 

the resultant of forces represented by OA, OB, OC, OD, is 4. OG. 

8. ABC IS any triangle, G the intersection of the medians, O any point 
inside or outside the plane of the triangle- Prove that the sum of the vectors 

OA, OB, OC, is 3.OG. 

9. Vectors are represented in magnitude and direction by lines drawn 
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from any point 0 to the eight corners of a cube. Show that their sum is 

— % 

represented by 8 . OG, where G is the centre of the cube. 

:c. A, B, C, D, etc., are the corners of a regular polygon (or a regular 
polyhedron). If the number of comers is «, show that the sum of the vectors 

drawn from any point 0 to all the corners is . OG, where G is the centre 
of the hgure. 

11. Show that the sum of the vectors represented by the sides AB DC 
of any (Quadrilateral ABCD is equivalent to the sum of the vectors repre- 
sented by the diagonals AC, DB. 

12. Across a river a quarter of a mile wide, which flows at he rate of 
one mile per hour, a man rows in a straight course from one bank to a 
point one-eighth of a mile up-stream on the opposite bank. If his rate of 
rowing relative to the water is 2 miles an hour, how long does he take 

200 miJ'an hou^^How 

~v2Zr^ hours 

to^complete the circuit in either direction, w being his velocity relative to 

a course at right angl^ to the banks^? ^ ^ “^ke 

18. An observer on a steamer which I’s up-stream.] 

an hour, notices another steameftrTvpllVf ^ ^4 miles 

the distances of the second steamer at ol*servations on 

CA anrCB^StTSeliSio^s’” si^A Jsin^B"' bodies'S'doTO 

relative acceleration is parallelfo PQ? ^ graphically that the 



CHAPTER II 

FIRST PRINCIPLES OF STATICS 

At this point we shall need a few more terms, which we will now 
define. 

A Rigid Body is a body which maintains its shape and size under 
the action of any forces. Or better, a rigid body is a body in which 
the distance between every pair of particles remains constant under the 
action of any forces. 

Like many other things in mechanics, an aosolutely rigid body does 
not exist. All bodies alter their shape or size or both under the action 
of forces. If the two ends of a rod be pulled away from each other the 
rod is lengthened, and if the ends be pushed towards each other the rod 
is shortened. But this alteration in length is so small for ordinary 
forces that it may be neglected in most cases. For this reason we 
shall treat all bodies as if they were rigid, §xcept in the questions 
on elasticity, where the alteration in shape is the subject specially 
considered. 

Tension and forces act on the ends of a rod or string 

tending to pull them apart, the rod or string is said to be iri tension. 
If the forces on a rod tend to push the ends together, the rod is said to 
be in thrust. 

Action and Reaction . — When a body A, exerts a force on a body B, 
observation tells us that B exerts a force on A in the opposite direc- 
tion. Newton's third law of force states that these two forces are equal 
and opposite; that is, their magnitudes are equal, and they act in 
opposite directions in the same straight line. Either of these forces is 
called the action of one body on the other, and the other force is called 
the reaction. 

The conviction that action and reaction are equal is not arrived at 
directly by observation. This conviction is forced upon us by the 
universal agreement between the deductions drawn from the principle 
and our experience. 

Smooth Bodies . — A body is said to be smooth when the only force 
that can be exerted at any point of its surface, by another body touching 
it there, is a force along the common normal to the surfaces of the two 
bodies at that point. 

Bodies that are not smooth are called rough bodies. No body is 
perfectly smooth. A smooth body is just as unreal as a rigid body, 
but both have their uses in mechanics. 
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Equilibrium. system of forces are in equilibrium when the effect 
which they would produce on a rigid body is nil 

Sometimes we speak of the body on which the forces act as being 
in equilibrium. This means simply that the forces are in equilibrium. ' 

60. By the methods of the last chapter the vector representing the 
sum of a number of forces can be very easily obtained. We have only 
to draw a series of vectors representing the forces, each vector beginning 
at the end of the last one, and then the vector completing the polygon 
represents the resultant or sum. But a force has a definite line of action 
as well as magnitude and direction, and the above process does not 
give the line of action of the resultant. In the algebra of vectors we 
make no distinction between vectors which are equal and parallel, but 
in dealing with forces we are obliged to make a distinction. We may 
take it as an axiom that two forces acting on a rigid body cannot 
balance each other unless they act in opposite directions along the 
same straight line and have equal magnitudes. Hence it follows that 
two forces are only truly equal when they act in the same direction 
along the same straight line and are equal in magnitude. 

61. We could, however, apply the parallelogram method of addition to 
find the line of action as well as the vector sum of several forces. For, 
since it is evident that the resultant of two forces passes through their point 
of intersection, it follows that the diagonal of the force^parallelogram 
gives the resultant in its actual position. To find the resultant of 
several forces it is only necessary, therefore, to sum two of the forces, 
then add the resultant of these to one of the’ remaining forces, and so 
on until the whole are reduced to a single force. 

52. We must mention here an assumption which we shall constantly 
make in the course of the work. It is known by the name of “ The 
Transmissihility of Forcel" The assumption is that a force applied at 
any pomt of a rigid body can be balanced by a force of equal magnitude 
acting in the opposite direction, and applied at any point in the line oi 
action of the first force. Thus a pull applied at one end of a rod can 
be balanced by a pull applied at the other end, and when the rod is in 
equilibrium under such a pair of forces, the lines of action of the forces 
both run along the rod. Likewise two equal thrusts applied at the 
ends of a rod can balance each other. An immediate consequence of 
the above assumption is that, in dealing with forces in equilibrium, we 
may suppose any force to act at any point in its line of action without 
disturbing the equilibrium. It will appear, when we deal with the 
^bject of elasticity, that the stresses due to equal forces applied at 
different points are by no means the same. Moreover, the conditions 
of stability are quite different. The thing which is really the same for 
the^ different forces is their capacity, as long as the equilibrium is 
mam tamed, to balance other forces acting on the rigid body. 

63. If all the forces acting on a body pass through one point, the 
resultant will clearly pass through the same point ; consequently, when 
the magnitude and direction of the resultant is found, this resultant is 
completely determined. 

64. In trying to find the line of action of the resultant of several 



FIRST PRINCIPLES OF STATICS 


19 


forces by the parallelogram method, it might happen that we arrive at a 
point where the original set of forces are reduced to several parallel 
forces. At this point we could carry the parallelogram method no 
further. We will now give a method of finding the resultant of two 
parallel forces. By several successive applications of this method we 
could, of course, find the resultant of any number of parallel forces. 

65. There are two cases to consider, namely, (i) where the two 
forces act in the same direction, and (ii) where the two forces act in 
opposite directions. But one method will apply to both cases. We 
give a figure for each case. 

Let AB, CD represent the two forces whose resultant is required. 
Join AC, and at A and C introduce two equal and opposite forces, 

AP, CQ, in the line AC. Since these two forces balance each other 
the resultant of all the four forces will be the result- 
ant of the two given forces. By the parallelogram 

method we find the resultant AR of AB and A P ; 

also the resultant CS of CD and CQ. These two 

resultants will meet in some point M if AB and CD 
are not equal and in opposite directions. 




Fig. 15. 


Now, the force AR may be considered to act at M, and it is equiva- 
lent to ML and MX where ML == AP and MX = AB. Also the force 

CS is equivalent to MN and MY where MN = CQ and MY = CD. 
The resultant of these four forces acting at M is clearly the vector sun> 

of MX and MY, that is, the vector sum of AB and CD, and it acts 
through M. The resultant of two parallel forces is just their vector 
sum exactly as if the forces were not parallel, the only difficulty being 
in finding the line of action of the resultant. 
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If the forces are in opposite directions and equal in magnitude 
the diagonal RA and CS will clearly be parallel, and the construction 
will fail There is, in fact, no single resultant of two equal but opposite 
parallel forces. They can only be left as a pair of parallel forces. Such 
a pair of forces form what is called a couple. 

By adding forces two at a time we can always reduce any system of 
parallel forces to a single force or a single couple. It follows from this 
and from previous theorems that any system of forces whatever can be 
reduced to a single force or a single couple, 
r 56. ]iIoinent of a force. — The moment of a force about any point 
^in its plane is the product of the force and the perpendicular distance 
of the point from the line of action of the force. 
Thus the moment of the force F about the point 
P is pY, 

We can derive another very convenient ex- 
pression for the moment of a force as follows : — 
Let Q be any poiqt on the line of action 
of F, and let PQ = r. Then the moment of 
F about P 

s= r cos 6 - F 

= r X the component of F perpendicular to PQ, 



for F cos 9 is the component of F perpendicular to PQ if the other 
component is along PQ. 

57. We have defined the moment of a force about a point as being 
the product of the force and the perpendicular distance of the point 
from the force. Now we know that the force F reversed in direction 
would exactly balance F, and whatever effect one of the forces would 
produce would be exactly anntilled by the effect of the other. It is 
reasonable, then, that the moment of one of these forces should be 
considered to be the negative of the moment of the other ; and this 
convention is a reasonable one no matter what effect is measured by 
the moment of a force. It is proved, in fact, in Chapter XVIIL, that the 
moment of a force about any fixed *axis measures the turning effect 
of the force about that axis. The usual convention is to consider a 
moment positive when the effect of the force would be to turn the 

body in the direction opposite to that 
of the hands of a clock (the face being 
upwards), and negative in the other 
case. 

58. The sum of the moments of 
any number of co-planar forces about 
any point in their plane is equal to 
the moment of their resultant about 
that point. 

We will first prove the theorem for 
two forces which meet at a point. 

Let P and Q be the two forces 



‘B 

Fig. 17. 
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meeting at O, R their resultant, and A the point about which -the 
moments are to be taken. Also let OB be drawn perpendicular to OA, 
the direction of OB being the same as that of a force which would have 
a positive moment about A. Then 

^ Q } = OA X sum of components of P and 
$ Q along OB 

= OA X component of R along OB 
= moment of R about A. 

Note. — If OA or AO produced lies inside the parallelogram, the 
components will have opposite signs. 

But the proof is exactly the same as 
above. The negative component has 
a negative moment, and it must be 
considered negative in summing. 

69. We will now prove the theorem 
for a pair of parallel forces which do 
not form a couple. 

Let P and Q be the parallel forces, 

R their resultant, and A the point 
about which the moments are to be 
taken. As in finding the resultant of 
two parallel forces, let us introduce a 
a pair of equal but opposite forces Fig. i8. 

T and — T along the same line EC. 

Let V be the resultant of P and T, and W the resultant of Q 
and ^T. 

Now, by Art 58 

sum of moments of P and T } ^ c-xr v. . a 

about A } “ “Orient of V about A. 

Also 

of Wabout A. 

Again, 

sum of moments of V and W > .. c u .. a 

about A i “ moment of R about A. 

Hence 

T abouTf ' I = moment of R about A. 

But clearly the sum of the moments of T and — T is zero. There- 
fore we ariive at the conclusion that the sum of the moments of P and 
Q about any point is equal to the moment of their resultant about the 
same point. 

60. The resultant of several co-planar forces can be obtained by 
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several successive operations, each of which consists in adding together 
two forces. And since the moment of the resultant of each operation 

about any point is equal to the sum of 
p the moments of the forces giving this 

— rg resultant, it follows that the moment qf 

the final resultant of all the original 
forces is equal to the sum of the 
moments of all those forces. Thus the 

^ general theorem is proved. 

^ ^ 61. The moment of a couple about 

every point in its plane is the 
same. 

Let F be the magnitude of the 
P forces forming the couple, P any point 

Fig. 19. in its plane, PAB a line perpendicular 

to the forces. Then 


moment of couple about P = F . PB — F . PA 

= F.AB 
= /F 


where ^ is the perpendicular distance between the lines of the forces, 
and is called the arm of the couple. The product /F is independent 
of the position of P; hence the moment is the same about all points in 
the plane of the couple. 

62. Two couples in the same plane the sum of whose moments 
is zero are in equilibrium. 

Firstly, let the forces of the two couples intersect. Let the forces of 
one couple act along AB and CD, and those of the other couple along 
AD and CB. 


By choosing a convenient scale to represent our forces we can take 
AB and CD to represent the forces along those lines. Then the 

moment of the couple formed by 
these forces is represented by the 
area of the parallelogram ABCD. 
But the magnitude of the moment 
of the second couple is equal to 
that of the first Hence the area, of 
the parallelogram ABCD represents 
the moment of the second couple. 
It follows from this that the lines 
AD and CB must represent the 
magnitude of the forces. Thus our two couples are represented by the 

four forces AB, AD, CB, CD. 

Now 



AD + CD = BD 


CB + AB = DB 


and 
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Thus the resultant of the two forces meeting at B is exactly the 
negative of the resultant of the two forces meeting at D, and these two 
resultants have the same line of action. Hence they are in equilibrium ; 
that is, the two couples are in equilibrium. 

, We will now deal with the case of two coui)les formed by four 
parallel forces. 

We will denote forces in one direction by positive signs and forces 
in the other direction by negative signs. 

Let P and - P be the forces of one couple, Q and — Q those of 
the other. 


The resultant of P and Q is a parallel force (P + Q) through some 
point C. The resultant of — P and 

— Q is another parallel force — ( P + Q), p 

which also passes through C, as we will 

now prove. rP 

The sum of the moments of P and Q «/p + Q) q p q 

about C is equal to the moment of ^ 

their resultant, which moment is zero. itq 

Also the sum of the moments of the ^ 

four forces P, Q, — P, — Q is zero by ^ 

hypothesis. Hence the sum of the Fig* ai. 

moments of — P and — Q about C must 

be zero, and since the resultant itself is not zero, it must be the perpen- 
dicular distance that is zero. That is, the resultant of — P and — Q 
passes through C, and therefore it is in equilibrium with the force (P + Q) 
through the same point. Thus the two couples are in equilibrium. 

63. We have now proved that two couples in the same plane, the 
sum of whose moments is zero, are in equilibrium. Either of these 
couples may therefore be regarded as the negative of the other, and 
either of them reversed may be regarded as the exact equivalent of the 


other. Thus two couples acting in the same plane on a rigid body are 
exactly equal if they have equal naoments. 

64. Any two couples acting in parallel planes on a rigid body are 
equal if they have equal moments. 


Up to the present we have usually spoken about moments of forces 
about points in their planes. Since couples are connected with rotations, 
and rotations take place about lines and not about points, we must take 


moments about lines if we wish to attach a real physical meaning to the 
moment of a couple. When we say that the moments of two couples 
in parallel planes are equal we mean that the moments of the couples 
about any line perpendicular to their planes are equal. That is, the 
magnitudes of the moments are the same, and they would cause rotation in 
the same direction. This subject is treated thoroughly in Chapter XXIII. 

Let F, — F be the forces of one couple, and let equal and parallel 
forces be taken in the other plane, forming a similar couple, but with 
a moment of opposite sign. Let AB and CD be the arms of these 


couples. These arms will be equal since the moments are equal in 
magnitude, and they will be parallel. We will show that these two 
couples are in equilibrium. 
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The resultant of F at A and F at C is 2 F at O, the mid-point of 
AC. Similarly the resultant of — F at B and ^F at D is — 2 F at 
the mid-point of DB. But since AB and 
CD are equal and parallel, AC and BD are' 
the diagonals of a parallelogram, and there- 
fore their mid-points coincide. Thus the 
two forces 2 F and — 2 F act at the same 
point, and therefore they are in equilibrium. 
Hence the two couples are in equilibrium. 

Thus the couple whose forces pass through 
C and D balances the first given couple. 
But this same couple through C and D will 
balance the second given couple which is in 
the same plane and has an equal moment 
but of opposite sign. Thus, since the two 
given couples will balance the same couple, 
they are equal. 

65. Since the effects produced by two couples in the same plane or 
parallel planes are equal if their moments are equal, it follows that the 
effect of a couple is measured by its moment. The effect produced by 
several couples in the same plane or in parallel planes is therefore 
measured by the sum of their moments, the proper sign being, of 
course, attached to each moment 

66. It has been shown that two couples, acting in the same plane or 
in parallel planes, are equivalent if they have equal moments. Equal 
couples, then, have two things in common ; namely, equal moments and 
a common direction of the normals to their planes. These suggest that 
we might represent a couple by a length measured along a normal to its 
plane; that is, it seems as if the moment of a couple may be subject to 
vector laws. Let us examine if this is the case. 

67- Two couples, whose moments are equal in all but sign, can be 
represented by equal lengths along the same line, but these lengths 
must, for distinction, be drawn in opposite directions. We shall there- 




23. Fig. 24. 


conceming the direction in which a vector must be 
drawn m order to represent the moment of a couple. The accented 

working in a fixed nut, the axis of the screw ■ being perpendicular to 
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the plane of the couple, the vector must be drawn in the direction 
in which the axis of the screw would move in consequence of the 
rotation given by the couple. 

• In the two figures 23 and 24, F and — F represent the forces of a 
couple, and OM the moment of the couple in each case. 

’ 68. Couples in inclined planes. 

Now suppose two couples with moments Mj and M 2 act in two 
intersecting planes ABCD and CDEF. We know we can replace any 
couple by any other couple in the same plane having the same moment. 
I^et us therefore replace the couple in the plane ABCD by a couple 
whose forces are — P along CD and P along a parallel line AB, the 
position of which is chosen so as to make the moment the same as the 
moment of the given couple. Similarly, let the other couple be replaced 
by P along CD and — P along the parallel line FE. This arrangement 
is always possible. We have only to choose the lengths AD and DE 
properly. The sign of the couple in the plane CDEF is regulated by 
putting E on one or the other side of D. 

Now the forces along CD are in equilibrium, and we are thus left 
with the two forces P and — P along BA and FE respectively, forming 




a couple in the plane ABFE. Hence the resultant of the two given 
couples is another couple in a plane inclined to the planes of both. 
We will now show that this result could have been obtained by adding 
the vectors which, according to our rule, represent the given couples. 

69. In fixing the positions of A and E we were quite at liberty to 
make AD and DE each perpendicular to CD. Let us suppose this has 
been done. Then the lines AD, DE, and AE are the arms of the two 
given couples and of the resultant couple. Since the forces of the 
couples are all equal it follows that these arms are proportional to the 
moments of the couples to which they belong. 

Now let ad, de be drawn to represent the moments of the given 
couples. These lines will be perpendicular to the planes of the couples, 
and therefore perpendicular to AD and DE respectively. Also since 
AD and DE are proportional to the moments of the couples we get 

ad ^ AD 
de"“ lyE 

Also the angle ^de is equal to the angle ADE. Hence the triangle ad€ 
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fs similar to the triangle ADE. Therefore ae \ ad \ de ^ AE : AD ; DE. 

Also ae is perpendicular to the plane AEFB. It follows that ae nspre- 
sents the couple whose arm is AE, that is, the couple which we have 
proved to be the resultant of the given couples. But this is exactly 

what we should have got by adding the two vectors ad and de. Hence 
the moments of couples are added by vector rules, provided they are 
represented in the manner shown above. 

70. It follows from what we have just proved that several couples 
acting on the same rigid body are equivalent to a single couple whose 
moment is the vector sum of the moments of the several couples. 
Couples in parallel planes are included in this. 

71. Any force acting on a rigid body can be replaced by a parallel 

force through any chosen point, to- 

jr yp gether with a couple in the same 

‘ ^ plane as the given force and the 

point. 

Let F be the given force acting 
through A, and let P be any chosen 
point. 

Let two forces F and *- F parallel 
to the given force be introduced at 
P. These will produce no effect on 
the rigid body since they balance 
each other. Hence the two forces at P and the one at A are equivalent 
to the given force at A. But the forces F at A and — F at P form a 
couple. Thus the given force at A is equivalent to the couple so formed, 
together with the force F at P. 

The moment of the couple is the moment of F at A about P. 

72. To find analytically the resultant of a given system of co- 
planar forces. 

Let perpendicular axes OX, OY be taken in the plane of the forces. 
And suppose that forces whose components parallel to the axes are Xj 
and Y^, X2 and Y2, X3 and Ys, etc., act at points (xi^ /i), (x^, ^2)1 
etc. 

The force X^ acting at (xiyi) can be replaced by Xj along OX, 
together with a couple whose moment is — j^iX^. Similarly, the force 
Yi acting at can be replaced by Yj along OY and a couple whose 
moment is xiYi, All the other forces can be treated in the same way. 
Then the given forces are equivalent to 

(1) A set of forces Xj, X2, X3, etc, along OX ; 

(2) A set of forces Yj, Y2, Y3, etc., along OY ; 

(3) A number of couples whose moments are 

(^1^1 -yiXi), {x^2 -JH2X2), etc. 

Let iZiX denote X2 "b X3 -f- etc, 

and SY denote Yj + Yg + Yg + etc., 

and E{xY ^ yX) denote (x^Y^ - jiXx) -f (x2V^ ^ ^2X2) + etc 
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Now, the forces through O reduce to a single force R through O, 
making an angle $ with OX such that 

R = v'‘(2X)2 + (-SY)* 

2JY 

tan 

And the couples are equivalent to a single couple whose moment is 

HixY 

We have thus reduced the given forces to a single force and a single 
couple. These again can be reduced to a single force equal and parallel 
to R, but acting in a dilFerent line. This last force is the resultant of 
the system. 

To find where the resultant force acts, let / denote the distance of 
its line of action from O. Then 


whence 




It might seem that there are two possible positions for the line of 
action of the resultant both touching a circle of radius p with its centre 
at the origin. But the correct position of this line is determined by the 
condition that the moment of R about O must have the same sign as 
the moment of the couple Il{p^ — jkX). 

Thus the magnitude, direction, and line of action of R, are com- 
pletely determined. 

73. In particular cases the force R, the couple 27(:rY — j^X), or both, 
may be 2 ero. R will be zero if IJX = o and 27Y = o simultaneously. 
If R is zero and the couple is not zero, then the resultant is simply the 
couple and it cannot be further reduced But if the couple is zero and 
R is not zero, the resultant passes through O, for p is zero in this case. 
If R and the couple are both zero the forces are in equilibrium. 

74. The method we have just used will apply just as well to a 
system of parallel forces as to intersecting forces. 

Let a system of parallel forces Pi, F^, F 3 , etc., act on a rigid body. 
Let the axis of y be taken parallel to the forces. Suppose the^ forces 
act at distances Xi, ^^ 3 , etc., from the origin. Then, using the 
formulae obtained, 


R = Fi + F 2 + F8 + 

tan = 00 

whence ^ = 9*^*^ 

.^iFi + X2F2 + 

Fi -t F2 + F3 + etc. 


Also 
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points in a rtgti 


76. Centre of parallel forces. 

Suppose a number of parcUel forces of given magnitudes act at fixed 
- - . - < . whatever the direction of the forces may be 

relative to the body^ the re^ 
sultant will always pass 
through another fxed point 
which is called the cefitre^* 
of the parallel forces. 

Let the forces be 
Fs, etc., acting at points 

J'l)» (^2» 72)> JVs) 
relative to axes fixed in the 
body, and suppose the direc- 
tion of the forces makes an 
angle a with OX, ’Then 
we shall prove that the re- 
sultant passes through a 
point which does not depend 
on a. 

Let Y' denote the sums of the components parallel to OX and 
OY respectively. Then 



X' = (Fi + F2 + F8+...)cosa 

Y' = (Fi + Fg + F3 -f* . . .) sin a 


Suppose the line of action of X' is at a distance y from OY, and 
the line of action of Y' at a distance x from OX. Then, by taking 
moments about O for the X-components, 


that is, 


j;X' = yiFi cos a + y^Fz cos a -f y^F^ cos a + • • • ; 
- ;>iFi +jzF2 + J's^a -f • • • 

Fi + Fa + F3 + . . . 


In the same way we get 


- ___ «^iFi 4- <^2^2 ^‘ 3^3 4" ■ ■ > 

^ Fi 4* F 2 4“ Fg + . , . 

Now, the resultant of all the given forces is the resultant of X' and 
Y'j and since these meet at the point (x, y) the resultant passes through 
this point. But the values found for x andj do not involve a, and 
therefore the point (jt, y) is the same for all values of a. Thus the 
theorem is proved. 

76. If some of the forces act in the opposite direction to that of the 
others, we can allow for this by merely taking these forces to be negative 
in the formulae. It need scarcely be pointed out that the magnitude of 
the resultant is the algebraic sum of the forces. 

77. Conditions of equilibrium of a rigid body acted on by forces 
in one plane. 

By experience we know that if a body at rest is acted on by a foice 
or by a couple, the body cannot remain at rest. We can, it is true, 
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deduce these facts from Newton’s laws of motion, and this will be done 
in the chapters on rigid dynamics. But these laws are themselves the 
embodiment of experience, and are not so axiomatic as the facts we 
•have just stated. We may as well, therefore, use the above rules as 
statical axioms. 

We have previously found (Art. 72) that a system of coplanar forces 
can be reduced to a single force or to a single couple. The force will 
be zero if, with the notation of Art. 72, 


2;x = o (i) 

and LY = 0 (2) 


If the equations (i) and (2) hold the resultant cannot be a force, but 
it may be a couple. To ensure that the couple is also zero we need 
only make the moments of all the forces about any point — the origin 
of co-ordinates for convenience — equal to zero, for this moment is equal 
to the moment of the couple if there is one. The condition necessary 
for a zero couple is therefore 

= o ( 3 ) 

Equations (i), (2), and (3) are the necessary and sufficient conditions 
that the body should be in equilibrium. 

78 . The three conditions of equilibrium could be put in many 
different forms, but all these forms could be deduced from the three 
equations of the last article. If, for instance, the sum of the moments 
of the forces about any three points not in the same straight line is zero 
the body will be in equilibrium. For we know the resultant cannot be 
a couple, because a couple cannot have zero moment about any point 
in its plane. Also it cannot be a single force, because a force can only 
have zero moment about points in its line of action, and this line cannot 
pass through three non-collinear points. 

79 . Whatever forms, however, the three equations of equilibrium 
take, we cannot get rid of an equation containing moments. That is, 
at least one of the equations must be that the sum of the moments about 
some point is zero, for that is the only way in which we can be sure that 
the resultant is not a couple. It will be shown in the next article 
that we may replace the moment equation by an equivalent geometrical 
condition. 

80. Body under three forces. 

If a rigid body is in equilibrium under three forces their lines of action 
must lie in one plane^ and they must meet at a point or be parallel. 

It is easy to see that this is true ; for any one of the forces must be 
the negative of the resultant of the other two. But this resultant passes 
through their point of intersection and lies in the same plane. Hence 
the other force passes through the point of intersection of the two forces 
and lies in the same plane. 

If two of the forces are parallel their resultant will be a force parallel 
to each of them. The third force has the same line of action as this 
resultant, and is therefore parallel to them. The case of parallel forces 
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might have been considered to be a special case of intersecting forces 
where the point of intersection is at an infinite distance. 

81. The condition that the three forces must meet at a point may 
take the place of the equation of moments in the general conditions of. 
equilibrium in Art. 77. For it is evident that three forces which pass 
through one point cannot form a couple. In addition to the preceding 
condition we need only ensure that R should be zero, and this will be 
the case if each of its components is zero- The condition that the forces 
are concurrent is, of course, involved in the three equations of equili- 
brium, and we need not use it in this form unless we choose. In many 
cases, however, it will be convenient to use the geometrical condition 
instead of one of the equations of equilibrium. 


EXAMPLES ON CHAPTER II 

In the following examples the weight of a body which has a symmetrical 
centre may be taken to be a single vertical force acting at that centre^ unless 
the contrary is stated, 

1. A system of coplanar forces reduce to 40 lbs. and 64 lbs. along the 
luces of X and y respectively, together with a positive couple of magnitude 
108 foot-lbs. Where does the resultant meet the axis of ;ir? 

[At feet.] 

2. Find the resultant of the following forces and the points where its 
line of action meets the co-ordinate axes : — 

Xi = 4 lbs., Yx = 7 lbs., acting at (2, i) 

X2 = 10 lbs., Yg = 5 lbs., acting at (4, — i) 

Xa = o, Ya = -8 lbs., acting at (~ 5, 6) 

X4 = -12 lbs., Y4 = I lb., acting at (-7, 2) 

[R = V29 lbs., and it passes through the points (19*4, o) and 
(Oj “"4^ *5)0 

3. ABC is an isosceles triangle having a right angle at C ; forces of 10, 8, 
and 12 V2 units act from A to C, C to B, and A to B respectively. Find, 
from the equations of equilibrium, the force that will balance them, and the 
line along which it will act ; also show the four forces in a diagram. 

[The resultant has a magnitude 2973, and acts from P to Q, where 
P and Q are points on CA, CB respectively such that CP = fCA, 

^ 4. ABCD is a square of side 2a, P is the middle point of AD, and Q the 
middle point of DC ; and the following forces act : — 

20 from A to B, 20 from C to D, 40 from A to Q, 30 from P to B. 

Show that the resultant is a force 50, and that the length of the peipendicular 
from A on its line of action is about 0*27/1. Represent the resultant in a figure. 

^ London Inter, Sci, 

5. 1 he ratio of the moments of a certain force about two given points is 
constant, but the magnitudes of the moments vary. Show that the force 
alwayspasses through a fixed point on the line joining the given points. 

6 The moment of a force about the origin is 60 foot-lbs., and about the 
point (3 ft*, o) Its moment is^ 24 foot-lbs. Find the point where the force 
meets the ays of ar, and find its component perpendicular to that axis. 

[5 feet along 4: -axis ; Y = 12 lbs.] 
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couples about the co-ordinate axes. The moments of the couples 
are 

jiZi — about OX^ 
ajXi — XjZi about OY, 

XiYi — j^iXi about OZ. 

Any number of forces acting at different points could be treated in 
the same way. Hence any system of forces whatever can be reduced 
to three forces 27 X, EY, SZ along OX, OY, OZ, and three couples 
about the co-ordinate axes whose moments are S(yZ — zY). S(zX — xZ), 
S(xY ^ yX), where 

27 X = Xi + X2 + X8 + etc (i) 

2 {yZ — zY) = (yi^i — + (>^ 2^2 “ ^ 2 ^ 2 ) + ( 2 ) 

with similar expressions for the other forces and couples. The re- 
sultant of the three forces through O is a single force R, given by the 
equation 

R = V{(i^X)2 + (i 7 Y )2 + (j;z)2} . ... (3) 

and acting along a line through O whose direction-cosines are 
g, and g. Now R cannot be zero unless the three following 
equations are simultaneously true : — 


-SX = o (4) 

. -2Y = o (5) 

Z2 = o ( 6 ) 

Similarly the component couples about the three axes (whose 

moments we shall denote by L, M, and N for brevity) are equivalent 
to a single couple whose moment is given by 

G = V(L 2 + M 2 + N 2 ) (7) 


The direction-cosines of the axis of this couple and 

Just as R cannot be zero unless each of its components is zero, so 
G cannot be zero unless each of its components is zero, that is, unless 


Z{yZ ^zY) = o ( 8 ) 

E{zX — xZ) = o . . . . 4 , , (9) 

Z{xY —yX) =0 (10) 


But for equilibrium it is clearly necessary that both the force and the 
couple should be zero. The equations (4), (5), (6) and (8), (9), (10) 
are therefore the conditions of equilibrium of a rigid body acted on by 
any system of forces. 

83 . If all the forces pass through one point {x,y, z), equations (8), (9), 
and (10) are superfluous, because they follow from (4), (5), and (6), 
For, since x^y^ and z are the same for every force 


E(yZ - zY) = ySZ - zEY 


= o 
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because 2?Z » o and iTY = o. Similarly (9) and (10) follow in the 
same way. Thus only three conditions are necessary for the equilibrium 
of forces through one point. 

84 . Parallel Forces acting at Points fixed in a Rigid Body. — If a ‘ 
system of parallel forces Fi, Fg, Fg, etc., act at points fixed in a rigid 
body, we will show that, whatever be the direction of the forces, the 
resultant always passes through another point fixed in the body. This 
point is called the centre of the parallel forces. This theorem has 
already been proved for forces in one plane (Art. 75). We shall now 
prove it for forces in three dimensions. 

Let the co-ordinate axes be fixed in the body. 

Let R denote the resultant of the forces, and let ^ be a point 
on its line of action. Now, since the resultant of a pair of parallel forces 
is a parallel force whose magnitude is the algebraic sum of their 
magnitudes, and since any number of parallel forces can be added two 
at a time, it follows that the resultant of any number of parallel forces 
is a force parallel to the given forces, and its magnitude is the algebraic 
sum of their magnitudes. Hence 

R = Fj + Fg 4* Fg + ... 

= 27 F 

If some of the forces Fi, Fg, Fg, etc., act in the opposite direction to the 
others, they must, of course, be considered as negative forces. 

Now — R acting through 5 ) is in equilibrium with the given 
forces. Also Xi = /Fj, Yj = mFi, = wF^, where /, m, n, are the 
direction-cosines of Fp Therefore, equations (8), (9), and (10), applied 
to — R and the given system of forces, give 

S{yn'F — zmF) — ynR. •+- iwR = o 
SiztE — xn'E) — i/R -f xn^ = o 
E{xm'E — ylF) — xmK + = o 

Since /, m, and are the same for every force we may write the 
above equations thus ; — 

niSyY - yK) - m{SzF ~ zB.) = o . . . (n) 

l{Sz? — IR) - n{ExV — jcR) = o . . , (12) 

m{ExS — SR) — i{ 2 y^ — JR) = o . , . (13) 

Now these equations are clearly satisfied for all values of /. m, and n 
provided ’ 

— 5 R = o 
TjF - JR = o 
EzF - *R = o 


_ ExF 

ExF 


R ' 

i7F * • * 

• . . ^14) 

y 2 ?F 


• • • (15) 

_ EzF 



•“2f 

• • * « e 

. . . {i6) 


that is, provided 
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The meaning of this result is that, whatever be the direction of the 
given forces, if their points of application are fixed in the body and 
their magnitudes are constant, then the resultant passes through the 
*point (^, J, i), which is also fixed in the body. 

The three equations (ii), (12), (13) are not independent. There are only 
two independent equations, which may be written in the form 

~R R _ R 

/ m n 

These equations do not determine_i^, y, and i, but they show that, for all 
values of /, m. and «, the point (^, p, z) lies on a line through the fixed point 
TjFF TjvF EzY 

whose co-ordinates are - course, only what we 

should expect, for in seeking 5 ^, Jp, and i, we ai e seeking a point on the line of 
action of R, and our equations naturally give us all points on that line. 
But our equations tell us, in addition, that all the lines of action for dilfereut 
directions of the given forces pass through the fixed point mentioned above- 

85 . Gravitation. — It was pointed out in Art 46 that a body is 
pulled towards the earth’s surface by a force which is called its weight. 
The weight of a body near the earth’s surface is an attraction which the 
earth exerts on the body. Since the earth attracts all bodies near its 
surface it seems natural that it should attract distan t bodies as well. 
Newton discovered and enunciated the law of universal gravitation, and 
this law has never seriously been questioned since his day. The law 
states that two particles of masses Wi and at a distance r apart, 

attract each other with a force w'hose magnitude is where #c is a 

constant, which is the same for all particles and all distances, and it is 
called the constant of gravitation. 

The above law, it must be observed, is only true for particles, but 
it will be proved, in the chapter on attractions, that a spherical body, 
whose density at any point depends only on the distance of that point 
from the centre, attracts external bodies with exactly the same force as 
if the sphere v^ere concentrated into a particle of equal mass at its 
centre. Now Kepler had proved from observations that the planets 
describe ellipses with the sun in one focus, and from this fact alone it 
follows that the sun’s attraction on any one planet varies inversely as 
Newton applied his theory to the motion of the moon, and he found 
that this motion agrees perfectly with his law of gravitation. Again, 
another of Kepler’s inferences from observation of the motions ol the 
planets leads to the conclusion that the sun’s attraction on any planet 
acts in the line joining the planet to the sun’s centre. These questions 
will be treated again in the chapters on dynamics of a particle. 

All bodies attract all other bodies. The weight of a body is simply 
a particular instance of this general law. All bodies at the earth’s 
surface are attracted towards the earth’s centre with forces which vary 
inversely as the squares of their distances from its centre. The ratio of 
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the force at x feet above the surface to that at the surface on the same 


where R = 4000 x 5280, the earth*s radius in feet. 

It is obvious that for all ordinary values of ue. for bodies near the 
earth's surface, this variation with distance is extremely small. For 
this reason we may assume, in most cases, that the weight of a body is 
constant 

Again, the different particles of the same body at the earth’s surface 
are pulled towards the earth’s centre. But for any body of ordinary 
magnitude the lines joining different particles to the earth’s centre are 
so nearly parallel that we may assume they are parallel. This, then, is 
our assumption : that the weights of the different parts of a body act 
along parallel lines, and the weight of each portion is constant. More- 
over, whenever necessary, we assume that the weights of bodies are 
proportional to their masses because the attracting mass is the same for 
every body. 

86. Centre of Gravity, — ^The weight of a body is the sum of the 
weights of the particles of the body, which weights are a system of 
parallel forces. We shall show that the weight of a rigid body always 
acts through a point fixed in the body however it may be turned 
relatively to the earth. This fixed point is called the Centre of Gravity 
of the body. It is sometimes called the Centre of Mass. This latter 
name occurs frequently in dynamics, where it is proved that the point 
has important properties which are in no way related to gravitation. 

We have now to prove that the weight of a rigid body does always 
act through a fixed point. 

The weight of a rigid body is the resultant of the weights of the 
particles of the body, these weights being a system of parallel forces 
acting at fixed points in the body. Now as the body is turned relatively 
to the earth the weights turn relatively to the body. The weights are 
therefore such a system of forces as we have dealt with in Art. 84, and 
we showed there that the resultant always acts through a point fixed in 
the body. If axes OX, OY, OZ, be taken in the body and 
etc., be the weights of the particles situated at {x^y^Zx), {^zyzZz)t 

etc., the co-ordinates of the centre of gravity are y, i, given by the 
equations 


- _ ^'1^1 + ^2^2 + ^'zXa_+^ 

2e/i + a/2 + . 

- ^ JJwy 

Ewz 


Ew 


(17.) 


Sw j 

87 . ^ppose we want to find the centre of gravity of a bodv 
composed of several finite bodies, rigidly connected, of weights a/,, wl, 
H», etc., whose centres of gravity are known to be at {x^y^z^, 
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(^3^3%), etc. Just as in dealing with particles, we are finding the re- 
sultant of a system of parallel forces acting at fixed points in a rigid 
body. The centre of gravity is found by exactly the same formulae as 
if the finite bodies were particles each situated at its centre of gravity 
Thps equations (17) will give the co-ordinates of the centre of gravity 
of the compound body. 

88. Continuous Bodies. — The formulae (17) would not be of much 
use for ordinary rigid bodies, for even though a rigid body is composed 
of molecules it would be a severe task to find the centre of gravity by 
taking account of every molecule. A rigid body is therefore treated as 
a continuous body. That is, we suppose that the mass in a small volume 
surrounding any point in the body varies continuously with the volume. 
To put it in symbols, we assume that, if a small volume hv contains a 

mass the fraction approaches a finite limit as hv is made 

infinitely small. The limiting value of this fraction is called the density, 
and it will be denoted by p. It follows from this that if m denotes thu 
mass of any body 

dm 

dv ^ ^ 

and therefore jpdv 

the integral embracing every element of volume in the body. 

Also in the formulae for the co-ordinates of the centre of gravity we 
can put gdm for one^of the «/'s. Thus 

_ jx , gdm f xdm 

^ “ jgdm ^ m 
But dm = pdv. 

Hence * = 

m 

If p is constant throughout the body, and V denotes the total volume, 
we get 

X = 

with two similar expressions for y and i. 

When we speak of the centre of gravity of an area, it is to be under- 
stood that the area is regarded as an infinitely thin uniform plate. 

89 . The centres of gravity of many bodies are known from con-^ 
siderations of symmetry. The fallowing are some examples. The* 
density is supposed to be constant unless the contrary is stated. 

(1) The centre of gravity of a thin uniform rod is at its mid-point. 

(2) The centre of gravity of a thin uniform plate bounded by two 
concentric circles is at the common centre of the circles. This includes 
the cases of a complete circular plate (the inner radius being zero) and 
a circular hoop or wire (the inner radius being nearly equal to the 
outer). 

(3) The centre of gravity of a solid, bounded by two co-axial 
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cylinders and planes perpendicular to the axis, is at the mid-point of 
the axis. If the inner radius is zero we get the case of a complete 
cylinder. 

(4) The centre of gravity of a sphere is at its centre. This is trufe 
if the density is constant, or if it is a function of the distance from ,the 
centre. 

(5) The centre of gravity of a uniform rectangular plate is at the 
intersection of its diagonals. 

90. Centre of firavity of a Parallelogram. — ^Although it does 
follow from symmetry that the centre of gravity of a uniform thin 
parallelogram is at the intersection of its 
diagonals, it is not so obvious as the pre- 
ceding examples. We will therefore prove it. 

Let the parallelogram be divided into 
thin equal strips parallel to one pair of sides. 
Let AB be one of these strips, and let C be 
its mid-point. The strip AB is so thin that 
it may be regarded as a uniform thin rod, 
and its centre of gravity is therefore at its 
mid-point C Now the centre of gravity of all strips such as AB are on 
the line MN bisecting the sides to which the strips are parallel. Thus 
the weight of the parallelogram can be replaced by a series of equal 
forces-—the weights of the equal strips — at equal distances along MN. 
The “centre” of these parallel forces must clearly lie in the line MN, 
because it is a fixed point for all directions of the forces, and if we take 
the forces along MN the resultant must act along the same line. Also, 
since the forces are equal and uniformly distributed along MN, the 
centre of the parallel forces, which is the centre of gravity of the 
parallelogram, is at the mid-point of MN. 

We might have regarded the weights of the strips acting at equi- 
distant pomts in MN as equivalent to a uniform rod along MN, the 
centre of gravity of which we know by symmetry to be at its mid-point. 
91. Centre of Gravity of a Uniform Triangular Plane.— -Let the 
triangle be divided into infinitely thin strips, such 
as PQ, parallel to one of the sides. The weight of 
PQ can be replaced by the weight of a particle of 
equal mass at S, the mid-point of PQ. Hence the 
weight of the whole triangle can be replaced by the 
weights of a series of particles distributed along 
AM, which bisects all strips parallel to BC. But 
these weights are not equivalent to a uniform rod, 
because if all the strips have equal widths the 
particles are at equal distances apart, but they 
mcrease in weight from A to M. Nevertheless the 
resultant weight does act somewhere in the line 
Al^ . t>y taking strips parallel to the side 

^ follows that the weight acts throuerh ^ 

point m the hne joining B to N, the mid-point of AC. The centre 
of gravity is therefore at G, the intersection of AM and BN. 



Fig. 30. 
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The third median of the triangle, the line joining C to the mid-point 
of AB, passes through G by a well-known geometrical theorem. Also 
by easy geometry it is proved that MG = |AM, and similarly each of 
the other medians is trisected at G. 

92 . The centre of gravity of a triangular plate is situated at the 
same point as three equal particles placed either 

(i) at its angular points, 

or (2) at the mid-points of its sides. 

We will prove (i), and leave (2) to be proved by the student. 

Suppose three particles each of weight w are placed at A, B, and C 
(Fig. 30), The two weights ze/ at B and C are equivalent to a weight 
2w at M. Now a force 2w sit M. and a parallel force w at A have a 
resultant $w at a point G' in AM, such that 2 MG' = G'A. Thus G' is 
the same point as G, and it is the centre of gravity of the three particles 
at A, B, and C. 

93 . Centre of Gravity of a TJnifonn Rectilinear Plate. — The 
simplest method of finding the centre of gravity of a uniform plate 
having the shape of a polygon is to divide the polygon into triangles, 
and replace each triangle by three particles at its corners, each particle 
having a mass equal to one-third of the mass of its triangle, and then to 
find the centre of gravity of this system 
of particles. We will apply this method 
to find the centre of gravity of a 
quadrilateral. 

Let ABCD be the quadrilateral 
divided into two triangles by the 
diagonal BD. The perpendiculars 
from A and C on this diagonal are 
p and q. Now the areas of the tri- 
angles, and therefore their weights, 
are proportional to p and q. Let us 
therefore take the weights of ABD 
and CBD to be and iqw. Then the triangles are replaced by 
particles at the corners so that there is pw at A, qw at C, and (p -f- q)w 
at each of the comers B and D. Then, taking DB as axis of the 
positive direction of the axis of y towards C, the formulae 

Swy 

gives in this case v = 3^ ^ 

= i(s -P) 

Thus the centre of gravity lies on a line parallel to BD and at a 
distance — p) from it on the side towards C. Similarly the distance 
from the other diagonal can be expressed in terms of the perpendiculars 
from B and D on this diagonal Thus the position of the centre of 
gravity is determined. 



Fig. 31. 
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94. Centre of Gravity of a Solid Pyramid of Uniform Density.— 
Suppose the pyramid to be divided into infinitely thin slices para lei to 
the base. Each of these slices is similar to 
the base, and the centre of gravity of each lies 
y7|\ on the line joining the vertex V to the ceritre 

/ / \v\ gravity C of the base. The weight of each 

/ / W \ slice can be replaced by the weight of a particle 

/ / l\\ \ of equal mass at its centre of gravity. We 

Ln\\\ J\ therefore have to find the centre of gravity of 

yy \ a series of particles situated in VC whose 

/ i J \ \ \ weights are the same as those of the slices.^ 

/ \ \ / Let g be the centre of gravity of one slice, 

c \ / perpen- 

\/ dicular from V on the upper plane of the 
^ slice, and p ^ dp on the lower plane. 


- = a constant for every slice 

X 

= k say ; 

therefore dp == Mx 

Now the area of the slice is proportional to and consequently its 
weight is proportional to o^dp^ that is, proportional to x^dx. Suppose 
the weight is wx^dx. Then 

X == 


te/j 

f x^dx 

0 



wj 

x^dx 

0 


Thus the centre of gravity, G, lies in VC in such a position that 
VG = |VC. 

95. Centre of Gravity of a Cone. — ^The case of a solid cone need 
not be treated separately. It is included in the pyramids. The method 
used in the last article is applicable to all 


a 



Fio. 33* 


pyramids on rectilinear or curvilinear bases. 
Thus the centre of gravity of a right circular 
cone is on the axis at three-quarters the dis- 
tance from the vertex to the base. 

96. Centre of Gravity of a Uniform Eod 
in the Term of a Circular Arc. — Let AMB be 
the arc, and M its mid-point. Let r be the 
radius, and O the centre of the circle of which 
AMB is a part. The angle subtended at O by 
AMB is denoted by 2 a. 

Now the centre of gravity lies on OM from 
•symmetry. Let G be the centre of gravity, 
P any point on the arc MA, Q a neighbouring 
point, MOP = e, MOQ = B -f- dd. If w 
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denotes the weight of unit length of the rod, the weight of PQ is wrdS. 
Then taking OM as axis of x. 


OG = i = 


r+a 

I wrdB . r cos I 
J —a 

/ +a 

wrdd 


2 r^ sin a sin a 

= r 

2 m a 


where a in the denominator denotes the number of radians in the 
angle. 

97. Centre of firavity of a Circular Sector. — The problem is to find 
the centre of gravity of a uniform plate in the form of a circular sector. 
Let the sector be divided into sectors such as OPQ, so small that they 
may be considered as triangles. The area of OPQ 
is \f^dd^ and the distance of its centre of gravity g 
from^ O is fr. Hence, if G denotes the centre of 
gravity of the sector, taking area for weight, 


OG=: 


j \r^dB . cos 6 

n 






Sin a 
a 



98. Centre of Gravity of a Zone of a Spherical ShelL—We shall now 
find the centre of gravity of a portion of a spherical shell of uniform 
thickness bounded by two parallel planes. 

Suppose the zone is generated by the revolution of the arc AB 
about the diameter MOX. Let P 


and Q be two neighbouring points 
on this arc, and let YOP = 6, YOQ 
-^e + dd. 

The area gene-) -n^ 

rated by PqJ = PQ - 

= 27rr^ COS 6dd 

Let Op = := X + dx. Then 

X ^ r sin B 
dx r cos B dB 

Hence the area generated by PQ 
= 27rrdx 
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If G is the centre of gravity of the zone, and if the abscissae of a 
and b are xx and X 2 , then 

Jail 

= 5(^2 + «l) 


Thus G is at the mid-point of ab^ for it clearly lies on the line MX. 
This result applies to every size of zone, including a whole sphere. 

It follows from the preceding investigation that the weight of a zone 
of a sphere acts at the same point as a rod along its symmetrical axis 
and bounded by the same planes. 

99. Centre of Gravity of any Solid of Revolution of Uniform 
Density. — Suppose the surface of the solid is generated by the revolution 



about the axis of x, of the curve 
whose equation is 

y =/(•*) 

P and Q are two neighbouring 
points on the generating curve, p 
and q their projections on the axis 
of Xa Let 0/ = JP, = it + dx. 
Then PQg^ generates a circular 
disc whose volume is 


7r(/P)2 . pq =: rry^dx 


Hence, since G is clearly on OX, 


0G = 


/ TTy^dx . X 

Jiry^dx 

jl/(x)fdx 


The limits for x in the integrals are the values of x at the planes bound- 
ing the solid whose centre of gravity is required, that is, the values of x 
at a and b. The formula can only be used, of course, for solids bounded 
by planes perpendicular to the axis. 

Examples. — (a) Right drcular cone. The equation of the generating 
curve is 

y^kx 

the origin being at the vertex. Hence 


0G = 


k^x^dx 

0 


k^x^dx 



= lh 
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which agrees with the result for a pyramid (Art. 94), of which a cone is 
a particular case. 

{h) Hemisphere, The equation of the generating curve is now 


Hence 


^ 

^%2 _ ^)dx 


OG 


aZ — 


- 

8 

(c) Paraboloid of 7‘evobition, Here the equation of the generating 
curve is 

= kx 


Therefore, if the solid is bounded by the planes x a, x ^ 


OG = 


!. 


kx , xdx 


1 

J c 


kxdx 


1(^2 _ * 2 ) 


2 b^ — a^ 


100. Centre of Gravity of a Hollow Body with a Symmetrical 
Axis. — We can suppose such a body obtained by rotating the area 
between two curves about the axis 
of X, 


If AB and A'B' are the two 
curves whose equations are 

y = F(*) 

the volume generated by rotating 
a strip PQQ'P' about OX is 

(iry^ _ TTy'^)dx 



= n{/(^)}^ - {F(.a;)}2]4:r 

Now the weights of the strips are 
proportional to their volumes, and, 
since the density occurs in both numerator and denominator, we may 
take volume for weight. Hence, since G is on OX, 


or - /[{/(^)}" - m^'mxdx 


We should, of course, get the same result by regarding the hollow 
body as composed of two complete solids of revolution, one generated 
by the curve AB with a positive weight, and the other generated by the 
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curve A'B' with a negative weight. Then, if Wx and —w^ denote then 
weights, and xi, the abscissas of their centres of gravity, we 
should get 

^ WiXi - WzXz 
Wi — 7V2 

which will be found to agree with the previous result if and tV 2 X 2 
are calculated by the formula of the last article. 

Example. — A solid is formed by cutting a right circular cone 
with height h and radius of base r from a cylinder with the same height 
and same base. To find the centre of gravity of the solid. 

Taking the origin at the vertex of the cone, the equations of the 
generating curves of the cylinder and cone are 

y ^ r and y = 

fY^2 ——^2 

TX Jo\ 

Hence OG = --. 4 - — — 

=%h 

The following method may also be used to these questions. The 
cylinder may be regarded as the sum of the cone and the body whose 
weight is required. Hence the weight of the cylinder is the resultant of 
the weights of the two component bodies. If the weight of the cone be 
denoted by W, the weight of the cylinder is 3 W, and the weight of the given 
body is 2 W. We know that the centres of gravity of the cone and the 
cylinder are at \h and \h from O. Hence, by equating the moments 
about O of the cone and the hollow body to that of the cylinder, we get 

fyiW+OG.2W = i^.3W 
Therefore OG = 

It will generally be found safer and simpler to use this last method 
rather than the formula. It will only be necessary to find the volumes 
and centres of gravity of the hollow body and the body which would 
fill the hollow, and these are complete solids of revolution. 

101. Centre of Gravity of a Solid of Variable Density.— Let p be 
the density at any point y, z. Then the mass enclosed by the 
parallelepiped whose edges are dx^ dy, dz is pdxdydz if the axes are 
rectangular. Hence 

- / / Spocdxdydz 
^ "" JJf pdxdydz 

There are two similar expressions for y and i, 

102. Theorems of Pappus or Guldinus. 

(i) If a plane curve be rotated about any line in its plane, the area 
of the surface thus traced out by the curve is equal to the product of 
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the length of the curve and the distance traversed by the centre of 
gravity of the curve, regarded as a rod of uniform density. 

(2) If a plane area be rotated about any line in its plane, the volume 
described by the area in its rotation is equal to the product of the area 
and the distance traversed by the centre of gravity of the area. 

These are the two theorems which we will now prove. It should be 
pointed out that, unless we introduce 
negative areas and negative volumes, 
the curve in (i) and the area in (2) 
should lie entirely on one side of the 
axis of rotation. 

To prove (i). 

Let PQ be a small element of the 
curve of length ds, and let the distance 
of P from the axis be y. Suppose 
the plane of the curve is rotated Fig. 38. 

through an angle 0 radians. Then 

the area traced out by PQ = dy . ds. Hence the area traced out by 
the whole curve 

= fdyds = djyds 

But if / denotes the whole length of the curve and y the distance of its 
centre of gravity from the axis 

yl = [yds 

Hence the area traced out = dyi 

Now By is the distance traversed by the centre of gravity of the 
curve. Hence (i) is proved. 

To prove (2). 

Let A denote the area rotated, y the distance of its centre of gravity 
from the axis, dA an infinitely small element of the area, and y the 
distance of this element from the axis. Then the volume described 

= J 9 ydA = dJydA 
a= 0 yA 

Thus (2) is proved. 

lOo. We will give a few instances of the preceding theorems. They 
are useful in helping to recall the positions of the centres of gravity of 
certain bodies. 

(a) Assuming we know the area of a sphere and the length of a 
semicircular arc, to find the centre of gravity of the arc. 

Suppose the arc is rotated about its bounding diameter so as to 
describe a hemisphere. Let r be the radius. Then by Pappus' first 
theorem 

try .Trr == 27 Tr^ 

Therefore y = —r 

{b) From the volume of a hemisphere and the area of a semicircle, 
to find the centre of gravity of the semicircle. 
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If the semicircle is rotated through two right angles it will describe 
a solid hemisphere. Therefore 

whence y = ~r 

(c) To find the volume of an anchor ring, that is, the solid described 
by rotating a circle about a line in its plane through a complete 
revolution. By Pappus’ second theorem the volume 

= 27rd.Trr^ 

where r is the radius of the circle, and ^ is the distance of the centre 
of the circle from the axis of rotation. 

(I) From the area and the position of the centre of gravity of a 
triangle, to find the volume of a cone. 

A right-angled triangle of height r and base 4, when rotated about 
its base, will describe a cone with height h and radius of base r. The 
centre of gravity of the triangle is at a distance \r from the base. 
Hence 

Volume of cone = 2 v{\>-){\hr) 


EXAMPLES ON CHAPTER III 

H of attached by smooth 

Ae ^ suspended. If the feet of 

^ sS "f ■i'*' 


t 


/w 
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TK ^*1®® strings are attached to points A, B, C, on the ceiline- of a roonx 
D^of a^eiVht”w^ together at the lower ends and attached to the® same point 
the vertical plane containing AD cuts BC m K 

““ “ ° ^ 

^y Cos AKD 
sin ADK 

of e^uilSISl ABC wiA 

0-38SW, 

T>CA,TIb, KspectivdV " °f *e triangles DBc" 
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5. If a smooth sphere whose centre of gravity is not at its centre, 
rests in contact with any number of smooth surfaces, show that the line 
joining its centre to its centre of gravity must be vertical. 

* 6. Three equal smooth spheres are lying in contact on a horizontal plane 

and are held together by a string. A cube of weight W is placed with one 
diagonal vertical so that its lower faces touch the spheres, and the cube is 
supported in this position by the spheres ; show that the tension in the 
string is 

jVfW 

London B.Sc. 

7. ABCD, ABEF, are two faces of a cube ; there is a system of five forces 
represented respectively by AB, BC, CD, DA, and FE. 

\a) Find their resultant. 

\b) Show that the first four forces when compounded with any fifth force 
acting along FE will reduce to a single resultant. 

/ In (<5), if the direction of the first force is reversed, show that in one 
particular case a force can act along FE such that the five forces cannot be 
reduced to single resultant. 

S. ABCD, A'B'C'D', are a pair of opposite faces of a cube with sides a 
feet, and A A', BB', etc., are perpendicular to these faces. If equal forces of 
magnitude P act along DC, BB', A'D', show that they can be reduced to a 
force along AC' and a couple whose vector is parallel to the force. Find the 
magnitudes of the force and the couple. 

WiP, V3«P.] 

9. Show that a force at any point can be replaced by an equal and 
parallel force at any other point together with a couple whose vector is per- 
pendicular to the plane of the two forces. 

Thence show that, in a number of equivalent sets, each consisting of a 
force and a couple in space, the common parts of every set are, (i) the 
magnitude and direction of the resultant force, and (2) the component of the 
couple vector parallel to the force. 

10. A force F acts vertically upwards through a point at the foot of a 
plane inclined at a to the horizontal, A couple M acts in the inclined plane, 
the direction of its vector being towards the upper side of the plane. Show 
that the force and couple are equivalent to a couple in a horizontal plane and 
an upward force F acting at a point in the foot of the inclined plane at distance 

M from the original point of application, the new point of application 

F 

being to the right of the old one from the point of view of a man looking up 
the plane. 

11. Reduce the forces in question 8 to a force at D and a couple. What 

is now the magnitude of the couple, and what is the direction of the vector 
lepresenting it ? Show that the component of this couple vector parallel to 
the resultant force is the same as in question 8. ^ ^ ^ 

[The couple is A/$a P parallel to the line joining A to the middle 
of BC] 

12. Let AB, AC, AD, be three edges of a cube, and consider AD and 
two other edges parallel to AB and AC respectively, which intersect neither 
AD nor one another. Suppose that equal forces P act along these edges in 
the directions AB, AC, AD. Show how to reduce them to a resultant force 
and a couple. Also show how to draw a line along which the resultant acts 
when the plane of the couple is at right angles to the direction of the resultant 
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[Let AZ be a diagonal of the cube, YZ the edge along which the force 
through Z acts. Then the resultant force is parallel to AZ, and 
when the plane of the couple is perpendicular to this, the force 

must act at a point in OM distant of an edge from AZ, O 

being the centre of the cube and M the mid-point of DYJ 

13. A uniform rod BC is divided into two parts at A, which are joined by a 
hinge. If AB is fixed and AC moves in a plane round A, show that the 
centre of ^avity of the divided rod describes a circle. Also show how to 
draw the circle when AC is one-third of the length of the rod. 

[The centre of gravity describes a curve similar to the one described 
by C (a circle) with the mid-point of AB as centre of similitude.] 

14, If any portion (of volume v) of a body or system of bodies (whole 
volume V) be displaced to another position, the displacement GG' of the centre 
of gravity of the whole is parallel to ^^^the displacement of the centre of 
gravity of the portion, and its amount is given by 

Prove this theorem. 


15. Three particles, whose masses are P, Q, and R, are placed to the 
comers of a triangle; Q and R remain fixed, while P moves along the sides 
of the triangle successively : show that the centre of gravity of the three 
particles descnbes the sides of a triangle similar to the given triangle, and 
define the position of this triangle with respect to the given triangle. 


[One side of the triangle lies along QR, the other two meet at G, the 
centre of gravity of P, Q, and R, before P is moved, and the 
triangle is similar to the given triangle.] 

^ 16, A uniform square plate of one foot side has two circular holes punched 
in it, one of radius one inch, co-ordinates of centre (4, 5) inches, referred to 
two adjacent sides of the plate as axes ; the other of radius half an inch at 
the point (8, i) inches ; find the co-ordinates of the centre of mass of the 
remainder of the plate. London Inter. Sci, 

[At X = 6*03,^ = 6*05 approximately.] 
17- A hollow conical vessel made of thin sheet metal is closed at its base ; 
if it is cut across by a plane parallel to its base at half the perpendicular 
height, and the upper cone removed, prove that the distance from the base 
of the centre of gravity of the remainder of the vessel is 


2 Ih 

where A = the perpendicular height, I = the length of the slant side, r = the 
radius of the base. London Inter. Set. 

18. A uniform solid hemisphere of weight W rests with its curved surface 
on a smooth hqnzontal plane. A body of weight P is suspended from the 
rim of the hemisphere : find the inclination of the base of the hemisphere to 
the horizontal in the position of equilibrium. London B.Sc. 


Inclination = tan 


.18 V *1 
3’W-J 


19. Find the centre of gravity of a solid hemisphere whose density varies 
a* the square of the distance from the centre of the whole sphere. ^ 

[At ^ of the radius from the centre.] 
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20. Find the centre of gravity of a semicircular disc whose thickness 
varies as the square of the distance from the circumference. 

j^At ~ of the radius from the centre, j 

*21. Find the centre of gravity of a solid hemisphere whose density varies 
as the square of the distance from the centre of the curved surface. 

Manchester University, 

[First show that the mass of a disc of thickness 8;r at distance x from 
the centre of the curved surface, is proportional to 
The centre of gravity is from the centre of the curved surface, 
r being the radius.] 

22. Find the centre of mass of half an ellipsoid bounded by a principal 
plane perpendicular to a diameter of length 2E 

The ellipsoid is cut by a plane parallel to this plane and the thickness of 
the slice is / ; show that the centre of mass of the slice divides the thickness 
in the ratio of 63 ^ — ; (532 where 3 is the semi-axis perpendiculal 

to the planes of section. Manchester University, 

[Answer to the first part : at f 3 froin the centre.] 

23. Find the centre of gravity of a wedge cut from a right circular cylinder 
by a pair of planes meeting in a tangent to a circular section of the cylinder. 

[The centre of gravity is at^ the middle point of a line parallel to th« 
axis of the cylinder, with its ends on the faces of tne wedge, and 
at a distance i of the radius from the axis.] 

24. Find the centre of gravity of a portion of a right circular cylinder 
terminated obliquely by a plane. 

Whatever be the inclination of the plane to the base, show that the centre 
of gravity can never be at a greater distance from the axis than a quarter of 
the radius. 

[If L, / are the lengths of the longest and shortest generating lines on 
the cylinder, the centre of gravity lies at the mid-point of a line 

L — / r 

which is parallel to the axis and at distance ^ y - from it.] 

25. A cylindrical vessel open at the top is filled with water and hung up 
by a point on its rim ; at first the top is horizontal, but it is allowed to turn 
gradually round the fixed point, and it comes to rest when half the water has 
been poured out. Neglecting the weight of the vessel, show that the ratio of 
the height to the diameter of the base is V^io : v^ir. 


26. If G is the centre of gravity of any number of particles, mx% 
etc., in space situated at P^, P2, Pj, etc., show that the vector sum 


^xPiG -h ^2^2^ ^sPsG + etc. 


is zero. 

If Q is any other point , show that 


mi?iQ 4 - = (mi + ^24-^3+ . . .)GQ. 

[The equation 

miXi 4 - m 2 X 2 4 - ^23^3 4 - . . • = (nti + m2 -h + . . .)^ 


is the j;- component of the second of the given vector equations 
and the equation can be proved at once from the component- 
equations.] 



CHAPTER IV 

GRAPHICAL METHODS 


104. Graphical Method of finding the Resultant of a Number of 
Ooplanar Forces.— Let the given forces be P, Q, R, S, and T, acting as 

snown in Fig. 39A. Draw vectors AB, BC, CD, DE, and EF, to represent 
these five forces in the order named. Then we know that the re,<5ultant 

— N 

is represented by the vector AF, and what we now require is Line 
of action. 




0 in the plane of the polygon of forces ABCDEF, 
and join O to the comers of the polygon. * 

How Uie force P, repteseoterj by could be bsUnced by two 

fS rfTrC* if *»"gb «.me point on 

and 1, ^ °° of action of P 

UA, the first of these lines meeting the line of arfinn r^f n a a 

diunglc AOB 
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balance the force P ; similarly, the forces Q, R, S, T, are balanced by 
the tensions in the rods meeting on their lines of action. But we are 
Jeft with the tensions at the free ends of the rods az, ez^ unbalanced. It 
is clear that a force at z which would balance the tensions there, that is, 

the force represented by FA, would keep the whole system in 
equilibrium. And since the tensions in the rods, regarded as forces 
applied at of, ^c., are a self-balancing system of forces, it follows 

that the force AF acting at z must be the resultant of the given 
forces. 

Hence the polygon of forces ABODE F gives the magnitude and 
direction of the resultant, and the polygon ahcdez^ which is called a 
Funicular Polygon^ gives a point on the line of action of the resultant. 
Thus the resultant is completely determined. 

The point O need not be inside the polygon of forces. We may 
take it outside the polygon if we choose. It is sometimes impossible 
to take O inside as will be seen in the following case. 

105. Parallel Forces. — The method of finding graphically the 
resultant of a system of parallel forces is essentially the same as that for 
non-parallel forces. The only difference is that the polygon of forces 
is a collapsed polygon, all the corners lying on one straight line. We 
will work out an example. 



Fig. 40A. Fig. 40b. 


Let it be required to find the resultant of P, Q, R, S, T. Vectors 

rnm^ mm^ 

AB, BC, CD, DE, EF, are drawn to represent the forces in the order 
named. Then ABCDEF maybe regarded as a closed polygon in which 
the last side FA happens to fall in the same line as the other five. 
There is then no difference between the method used here and the one 

given for intersecting forces. The resultant is AF, and its line of action 
passes through Z. 

106. Rigid Frameworks.— The methods of graphic statics can be 
applied to find the stresses in the rods of a framework which is 
just rigid. 

A framework formed of rods, joined together by smooth hinges at 
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their ends, is rigid if its shape cannot be altered without altering the 
lengths of some of the rods. It is just rigid if the shape could be 
altered by removing any rod in the frame. 

A framework is just rigid if the length of every rod is independent 
of the lengths of all the rest, while the distance between any pair of 
hinges, whether connected by a rod or not, depends on the lengths of 
some of the rods. 

Except in particular cases where equal parallel rods are used, the 
number of rods in a framework which is just rigid is less than twice the 
cumber of hinges by three. 

It does not follow that the frame will be rigid if this numerical 
relation between the number of rods and the number of hinges holds. 
The rods may be so disposed that some parts of the frame have more 
rods than are necessary for rigidity, while the remainder has less. 

Let us consider how a rigid frame could be built up. 

The simplest rigid frame is a triangle. 

Any’^ other rigid frame can be formed by joining one rigid frame 
(or a rod) to another rigid frame by a rigid connection. 



two rigid frames rigidly 
together. The fipt is by joining a corner of each to a common hinffe 
connecting a rod to one other hinge in each. The second 

by three rods, no two of which coincide 
no two of which join the same hinges). 

ABC, DEF, Can be rigidly connected in the 
wajs shown m Figs. 4rA, 41B, 41c. Every one of these frames is just 
rigid, in each case the numerical relation stated between the 
number of hinges and the number of rods is true. It is left to the 

Se ShSsSte? ''p 

— A frame containing more rods than are 
could be removed 

without affectog &e rigidity of the rest is a redundant rod. la Fk aza 
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is introduced which does not exactly fit the position it is intended for, 
this rod will exert forces on the hinges to which it is joined, and these 
rwill cause stresses in the other members of the frame- 

In dealing with frameworks joined together by smooth hinges and 
acted on by forces at the comers only, it is impoitant to bear in mind that 
the action of each rod on its hinge is a force along the line of the rod 
itself. For, since there are only two forces on each rod, namely, the 
actions at its hinges, and since two forces can be in equilibrium only if 




they act in the same straight line, this straight line must be the line 
joining the two hinges. That is, the action of a hinge on any rod 
attached to it is a force along that rod, and the action of the rod on 
the hinge is that force reversed, 

108. It is necessary to warn the student that the statement in the 
preceding paragraph is true for smooth hinges only. For, by casual 
observation, we learn that, when a rod is attached to a fixed hinge at 
one end, a considerable force may sometimes be applied at right angles 
to the rod at some distance from the hinge without affecting the 
equilibrium. The action of the hinge is not at a point, hut is dis- 
tributed over a cylinder. The resultant of all tliese forces acting over a 
cylinder may be regarded as a force through the centre of the hinge 
together with a couple, and it has been shown in Art. 7 1 that a force and 
a couple are equivalent to a force 
acting in another line. 

109. The couple is formed by 
the friction at the hinge. The 
subject of friction will be treated 
in Chapter VII., but we may point 
out here how the couple arises. 

Fig. 43 represents the portion of 
the rod in the neighbourhood of 
the hinge of which A is the 
centre. When such a force as P 
is applied there is a frictional force called into play at every point of 
contact between the rod and the hinge. These frictional forces act in 
the surface of contact, and their directions on the rod are indicated 
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by the arrows in the figure. The forces perpendicular to the surface 
(which are not indicated in the figure) all pass through A, and therefore 
hare a resultant through that point. If the moment of the frictional 
forces about A is sufficient to balance the moment of P, there can 
clearly be equilibrium. 

It is obvious that the smaller the radius of the hingeJ(or axle) is, the 
less is the moment of given frictional forces about A, and consequently 
the less P would have to be for equilibrium. Thus, although there is 
always some friction at a hinge, if the hinge has a small radius and the 
forces applied to the frame are large, so that the couple at any hinge is 
small compared with the product of the smallest of the applied forces 
and the length of a rod, we are justified in treating the hinges as 
smooth. In this chapter we shall deal with smooth hinges only. 

110. Stresses in a Framework acted on by Forces at the Hinges 
only.— The method will be shown by an example. We will find the 
stresses in the framework whose rods form the sides of the quadri- 
lateral ABCD and the diagonal BD (Fig. 44 a)> when known forces 
P and Q are applied at A and B, a force R, whose direction only is 
known, is applied at C, and another force keeping the whole in equili- 
brium is applied at D. No other forces are supposed to act on the system. 

Acting on the hinge at A are three forces, namely, P, and the 
thrusts (or tensions) of the rods AB, AD. Since the hinge is in 
equilibrium we can find the thrusts in the rods from a triangle of 
forces. We begin then by drawing this triangle of forces ; it is the 


triangle named o^^in Fig. 44B. On the same scale as ^ repre- 
sents P, the vector ya represents the force which the rod AB exerts on 

the hinge at A. Consequently ay represents the action of the same 
rod on the hin^ at B. We are now in a position to find the stresses 
m the rods BC,JBD, by considering the equilibrium of the hinge 

at B. We draw Sa to represent the force Q. The vector for Q is put 

in this position because we want 8y to give the resultant of the two 
toown forcK at B, namely, the force Q and the thrust in the rod AB 
We now draw y« and 8e parallel to the rods BD and BC Thus 
baye is a polygon of forces for the actions on the hinge at B • and sinre 
these forces are all to be taken_froi^on_^comer to thi next_b orderthe 

forces on the hinge at B are 8a, and These tell us that 

ftere is a tension in the rod BD and a thrust in BC, since the action of 

the hinge and that of BC is’towards the 

We next draw ^ and ej parallel to the force R and the rod CD "Ae 
actions on the hinge at C being represented by the sides of the faianele 
the magmtude of R is determined, and it is seen that tLre is a 
tension in the rod CD whose magnitude is represented by ej. The 

actions on the hinge at D are represented by ^ and Hence, 

for the equilibrium of this hinge, there must be a force given by g 
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applied to it. A dotted line is drawn in Fig. 44A to indicate this 
force. Thus the stresses in all the rods are determined as well as the 
elements of the external forces which were not given. 

It will be seen that the essential part of the process consists in 
drawing a polygon of forces for the actions at each hinge, starting at a 
point where only two rods meet and a known force acts whenever this 
is possible. If no such point exists some preliminary work is neces- 
sary which will be indicated in Art. 114 . 




111. Whenever a rigid framework at rest is acted on by a system ol 
external forces, these forces must, of course, satisfy the general conditions 
of equilibrium. We could not therefore arbitrarily fix the forces at all 
the hinges ; three elements must be left to be determined by the three 
conditions of equilibrium for coplanar forces. In the problem worked 
out the three elements which are left undetermined are (i) the magnitude 
of R, and ( 2 ) and ( 3 ) the two components of the force at D. Fig, 44 B 
shows that the four external forces have no single resultant since they 
form the sides of the closed quadrilateral 

112. As we have pointed out before, there may be initial stresses in 
an over-rigid framework without the application of any external forces, 
owing to the imperfect adjustment of the lengths of the rods of the 
frame. If there is only one redundant rod in a frame we can find the 
ratios of the initial stresses in the rods by considering the thrust (01 
tension) in this redundant rod as two forces applied at the hinges to 
which it is attached. The problem is then exactly similar to the one 
we have just worked out. An example will make the process clear. 

118. Determination of Initial Stresses. — The frame ABCD 
(Fig. 45 a), with two diagonal rods AC, BD, is over-rigid, and has one 
redundant rod. Any rod in the frame can be considered redundant 



58 MECHANICS OF PARTICLES AND RIGID BODIES 

since the frame Tiould be rigid whichever were removed. Let us 
assume a thrust in one rod, say BD, and find the stresses in the remain- 

IMs not necessary to give the details of the construction of the 
stress-diagram, Fig. 45 b . The force marked with any number in the 




stress-diagram is the stress in the rod with the same number in the frame. 
Also the lines in the stress-diagram are drawn in the orders of their 
numbers. We start at the corner B and then proceed to C, We have 
then found ail the points a, jS, y, and S, the stress 6 being the only 
one that has not been determined in the process. But we need no new 

points to find the actions on the hinge at D, for 8 y and yj 3 are two of 

them ; the remaining one must therefore be given by jS8. 

It can easily be proved by geometry that 8 ^ is parallel to AD. 
For, by similar triangles, 

OA _ cua 
OB 

OB _ coy 
OC ~ coa 

PC ^ co8 
OD coy 

Multiplying corresponding sides of these three equations together, 
we get 

OA _ coS 
OD ^ coj8 

Also by construction OA and OD are parallel respectively to coS and 
£0^. Hence the two triangles OAD and co8j8 are similar, and their 
corresponding sides are parallel. 

By consulting the stress-diagram and considering the forces at the 
different hinges, it will be seen that, if BD is in thrust, AC is also in 
thrust, and the other four rods are in tension. Also the equilibrium 
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would be undisturbed if all the tensions were changed to thrusts, and all 
the thrusts to tensions. 

114. It often happens that more than two rods meet at the hinges 
where the known forces act. In such a case we have no simple starting- 
point for the stress diagram as we had in the two previous examples. 

In such a case we have to do some preliminary work so as to 
determine an unknown force at a hinge where two rods meet, or else to 
determine the stress in one of the rods which is joined to only two 
others at a hinge. 

These two methods apply to totally different cases. The first 
applies to the case of a frame which does contain a hinge at which 
only two rods meet but where an unknown force acts. The second 
applies to the case where two rigid frames are joined together by any 
of the methods explained in Art. io6. 

The first case is very simple. We consider the equilibrium of the 
frame as a whole, and determine, either by the method of the funicular 
polygon or by analytical methods, the forces applied at all the hinges. 
Then since there is one comer where only two rods meet the procedure 
is the same as in Art. no. 

115. But when two rigid frames are jointed together there may be 
no hinge of the frame at which only two rods meet, as will be seen on 
examining Fig. 41 c. Here, as in the preceding case, we had better 
begin by determining the forces applied at all the hinges by considering 
the equilibrium of the framework as one rigid body. Then, whether 
the two parts of the frame are joined together by a hinge and a rod, or 
by three rods, we can find the stresses in the rods connecting the two 
parts by considering the equilibrium of either part. Thus, if they are 
connected by a hinge and a rod, the stress in the rod is found by taking 
moments about the hinge of all the forces acting on one part (including 
the stress in the connecting rod) and equating their sum to zero. This 
will give the stress in the rod. 

If the two parts are connected by three rods we can find the stress 
in any of the three by taking moments, about the intersection of the 
other two, of all the forces acting on one part and equating the sum to 
zero. This will give the unknown stress. Thus, if we choose, we can 
find the stresses in all the three rods in turn by this method. 

The preceding rules are sufficient for any case where the stresses 
are determinate. 

Two examples will now be worked showing the application of these 
rules. 

116. ABODE (Fig. 46 A) is a given framework having known loads 
P and Q at B and C, and supported at A and T> by vertical forces. The 
stresses in the members are required. 

We cannot start at either of the corners B or C and determine the 
stresses in the rods meeting there, because three rods meet at each point 
and an infinite number of sets of forces along three concurrent lines can 
be found to balance any given force through their point of intersection. 
We are obliged, therefore, to start at A or D. But in order to do this 
we must first determine the force at the corner w^here we intend to begin. 
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Let us suppose that R has been determined either by the method 
given in Art. 104, or by taking moments about D for the equilibrium of 
the framework. Then the closed and collapsed polygon ap 7 j€a (Fig. 46Bj 
is drawn to represent the forces on the framework. The triangle ajSy 
is formed to give the actions on the hinge at A. The actions at B*are 




now obteined by completing the quadrilateral cayStf. Next the 
quadnlateral is completed for the actions at C. Then the line 
stress in DE. should therefore be parallel to 
DEj and the error m the direction of this line will give some idea of the 
accuracy of the working. 

trianai!’ nww consider the frame in Fig. 47A. Here the central 
tiMng e DEt is ripdly connected to ABC by three rods, and the 

r^A^an? connected to DEF in a similar manner. The 

rods BF and EH are supposed to cross without interfering with each 
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other. The three triangles so connected form one rigid frame. Equal 
loads W act at E and F, and the structure is supported by vertical 
forces W at A and K. 

• In this frame there is not a single hinge at which only two rods 
meet. We are obliged, therefore, to find the stress in one of the rods 
before we can begin to draw the stress-diagram. 

The triangle GHK is a rigid body joined to another rigid body by 
three rods, and acted on by known forces. Consequently we can find 
the stress in any of the connecting rods by taking moments, about the 


B H 




intersection of the other two, of all the forces acting on the triangle, 
including the stress required, and equating the sum to zero. 

By taking moments about the intersection of FG and DK we find 
that the stress in EH is a tension of magnitude about 079W. Now 
we can start at the hinge H and describe the stress-diagram shown in 
Fig. 47B. The same number is attached to a member of the frame and 
to the line in the stress-diagram representing the stress in that member. 
The numbers also indicate the order in which the stresses are obtained 
in the diagram. Thus i, 2, 3, are obtained from the triangle for the 
hinge H j then 2, 4, 5, are the stresses at G; 3, 4, 6, 7, are the forces at 
K, of which 6 was the only unknown force. Since each polygon of 
forces will give us two new forces, we may allow the stress-diagram to 
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give us W at K by drawing the stress marked 6 parallel to DK. The 
error in the magnitude of VV so obtained provides us with a check on 
our working. Now we proceed to the hinge F. In this case, because 
the loads and the frame are symmetrical, the stress in BF can be 
inferred from the stress in EH, to which it is obviously equal. That 
leaves only the two stresses marked lo and ii undetermined, and these 
we find from the polygon for F. 

If the loads had not been symmetrical we should have calculated 
the stress in BF by the method used for the stress in EH \ that is, by 
taking moments about the intersection of AD and EC for the equilibrium 
of the triangle ABC. 

There is no need to proceed further. The rest is all straightforward. 
In the present case, on account of the symmetry of the loads, the stresses 
in the other half of the frame can be inferred from those already found. 

118. Stresses due to Forces applied at Points of the Rods other 
than the Ends. — When forces are applied to one rod of a framework at 
points other than the ends, we can find the stresses in the other rods if 
we replace these forces by two equivalent forces at its hinges and use 
the method of Art. no. But this method will not usually give the 
stresses in the particular rod to which the forces are applied, for it is 
easy to show that if the applied forces have components along the rod 
the tension or thrust in the rod is different on opposite sides of a point 
where a force is applied. Hence the stress is different at different 
points of the rod, and the method of Art. no cannot indicate this since 
it will only give one stress for each rod. 

To illustrate how the stress alters on passing a point where a force 
is applied let us suppose a weight W is attached to a point C of a 
vertical rod AB. The tension just below C is equal to the sum of all 
the downward forces on the portion of the rod below C, The tension 
just above C is equal to these same downward forces plus the weight W. 
Thus on passing C there is a sudden alteration in the tension by an 
amount W. Moreover, if the weight of the rod itself be taken into 
account, there is a continuous increase in the tension in going up the 
rod, because the weight of rod below any point increases with the 
distance from the lowest point. 

Nevertheless, although the stress-diagram will not immediately give 
the stresses in the framework, it can be used to get the actions of each 
rod on the hinges as we will now show by an example. From the 
reactions of the hinges on the rods and the known applied forces the 
stresses in the rods can be calculated. 

119. Example of Framework with Forces applied to the Rods. 
—-Suppose we want the actions at the hinges in a triangular framework 
“ormed of three equal uniform rods when the only actions on them are 
their own weights and a supporting force at one comer, A. 

Let W denote the weight of one rod. 

Now it is clear that the actions of any one rod on its hinges will not 
be altered if that rod is replaced by a light rod with two equal weights, 
^ch equal to attached to its ends. If we make this same substitu- 
tion for each rod we shall get a different system of stresses in the rods, 



GRAPHICAL METHODS 


63 


but we shall leave the actions at the hinges unaltered. After these 
substitutions we may consider each hinge and the weights concentrated 
near that hinge as one particle, and then use the same methods to deal 
with these compound particles as we have previously used for hinges* 
Thus in Fig. 48A the particles at B and C are each acted on by W, made 
up of from each of the rods meeting at those comers. At A a force 
2W acts upwards, this being the resultant of half the weights of the rods 
meeting at A and 3W upwards. 

Now a^y is the triangle of forces for the equilibrium of the particle 
at C ; yj58 for the particle at A \ and 8ay for the particle at B. 




Now the light rod AB, which has taken the place of the given one 

acts on the particle at B with a force represented by 78, and this 
ILCtion is transmitted by the end of the rod to the hinge at B. But, in 
addition to this, the weight JW attached to the end of AB must be 
supported by the hinge. Hence the whole action of the rod AB on the 

hinge at B is the resultant of yS and JW downwards ; the whole action 

is y€, where € is the mid-point of oS. Similarly the whole action of AC 

on the hinge at C is Sy. Again, the action of AB on the hinge at A is 

the resultant of 8y and |W downwards, that is, 7]y where tjS represents 

^W. The actions of the two hinges at A and B on the rod AB are yry 

and ey respectively. The resultant of these is erj, which is an upvard 
force balancing the weight of the rod. 

120. When forces are applied to the rods of a framework, the 
method to be used to find the actions of the rods on the hinges may be 
briefly stated as follows : — 

isf Step, Replace the forces on each rod by two equivalent forces 
at its hinges. 
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%nd Step. Find the actions of the rods on the hinges due to this new 
system of forces by the method of Art no. 

2 ^rd Step. To the action of each rod on a hinge as given by the 
second step add the force which has been transferred from the rod to’ 

that hinge, and this gives the 
true action of the rod on the 
hinge. 

It may seem that the above 
process does not give a definite 
result because the first step 
can be performed in an infinite 
Q number of ways. Suppose F 
is a force which has to be 
replaced by forces at A and 
B, and let P and Q be one 
pair of equivalent forces. We 
could replace F by a pair of forces Pi, Qi along any lines through A 
and B which intersect on the line of action of F. But it is easy to 
prove that 

Pi = P + (a force X along BA) 
and Qi = Q 4- (a force X along AB) 

Now, the only effect which the two forces X at A and B along BA and 
AB respectively would produce on the framework would be a tension 
in the rod AB. Now suppose the stress-diagram gives a tension T in 
the rod AB. Then the true action of AB on the hinge at A, due to the 
forces P and Q, is the resultant of P and a force T along AB. The true 
action on the hinge in the second case would be the resultant of Pi and 
a force T + X along AB. But since Pj is equivalent to P and -X 
along AB, the action on the hinge given by both pairs of forces is the 
same- It follows, therefore, that we may replace F by any pair of forces 
through A and B which are equivalent to F; so that the indefiniteness 
m the first step does not lead to an indefinite result, but merely eives a 
greater freedom in the intermediate steps. 



EXAMPLES ON CHAPTER IV 

^ vertical, and suppose it to represent a 

A weight W is hung from A, and BC is kept 

stressed m aT A ^ the 

stresses m AB. AC, and the forces at X and Y caused by W. 

[If B is above C there is a tension in AB equal to|? . W, and a thrust 
• AC 

m AC equal to W. The forces at X and Y are separately 

tSffr components is W, and 

components form a couple which balances the 
moment of the weight about X or Y.J 
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2. ABC is a given triangle in which AB and AC are equal. Let AC and 
CB be two rods joined by a smooth hinge at C ; AB is a string joining the 
ends A and B, The system stands upright with AB horizontal and C above 
AB. If a given weight is suspended from C, find the stresses in AB, BC, 
and CA, putting the weights of the rods out of the question. 

’Verify your results by considering the case in which ABC is an equilateral 
triangle. 

[If d denotes one of the equal angles in the triangle, the tension in 
the string is — W cot ^cos 2^, and the thrusts in AC, BC are 

W cot B and — respectively.] 

3. A triangular frame of jointed rods ABC, right angled at A, can turn 
freely about Ain a vertical plane. The side AB is horizontal, and the comer 
C rests against a smooth vertical stop below A. Find (graphically or 
otherwise) the stresses in the various bars due to a weight W suspended 
from B. 

Determine the stresses numerically when AB = 3 ft., AC = i ft., 
W = 50 lbs. London Infer^ Sd„ 

[Tensions of 1 50 lbs. and 50 lbs. in AB and AC, thrust of 50 10 lbs. 

in BC.] 

4. A light framework of freely jointed rods, in the form of a right-angled 
isosceles triangle, is suspended from the right angle. Weights wamd 2 w are 
suspended from the other two joints. Determine the stresses in the rods. 

London B,Sc. 


[If ABC is the triangle, and the weights 2 w and w are at B and C, 

d 

then there are tensions -7- w and-“=^«/ along AB and AC, and a 
. v5 V5 

thrust along BC.] 


5. A framework ABCD is formed of four equal rods of negligible weight 
and a fifth stiffening rod B D. The frame is suspended by the hinge A, and 
a weight 130 lbs. is attached to C. Find graphically the stress in BD if the 
angle at A is 60®. 


^ . . [About 75 lbs.] 

6, A rigid rhombus OABC is formed with five equal light rods com- 
posing the sides and one diagonal AC, which is vertical, the joints being 
smooth hinges. Another equal and similar rigid rhombus OPQR is attached 
to the first one by the hinge at O, and the two are symmetrical about the 
vertical through O. The highest points, A and P, are joined by another 
rod. A weight of three tons is suspended at O, and the whole is supported 
by vertical forces at B and Q. Find the stresses in AC and AP. 

[A thrust of 1*5 tons in AC, and a thrust of 5*2 tons in AP.] 

7. Points A, B, C, D, are taken on a straight line such that AB = JBC = CD. 
On AB, BC, CD, and on the same sides of these, are described equilateral 
triangles, AEB, BFC, CGD. EF and FG are joined. The complete figure 
represents a system of freely jointed light rods in a vertical plane, with AD 
horizontal and lowest. Supports are placed at A and D, and weights of 4 
and 6 tons are hung from B and C respectively. Draw a force diagram for 
the system. Thence determine the stresses in the rods which meet at F, 
indicating which are tensions and which are thrusts. 


London B*Sc* 

[Thrusts of 4*5 and 5*5 tons in EF and FG respectively, and tensions 
3‘75 and 2*02 tons in BF and CF.] 

8. AB, BC, CD, are equal lengths on a horizontal line. On the upper 
sides of these lines equilateral triangles ABX, BCY, CDZ, are drawn. Also 


D 
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XY and YZ are joined, and the whole figure represents a framework of rods 
joined by smooth hinges. If loads of 7 and 4 tons are suspended from B and 
C and the frame supported at A and D, find the stresses in BC, BY, CY. 

[Tension of 6*35 tons in BC, tension of 1-155 tons in BY, thrust of 
1*155 tons in CY,] 

9. ABCD is a straight line trisected at B and C, and BCEF is a square. 
Let AF, AB, BF, BE, FE, BD, ED be rods forming a freely jointed frame- 
work, and let this framework be supported at A and D so that AD is 
horizontal, and BF vertically upwards. Find, by graphical construction, 
the thrusts or pulls in all the rods due to a weight W placed at E. 

London BSc* 

[In the following table a thrust is reckoned positive : — 

Rod * . AF AB BF BE FE BD ED 

Stress. . -^W -iw iw -|w 

10. ABOC, PQOR are two similar frames in the form of rhombuses 
connected by a hinge at O, and stiffened by diagonal rods BC and ^R. 
The comers A and P are attached to two^ fixed pins in a horizontal line. 
The frames are in one vertical plane and lie entirely above AP, The rods 
AB, PQ are each inclined to AP at 30®, and the rods AC, PR, at 6o°. If 
a load of 4 tons is suspended from O, what are the consequent stresses in 
the rods? 

[First show, by considering the equilibrium of one rhombus, that the 
line of action of the force at the support passes through 0. 

In the diagonals of the rhombuses there are tensions of 0758 of a ton, 
and in all the other rods thrusts of 1*464 tons.] 

1 1. AB, BC, CD, DE, B^, Cr, T>d are seven equal light rods, the first 
four hoiizontal and the last three vertical, all the joints being smooth hinges. 
The whole frame is kept rigid by rods joining A^, B<r, Dc, Kd, hc^ cd. Loads 
of 5, 3, and 7 tons are supported at B, C, and D respectively, and the 
firame rests on supports at A and E, Find the stresses in the rods BC, 
CD, Dc, 

[Tensions of 9 tons in each of BC, CD ; thrusts of 2-83 and 1*41 tons 
in B^ and D^;] 

12. ABCD, PBCQ are squares on opposite sides of BC, and E is the 
centre of the latter square. A framework is made of weightless rods AB, 
AD, DC, BC, DB, BE, CE, freely joined to one another. A is freely 
pivoted to a smooth vertical wall, and D presses against the wall below A. 
A weight W is hung from E. Calculate the stresses in all the rods. 

London BSc. 

[Tensions of^w, iw, W, ^W, in AB, BC, AD, BEj thrusts of 
iw, V2W, ^W, in DC, BD, CE.] 

13. Five uniform rods form the sides of the rhombus ABCD and the 
diagonal BD, which has half the length and half the weight of a rod forming 
aside. If the weight of BD is w, and if the frame is suspended by the 
hinge at A, find the action on the hinge at B of each of the rods joined to B. 

[BD exerts a thmst i*i6z£^on B and a downward force Iw \ AB exerts 
a tension 3*620; and a downward force w \ BC exerts a tension 
1*030; and a downward force o;.] 

14. A and B are two points on a vertical wall to which two rods AD and 
BC, perpendicular to the wall, are attached hy hing^es, A being vertically 
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above B. The weights of these rods are 2 cwts. and 10 cwts. respectively, 
and act at their middle points. Light rods join BD and DC. The angles 
DBC, DCB are 30® and 60° respectively. Find the tensions or thrusts in all 
the rods, and find the action of AD on the hinge at A. 

[Tensions of I3'28 cwts. and 577 cwts. in AD and DC respectively ; 
thrusts of rSp cwts. and 12 cwts. in BC and BD. The action of 
AD on A is 13*32 cwts., the resultant of the tension 13*28 cwts. 
and a downward force i cwt.] 

15. ABCD is a trapezium formed of bars of negligible weight freely 
jointed at the vertices, the parallel sides being BC and AD ; the joints B 
and D are also connected by a bar. The figure is placed in a vertical plane 
with the joints A and D resting on fixed smooth pillars of the same height. 
From the middle point of BC is suspended a load W. Being given that 

AB = 13, BC = 26, CD = IS, DA = 40, 
prove that the stress in BD is a tension equal to 

London Inter. Honours Math 



CHAPTER V 


WORK AND ENERGY 



131. Definition of Work. — If a force F, which is constant in magni- 
tude and direction, acts on a particle during its displacement from A to 
B, then the product of AB and the component of F along AB is cdlled 
the work done by the force in this displacement. If 

the direction of F makes an angle d with AB, the 
work done is 

W = Fcos^AB 
s= F(AB cos d) 

= F X (the component of AB along the line 
of action of F) 

Thus the work done is the product of the magnitude of either of the 
vectors F or AB and the component of the other parallel to this vector. 

If 0 is a right angle the work done is zero, and if 9 is greater tha n a 
right angle the work is negative. The si^ to be attached to the work 
depends, it will be seen, on the reloHve directions of the force and the 
displacement. 

The preceding definition only applies to a constant force. We will 
now extend the definition to embrace variable forces, when the motion 
takes place along any curve. 

Let the curve be divided into small elements so short that they may 
each be considered straight. Let ds be the length of one of these 
elements, and let T be the component force along the tangent to the 
curve. If is the work done in the displacement ds^ this work 
done is 


Whence 

and 


= Tds 

^_T 

ds 

W=s:/T* 


Example.— .4 partiek is attracted towards a fixed point with a forte 
wfuch vanes inversely as the square of the distance from the rf 
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122. Work done by a Couple in a Small Displacement. — Let equal 
and opposite forces F and — F forming a couple, act at points A and B 


fixed in a rigid body. Suppose 
the body moves so that AB is dis- 
placed to A'B'; then, of course, 
A'B' = AB, since the body is 
rigid. 

Nb is drawn equal and parallel 
to AB, Also A'M, bn^ B'N are 
drawn perpendicular to the forces 
of the couple. Then the work done 
by the forces of the couple is 

W =: F . BN - F . AM 
= + «N - AM) 

F . «N 

since = AM from the geometry 
of the figure. Thus 



Fig. 52. 
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■I i N > 

W = Work done by — F in the displacement 

= b'S X (component of — F along 

= A'B' . 6 (component of — F along ^B') 

approximately, since 6 is small, 

= ^ X (moment of — F about A) 

= 5 X (moment of couple) 

Thus the work done by a couple in a small displacement of the rigid 
body on w^hich it acts is simply the product of the moment of the couple 
and the angular displacement of the body in the direction in which the 
couple turns. In a motion of translati on without rotation, such as from 
AB to A'^, no work is done by the couple. 

123 . Finite Displacement. — The work done by a couple of moment 
N, whether constant or variable, in any angular displacement from to 
62 of the rigid body to which it is applied, is 

since is the work done in a small displacement. If N is constant 
this gives N(&2 — ^1). 

124 :. Several Couples. — If several couples whose moments are N^, 
Nsj N3, etc., act on a rigid body, the sum of the work done by all the 
couples is 

‘’“Nifl'fi + H- • . • 

h J J Oi 

« -h Ng + n, + . . .)de 

•= . dd 

Jei 

where is the sum of the moments of the couples, which is equal to 
the moment of the resultant couple. 

125 . It has been proved in Art. 71 that a force F acting at any point 
in a rigid body is statically equivalent to an equal force acting at any 

other point in the body together with a 
couple- We will now show that in any dis- 
placement of the body, the work done by 
the force is equal to the work done by the 
equivalent force and couple. 

Let A be the point of application of a 
force Fi, B any other point fixed in the 
rigid body. A force F2, equal and parallel 
to Fi, and an equal but opposite force Fs, 
are introduced at B. 

In any displacement whatever the whole work done by the force F2 
and the couple formed by and F3 is merely the work done by the 
forces Fjl, Fg, and F3. But the work done by F2 and F3 is zero in any 




WOEK AND ENERGY 


71 


displacement, because their point of application has the same displace- 
ment, and one force is the negative of the other. Thus the work done 
by the force F2 and the couple is reduced to the work done by Fj, and 
• this is what we set out to prove. 

126. The Sum of the Works done by Several Forces acting at the 
same Point is equal to the Work done by their Resultant. — Suppose 
the whole displacement of the point is divided up into a succession of 
small displacements each of which may be considered straight. Let 

AB (Fig. 50) be one of these small displacements. 

Then the work done by the several forces is equal to the product of 

OA and the sum of the components of the forces along OA. But this 

sum is equal to the component of the resultant of the forces along OA. 
Hence the sum of the works done by the forces is equal to the product 

of OA and the component of the resultant along OA, which is the work 
done by the resultant. Thus the theorem is proved. 

127. Work done by any System of Coplanar Forces.— It has been 
shown in Art. 72 that any system of coplanar forces acting on a rigid 
body can be reduced to a force through any chosen point in the body 
together with a couple. It will now be shown that the work done by 
the system of forces is equal to the work done by the force and couple 
to which the system reduces. 

Each given force can be reduced to a force through the chosen point 
and a couple. Now the work done by all the forces is equal to the 
work done by all the couples together with the work done by all the 
forces acting at the chosen point. But the work done by all the couples 
is equal to the work done by the resultant couple, and the work done by 
all the forces acting at the chosen point is equal to the work done by the 
resultant of all these forces by the last article. Thus the theorem is 
proved. 

128. Analytical Expression for the Work. — ^We will now express 
in analytical form the work done by a system of coplanar forces Fx, F^ 
etc. Let axes OX, OY, fixed in space, be taken, and let any force Fi 
acting on the rigid body be replaced by a couple Ni and two component 
forces Xi and Yx parallel to the axes and acting at a point fixed in the 
rigid body whose co-ordinates are x and y. Suppose any line in Ibe body, 
parallel to the plane of the axes, turns through an angle dB while x and 
y increase by dx and dy. Then the whole work done in any displace- 
ment is 

-f ^Ydy + JNd 0 

where X = Xx X2 "i" etc, 

Y = Yx -h Yg + etc. 

N == Ni -f Na + etc. 

129. In finding the work done by a force, any point in the line of 
action of the force may be regarded as its point of application. For if 
A and B are any two points in its line of action, the motion of these 
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points along the line AB is the same in any displacement of the rigid 
body in which they are fixed. This follows from the fact that the length 
AB is invariable — since they are points fixed in a rigid body — and 
therefore there can be no relative motion of the points A and B along 
the line AB. Thus, whether we consider the force to act at A or B, the 
w’ork done will be the same, because the displacement in the direction 
of the force is the same at both points in any interval of time. 

130. If the point of application of a force acting on a rigid body is 
not fixed in the body, but shifts from point to point, the work done in 
any small displacement is obtained by multiplying the force by the 

common displacement, along the line of 
action of the force, oi the particles of 
the rigid body lying in that line. To 
make this point quite clear, suppose a 
force F is applied to a particle A of a 
rigid body at any instant, and suppose 
that after a short interval of time^ A has 
moved to A' and the point of application 
of the force is now B, another particle 

in the body. Aa and A3>are the components of AA' and AB along the 
force. Then the work done in this displacement is F . Aa, and not 
F.A^. 

131. Rate of doing Work. — Suppose a force F is applied to a 
particle, which may be part of a rigid body or not, and suppose the 
displacernent of the particle in an infinitely short interval of time is 
ds in a direction making an angle 0 with F, then the work done on the 
particle in this interval by the force F is 

dW = F ,ds , cos 0 



Hence, the rate at which the force does work is 


^ = F cos 0 


ds 

It 


= FV cos 0 


where V is the velocity of the particle, and V cos 0 is, of course, the 
component of this velocity in the direction of F. 

If the force F and the displacement be each resolved into two 
components parallel to a pair of perpendicular axes in their plane, the 
components of the force being X and Y, and those of the displacement 
dx and dy, then the work done is 

dW = X/jJa; + Ydy 

Therefore ^ = + 

dt ^dt ^ ^dt 

= Xu + Yv 

where « and v are the component velocities of the particle. 
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It is easy to prove that the two expressions for are equal. For 
let F and ds make angles a and jS with OX. Then 
, X = F cos a, Y = F sin a 

= V cos j 3 , = V sin j8 

Therefore X« + Yv= FV(cos a cos j 3 + sin a sin fi) 

= FV cos (a — j8) 

= FV cos d 

since (a ~ j8) = ± d 

132 . If a couple of moment N acts on a rigid body, and if dB is the 
angular displacement of the body in radians in an infinitely short 
interval of time, the work done by the couple in this time is 


Hence the rate at which the couple does work is 

dW ^,de 

= Net) 


where oi is the angular velocity of the body in radians per unit 
time. 

The rate at which a body does work is called its power, A practical 
unit of power is a horsepower^ which is taken as 33,000 foot-lbs. per 
minute, and is written one H.P. 

183 . Work done by the Weight of a Particle in any Displace- 
ment. — Suppose a particle of weight w travels along any curve from a 
point at a height above some fixed horizontal plane to a point at a 
height Zx above the same plane. To show that the work done by the 
weight is ^w{zx — ^o)- 

Let z be the height of the particle at any instant. Then dz will 
denote the vertical fisplacement of the particle corresponding to any 
small displacement along the curve. The work done in an upward 
displacement dz is the product of the whole force w and the com- 
ponent {-^dz) of the displacement in the direction of the force; that is, 
the work done is -^wdz. Hence the work done in the whole dis- 
placement is 



wdz = -^w{zx — ^0) 


This is the work done by the weight. The work done by the 
lifting force, if this force just balances the weight, is the negative of the 
above, namely, w{zx — ^o)* 

134. Total Work done by the Weights of a Number of Particles 
during given Vertical Displacements. — Suppose the weights of the 
particles are W2, w^, etc., and their initial and final heights are 
Hi ^ 2 i ^li ^2 > '^3^ Then the total work done is 


- {Wx{zi - JSTi) + W2(Z2 - %) + O'sW - ^ 3 ) + • • •} 

= - {WiZi -f W2Z2 + W2Z2 + . - . -(a'l-sfi + ^2^2 + +•••)) 
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But if z and z' are the initial and final heights of the centre of 
gravity of the particles, 

+ + . .)z = w^Zi + ^' 2^2 ^^' 3^3 +■ • • • 

+ Wz + ^ • •)^ = 4 - ^2^2 + ^'3^3^ + • • . 

Hence the work done 

« -{Wi + ®'2 + 2^3 + * . *)(^ - 

“ — (;s' — 5)2i'2£/ 

where is the sum of the weights. 

Thus the work done is the same as if the whole weight were con- 
centrated at the centre of gravity and had the same displacement as 
that point This result is true whether the particles form part of one 
body or are absolutely independent of each other. 

As an example, suppose a weight W of liquid is poured from one 
vessel into another at a lower level. The work done by gravity on the 
liquid during the whole process is equal to the product of W and the 
vertical drop of the centre of gravity of the liquid. 

134^?. Examples on Work. 

Example i. — A magnet of Imgth 1 and pole strength m is situaied in 
a uniform field of force of strength H* To fi?id the woi'k done hy the forces 

in the field as the magnet is 
7 ’oiated through two right 
a7igles from the equilibrium 
position. 

There is a force nilA. 
acting at each end in oppo- 
site directions parallel to 
55* the lines of force. Suppose 

6 is the angle through 
which the magnet has turned at any instant. Then the two forces form 
a couple whose moment is 7/iHl sin 6, Hence the work done 

IT 

sin 6dd = ^zmYil 
0 

Otherwise,--We might have found the work done by each force and 
added the results. Thus the work done by the constant force mH 
acting at one end is equal to mil multiplied by the displacement of 
that end in the direction of the force, that is mR^l). Thus the whole 
work is — 2 mKI 

Example 2 •—The flpvheel of an engine makes 100 revolutions per 
mmuie, A oi^ake is applied to the wheel,, the moment of the f fiction about 
the fxts of the wheel being 10,000 foot-lbs. Find the horse-Powef^ of the 
engine if the speed remains constant 

The work done per minute, by Art. 132, 




10,000 X aooTT ft-lbs. 
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Hence the power of the engine 

^ 10,000 XaooTTH.p. ^ ^ j h.P. 

33,000 

• 135. Potential Energy. — For many kinds of forces in nature it is 
found that the work done in any displacement of the bodies on which 
they act depends only on the initial and final positions of the bodies, and 
not at all on the path taken between these positions. That is, if we 
take some fixed position as starting-point, the work done by any of these 
forces in bringing, a body to any other position, whose co-ordinates 
referred to three axes in space are and a, depends only on these 
co-ordinates, and is therefore a function of and z. If W denotes 
the work done in bringing the body from the starting-point to any other 
point, there is a single value of W for every point in space. This is 
expressed mathematically by saying that W is a single-valued function 
of the co-ordinates of the point. We shall call W the work function. 

It is convenient to introduce another function V, such that V +• W 
is constant for all points. 

V is called the Potential Energy of the body. Strictly we ought to 
call it the potential energy of the bod>J and the forces, since there 
could be no potential energy without the forces. 

Since V + W is constant, it follows that, if an amount of work SW 
is done in any displacement, there is a loss of potential energy of 
amount 8W. If SV denotes the increase of potential energy, we have 

8V = -8W 


Since we shall need only differences of potential energy in different 
positions, we can choose any position we like as the position of zero 
potential energy. 

136. Criterion for the Existence of a Potential or Work 
Function. — ^We shall now show what test can be applied to discover 
whether a given force or system of forces have a potential or work function. 

Let the force or forces acting on any particle be resolved along 
three mutually perpendicular axes, and let the components of all the 
forces along these axes be X, Y, and Z. Then the work done in a 
small displacement whose components are dxy dy^ and dz is 

dlN = Hdx + Ydy Zdz 


Now if a , function z) can be found such that 

^ = _x, 

dx dy 




(a) 


the expression for dW takes the form 
= -df 

where df denotes the whole increase in /(^, j/, z) due to the increases 
dXi dy^ dz. 


For brevity f is written for /( jc, jy, je) in several places. 



76 MECHANICS OF PARTICLES AND RIGID BODIES 


Therefore W = -f{x,y, s) + C 

and the potential energy is 


if we drop the useless constant. 

It is evident, then, that if the equations (a) are satished a potential 
function does exist Now the conditions that X, Y, and Z should have 
the forms given by equations (a) are the following three : — 


dy dx 
dz By 
dx dz y 


08 ) 


If the forces are all parallel to the xy plane we need only the first of 
these conditions, since both sides of each of the other two equations are 
zero because Z is zero everywhere, and X and Y are not functions of z. 

We will work a few examples to show how the potential function 
is found in particular cases. 

Example r. — Find the potential function, if there is one, for the forces 
whose components are X = kx, Y =: ky, Z = kz + c, where k and c are 
constants. 


Here etc., are all zero. Hence the conditions (j8) are 

satisfied; that is, a potential function does exist Therefore, if V 
denotes this function, 


These three equations show that 


Y = — lh(x^ + + z^) — cz 

which is the potential function required. 

If = o and c = --w in this example, we get the potential energy 
of a body due to its weight. The axis of z is vertical, the positive 
direction being upwards. Then 


Y wz 


Exampi,e 2. — Suppose the force is an attraction towards {or r^ulsion 
from) a fixed point, and the magnitude of the force is a function of the 
distance vfrom thefioced point, To s how that a potential function exists 
and to find it. 

Taking the origin at the fixed point, and taking the magnitude of the 
force, directed away from the origin, to be F(r), we get 

X = ?F(r), Y = •jF(r). Z = ^Ffr), 
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because the force makes angles with the co-ordinate axes whose cosines 


X y .z 
are - and 
r r r 


But j;2 ^ ^2 

Differentiating with respect to y, keeping x and z constant, we get 


whence 


dr 

dy"^ r 


Therefore 


Similarly 


dy r dr \r ^ '} 

dx r dr \r ' 


Thus the first of the conditions (jS) is satisfied. And from 
symmetry it is clear that the other conditions are satisfied also. Hence 
a potential function exists, and we have now to find it. 

Now we know that 


^ 11/ \ 1-1/ V 


Similarly, 
Now suppose 


By dy ' " 


— ”■ ;).'F(r) 


f{r) = -j¥{r)dr 
5 . . - d dr 

“ -F(.).g 


It is clear also that 


|i/w>-f. a{/w) 
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Hence V =f{r) 

= ~jF(r}dr 

This is the potential function required. The following are particular 
cases of the above : — 


F{r) = kr. 

V = 


, . k 

V = 

k 

nr) = 

r 



I k 

nr)= 

V = 



137. If the potential energy of a particle in two positions are Vi and 
V 2 , the work done in the displacement from the first to the second 
position is — (Vg— Vi). If the particle, after any series of displacements, 
comes back to the first position, the work done is — (Vi — Vj), that is, 
nothing. Hence no work is done on a particle by forces which have a 
potential when the particle describes any closed curve so as to come 
back to the starting-point. Now we can prove that the converse of this 
is true, namely, that if no work is done on a particle when it describes 
any closed curve, then the forces acting on the particle have a potential. 
For, let AMPNA be any closed curve. Then 

work done along ANP + work done along PMA = o 

Also, because AM PMA is a closed curve, 

work done along AMP +■ work done along PMA = o 

These two equations give 

work done along ANP = work done along AMP 

Thus the work done in going from A to P by any path is the same ; that 
is, the work depends only on the initial and final positions of the 
particle. Hence the work done in going from any standard position 
to any other position (x, y, z) is a function of the co-ordinates only ; 
which means that a work function, and therefore a potential function, 
exists. 

When a system of forces have a potential function they are said to 
be consef^afive forces. 

188. It is clear that forces which reverse their directions when the 
direction of motion is reversed cannot be conservative. For instance, 
a force which always acts against the motion, such as fluid resistance 
and friction between solids, is not conservative. In any displacement 
whatever such forces do negative work, and therefore the work done in 
a closed path is a negative qxmntity and not zero. In such motion 
energy is lost to the system. That is, the energy represented by the 
negative work is no longer in mechanical form in the system composed 
of the bodies exerting the forces and the body on which they act. But 
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this energy is not annihilated j it exists largely as heat in these bodies, 
but it is not immediately available for mechanical work. 

139. Stable and Unstable Equilibrium. — If, when a body is slightly 
displaced from an equilibrium position, the forces brought into play are 
such as will move the body back towards the equilibrium position, then 
the equilibrium is said to be stable ; if the forces will move the body 
further from the equilibrium position the equilibrium is unstable ; and if 
no forces are brought into play the equilibrium is neiitraL 

A needle standing on its point with its centre of gravity vertically 
above the point of support is in unstable equilibrium. A cylindrical 
rod lying with its axis horizontal on a horizontal table is in neutral 
equilibrium. But a rod with an elliptic section lying on a horizontal 
table with its shorter axis vertical would be in stable equilibrium. 

It is evident that rest in a position of unstable equilibrium is 
practically impossible for any length of time. Even supposing a needle 
could be placed with its centre of gravity exactly above its point, we can 
imagine numerous sources of disturbance which would quickly displace 
it from this position and consequently destroy the equilibrium altogether. 
We need only mention air-currents and the minute oscillations produced 
in the supporting body by the jolting of distant objects on the earth’s 
surface as some of the disturbances which are constantly at work. 

140. Conditions of Stability for a Body with One Degree of Free- 
dom. — Suppose a rigid body is so constrained that only one geometrical 
quantity need be known in order to fix its position. It is then said to 
have one degree of freedom Let 5 be a geometrical quantity which 
determines its position, and let us assume what is usually true in practice, 
namely, that there is a work function. That is, we shall assume that 
the work done on the body in bringing it from any standard position is 
given by the equation 

W-/(0) 

Now let T be the resultant force on the body in the position and let 
ds denote the displacement, in the direction in which T acts, of the 
particles of the body lying in the line of action of T, when B increases by 
dB. The work done during this displacement is Hds, Hence 

dN =:Tds 

that is, f(6)dB = Tds 

Therefore T =f(B)jp 

Now for equilibrium it is only necessary that T should be zero, Hence 
in an equilibrium position 

/(<=o 

Now to avoid a difficulty here we will suppose that 8 is so chosen that 
dB 

^is never zero. This is always possible, for there are innumerable 
geometrical quantities each of which could be used to fix the position 
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of a body with one degree of freedom. It is only necessary that 
should be a geometrical quantity which continually increases (or con- 
tinually decreases) as the body is moved in the same direction. 

With the above assumption concerning the condition for equi* 
librium is 

m = o 

The roots of this equation are the values of B in the equilibrium 
positions. Let denote one of these roots so that /'(^o) = o- We 
have now to test whether the equilibrium at 6q is stable or unstable. 

Suppose the body receives a slight displacement from the equibrium 
position given by d9. Then the force brought into play is dT say. 

Now the condition for stability is that this force should have the 
opposite sign to ds, for then the force and the displacement are in 
opposite directions. Thus for stability 

dT 

must be negative. 

that is, negative. 

But /'{Sq) = o. Hence for stability 
/^\2 

) must be negative, 

that is, /"{^o) must be negative. 

The conclusion is, therefore, that if 

W=/(0) 

there is stable equilibrium where e = eo, provided 

/W-o, 

and /\Bq) is negative. 

These are exactly the conditions that W should be a maximum when 

e = ^ 0 *. 

Similarly it may be proved that if W is a minimum the equilibrium 
is unstable. 

If it happens tlmt/'^^o) = th^ force brought into play in a small 
displacement dS will have to be found by Taylor's theorem. It w^ll still 
be found, however, that the conditions which make W a maximum or 
minimum will give stable or unstable equilibrium. 

If W is neither a maximum nor a minimum the equilibrium is neutral 
or unstable. If dT is absolutely zero the equilibrium is neutral ; but if 
dT has the same sign as ds for displacements in one direction, and the 
opposite sign for displacements in the other direction, then the equi- 
librium is re^y unstable, because, after any small displacement, the 
body is certain to get on the unstable side after a short time. 

If V denotes the potential energy of the body, we have 

V = c- w 
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Consequently V is a maximum when W is a minimum, and vice 
versL Hence V is a minimum in a position of stable equilibrium, and 
a maximum in a position of unstable equilibrium. 

* 141, Particle on a Smooth Curve as Illustration. — If the body 

whose stability is being considered is a particle of weight w which is free 
to move on any smooth curve under no forces except its weight and 
the normal reaction of the curve, we get 

W £= ^wz 

where z is the height of the particle above any fixed horizontal plane. 
Now we must choose some geometrical quantity which increases oi 
decreases continuously from one end of the curve to the other, and 
suppose W expressed to terms of that quantity. If the curve is such as 
that shown in Fig. 56 , where one value of a horizontal co-ordinate, 



corresponds to one and only one point on the curve^ we can take x as 
the geometrical quantity required. Then the condition of equi- 
librium is 


And for stability 


dx^ 


= a negative quantity. 


These conditions are the same as the following two 


dz 

dx 


o 


d^z 

Ix^ 


a positive quantity. 


Thus the equilibrium is stable at the points A, C, and F, unstable at 
B and D. At E the first condition is satisfied, but not the second. 
But it is obvious that if the particle were displaced from E towards D 
it would fall back and go beyond E towards F, and then leave E alto- 
gether. Such a position as E can therefore only be correctly described 
as unstable. 
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It should be noted that s could not have taken the place of d in the 

generarinvestigation of Art. 140, because ^ is zero at several points. 

The direction of the resultant force and therefore of dT is, of course, 
along the tangent to the curve at every point. ^ ^ 

14& The results in the preceding paragraph can be applied to a 
rigid body whose centre of gravity is constrained to move along the 
curve ABF, because the work done by the weight as the centre of 
gravity is raised to a height z is — just as for a particle. Hence a 
rigid body constrained to move in any way is in stable equilibrium 
when its centre of gravity is at a minimum height. 

We will work out a few examples. 

Example r . — To find whether a solid hemisphere is stable or unstabk 
resting m a horizontal table with its plane end horizontal and uppe7‘7nost 

Fig, S7A represents the body in the equilibrium position, and S7B in 
a disturbed position. 




In the second position the height of the centre of gravity G above 
the supporting plane is 

OC — OG cos COP 

which is greater than 

OC - OG, 

the height in the equilibrium position. Hence the equilibrium is stable. 

Example 2. — A uniform rod AB rests with its ends on two smooth 
inclined planes which are at right angles to each other atid meet in a hori- 
zontal line. If the rod is constrained 
to refuain in a plane perpe7idicular to 
the line of intersection of the planes^ 
to find its positiofi of equilibriwn^ 
and whether the equilihrimn is stable 
or not 

As the rod AB moves about 
subject to the given constraints, it 
is clear that G describes a circle 
whose radius is equal to half the 
length of the rod and with centre at 
O. The rod will be in equilibrium 
when G is at the greatest or least height. Thus there is equilibrium 
when G is vertically above O, but the equilibrium is unstable because 
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the height is a maximum. There are no other equilibrium positions 
except when one end of the rod is at O. 


Example 3. — Everything is the 
'that the centre of gravity G divides 
the rod into two farts^ AG and GB, 
whose lengths are a and b. 

Now let GN, the height of 
the centre of gravity, be denoted 
by z. Then 

« = NP + PG 
= OM sin o + MG cos a 
= BG cos 6 sin a 

4- GA sin 0 cos a 
= b cos 0 sin a + ^ sin 0 cos a 


same as in the last 'question except 



Therefore 


^ = —3 sin 6 s\xi a + a cos 0 cos a 


d0^’^ 


—b cos d sin a — sin 0 cos a 


For equilibrium ^ = o> that is 

tan 0 = ? cot a 
0 

For all possible values of and a, there is always a vaiue 01 v 
less than a right angle which will satisfy this equation. That is, there 
is certainly one equilibrium position. But for such a value of 0 both 

sin 0 and cos 0 will be positive. It follows, therefore, that ^ is 

negative in the equilibrium position. Hence 0 is a maximum and the 
equilibrium unstable. 

Example 4. — A uniform rod of length 2I has 
its lower end attached by a light siring of length r 
to a point O, and it is constrained to pass through 
a fixed point K at a distance c vertically above O. 

To show that the rod is stable in the vertical 
position if 

/< 

r 

Denoting the height of the centre of gravity 
above O by 0 , we have 

0 = OM 
= NM - NO 

= I cos ^ — r cos 0 . ‘ - (i) 



Fig. 6o. 
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The potential energy is therefore, 

V = w{l cos (f> rco% 6) (2) 

where w is the weight of the rod. 

Now tan ^ ^ (3). 

c + r cos d 

so that <f> may be regarded as a function oi 6. 

Diflferentiating (i), we get 

d'V / , . ,M I\ 

^ = a'(-/sm^^ + ^sin«J 

^82 - - /cos 0( J) + r cos . (5) 

Again from (3) 


sec2^^ = 


r-h ^ COS 6 
+ r cos 


... ( 6 ) 

therSor? position of the rod ^ and </> are each zero, and 

^ 

^<9 ^ 4" ^ 

Hence in the vertical position 


^ i a ) 


For stability this must be positive, because the potential energv 
must be a mimmum That is, for stability ^ ^ 


/< 


(^ + r)2 



or OJI tlie highest point 

to roll without sliding on the lower body, 
u the possible motion is parallel to a 
fixed plane, and if the sections of the two 
® parallel to this fixed 

plane and passing through their point of 

Sbmty^® conditions of 

Referring to Fig. 6i, A' was in contact 
with A in the equilibrium position; G is the 
wntre of gravity of the supported body. 

, *" the radii of the sections of 

1 = supported bodies; and 

np?o,SgtX2 

s = (R + r) cos d - CG cos (6 + ,p) 
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Now since the motion has been rolling motion, tlie arc AP = the arc 
A'P, that is Rff = Hence 

^ = (R -f r) cos 0 — (r — cos 

The condition for stability is that z should be a minimum when 

/i 1 . . , 

a = o, or ^ must be positive when = o. Now 

^ = -(R + r) cos 0 + (r - cos [x + 

which becomes, on putting 6 = o, 

Wz = -i^+r) +(r- 

Thus, for stability when A' is in contact with A, we must have 




R + r 


- ^R - > . 

i>l + f 


144. The result of the last article can be applied to bodies which 
have not circular sections, provided we replace R and by the radii of 
curvature of the sections at the points A and A'. For, the stability or 
instability of the equilibrium depends on whether the path of G 
is concave upwards or downwards in the neighbourhood of the 
equilibrium position ; that is, it depends on the curvature of the path of 
G, which clearly only depends on the curvature of the rolling and the 
supporting curves. 

The proof for any curves can be made rigorous, and will be very 
much the same as that for circles, but it would be rather tedious. We 
shall therefore let the above general explanation suffice. 

If the curvature of either the supporting or supported body is in the 
opposite direction to that shown in the figure, the corresponding radius 
of curvature must be considered negative. Thus, if the upper body is 
con(^ve downwards, and its radius of curvature is the condition for 
stability is 

I £ I 


If either curve is a straight line, the corresponding radius of 
curvature is, of course, infinite. 

145. We will now apply the formula for stability to a few examples. 
Example i. — To test whether a solid hemisphere is stable when stand- 
ing on a sphere of the same radius a with its plane end uppermost^ 

Here h = ~a^ r^a^ R = a 


Therefore 
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Thus 

and the equilibrium is unstable. 

Example 2. — To show that tJu hemisphere in the preceding example 
would he stable when standing with its plane end uppef^most on the top of 
the solid obtained by revolving the parabola y2 about the -^-axis^ 

which is vertical and downward. 

The highest point of the given parabola is at the origin, and we 
have to find the radius of curvature at that point 
Differentiating both sides of the equation 

>^2 = ^ax 
dy 

we get 2y--^ = 4a 


Differentiating again, after dividing by 2^, 

aa dy 4^?® 

dx^ ' dx^ y^ 

Hence, if R denotes the radius of curvature, 


£ 

r' 


d^y 

'd^ 


4^2 


4^2 




At the highest point, where = o, 


I r 


R 2a 

Then 

* * 

5a’ r~ a’ R “ ia 

Therefore 

1 . 

R r aa 5a 


and the equilibrium is stable. 

^ ^ degree of freedom may be 

stable for some motions and unstable for others. For example, a lone 
cylmder restmg m a symmetrical position on the top of a sphere would 
^ vertical plane containing its axis, and un- 

stable for rollmg m the vertical plane perpendicular to this last plane. 


EXAMPLES ON CHAPTER V 

horiLomaTa'ndtiie^Wh ”““<1 a cylinder whose axis is 

Its free equal to the circumference of the 

y e . Its free end is at the end of a horizontal diameter. The cylinder 



CHAPTER VI 

VIRTUAL WORK 

147, Principle of Virtual Work for the Forces acting on a Particle, 
- — ^If a number of forces act on a particle, then in any conceivable 
small displacement of the particle the work done by the forces would 
be equal to the work done by their resultant. If the given forces are 
in equilibrium, this work in any conceivable displacement would be 
zero. This is true whether the displacement considered is an actual 
displacement of the particle or not. It simplifies many problems in 
mechanics to make use of the work which would be done on a body in 
an imaginary small displacement, and the work of any force for such a 
displacement is called the Viritial Work of the force. It is assumed 
that the forces remain constant in magnitude and direction during the 
displacement. The principle of virtual work for a particle may be 
stated thus : Tke virtual work of a system of forces in equilibrium^ which 
act on a particle^ is zero for all displacements. 

148. The converse of the principle of virtual work is also true, 
namely, that if the virtual work of the forces acting on a particle is zero 
for all displacements^ then the forces are in equilibrium. For we know 
that the resultant of such a system of forces can only be a force acting 
on the particle. And if this resultant were not zero the work done 
could not be zero for displacements in the direction of the resultant 
But by hypothesis the work is zero for all displacements. Hence the 
resultant must be zero. 

149. Principle of Virtual Work applied to Eigid Bodies.— A rigid 
body, or several rigid bodies, may be regarded as composed of a large 
number of particles. If, then, several rigid bodies are in equilibrium 
under the action of any forces, the whole virtual work of the forces 
acting on all the bodies is zero in all conceivable displacements. For 
the virtual work for each particle is zero, and the work done by the 
mutual actions of the particles of the same rigid body is zero, and may, 
therefore, be ignored in forming the equations of virtual work. To 
make it clear that the work of the mutual actions of the particles of one 
body is zero, suppose the particle A exerts a force T on the particle B ; 
then E exerts T in the opposite direction on A. The line of action of 
these two forces is AB, and since the length AB remains constant (A 
and B being particles of a rigid body) the displacements of A and B in 
the direction of AB is the same in any motion. If this common dis- 
placement is ds in the direction of T, the work done by A on B is T . ds, 
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and the work done by B on A is — T, Thus the total work done 
by the action and reaction is zero. Consequently, in forming the 
equations of virtual work we need only take account of the external 
forces and the actions between the different rigid bodies. In many 
cases, too, it is unnecessary to take account of the reactions between 
the different rigid bodies, as we shall now show. 

150. Forces which contribute nothing to Virtual Work, 

{a) If, in any displacement, two or more bodies remain fixed relative 
to each other, their mutual reactions do no work, for they are merely 
equivalent to one rigid body. 

{h) If the force between two bodies is a mutual pressure at a point 
of contact, no work is done in any displacement by the action and 
reaction if the same points of the bodies remain in contact during the 
displacement. For clearly the work done by the action balances that 
done by the reaction. 

(r) If a body slides over a smooth surface the work done by the 
reaction of the surface is zero, because the displacement is perpendicular 
to the force. This will be equally true for rigid and non-rigid bodies. 
It is true, for example, when a flexible string slides over any smooth 
body round which it is wrapped. 

{d) If we assume that the only forces between the particles of an 
inextensible string are those between contiguous particles, it follows 
that the work done by their mutual actions as the string slides round 
any smooth surface is zero, because contiguous particles will have the 
same displacement in the line joining them, which is the line of their 
mutual actions. Hence an inextensible string may be treated as a rigid 
body in finding virtual work. 

(tf) The work^ done by the mutual action between a string and a 
body to which it is attached is zero for the reason given in (^). 

(/) When a body rolls without sliding on any surface, the work 
done in a small displacement by the reaction 
of the surface on the rolling body is zero — 
or rather, assuming the force constant, the 
work is a small quantity of the second order 
in the displacement, and may, therefore, be 
neglected in comparison with quantities of 
the first order. To prove this, suppose A'B 
is a portion of the rolling curve, and AB the 
curve on which it has rolled. A' was in 
contact with A before the displacement. 
A^O and AC are normals to the two curves 
at A' and A. The force acting on the rolling 
body before displacement, which is the force 
whose work we are considering, was along 
CA, The displacement of A! along CA 
is approximately AA', which is nearly the 
same as AB x (angle ABA'). Now the angle ABA is of the same 
order of magnitude as d6, the angle through which the upper body has 
turned. Also A'B is of the same order as dd^ for its magnitude is 
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approximately pd<l>^ where p is the radius of curvature of the rolling 
body. Hence AA! is a second order quantity, and therefore the work 
done by the force along CA is of second order. 

(^) The mutual actions of two bodies connected by a smooth hinge 
do« no work in any displacement of the hinge, for these actions pass 
through the centre of the hinge, and this point is fixed relative to both 
bodies. Hence the' points at which the forces are applied in both 
bodies have the same displacement, and, therefore, the work done by 
the action is the negative of that done by the reaction. 

151. In using the principle of virtual work we keep the magnitude 
and direction of the forces constant in our assumed displacement, and 
we suppose the forces to act at points fixed in the bodies. Thus the 
lines of action of the forces will generally move in space during any 
displacement. Now, if the forces were in equilibrium before the dis- 
placement, they will not usually be in equilibrium after the displacement 
in consequence of this shifting of their lines of action. During part of 
the displacement, therefore, the forces will be equal to a small couple 
which will do some work. But this work will be a small quantity of the 
second order in the displacements. The equation of virtual work will 
consequently only be correct as far as small quantities of the first order. 

Suppose forces P, Q, R, S, etc., act at points of a system of bodies, 
and suppose dq^ dr, ds, etc., are the assumed displacements of these 
points along the lines of action of the forces ; then, if the forces are in 
equilibrium before the displacement, the equation of virtual work is 

.djp + Cl.dq + ’Bi.dr + S.ds + , » . ^ o • • (i) 

This equation really means 

^ ° * • * • 

do dv 

where etc., are dififerential coefficients, which are to be obtained 

from the geometrical equations connecting r, etc., which remain 
true in different positions of the bodies. Equation ( 2 ) is accurate, since 
thb second order quantities which should appear 
in (i) will vanish in ( 2 ). 

152. We will now work some examples on 
the principle of virtual work. 

Example i. — Four equal rods^ each of weight 
w, a7-e hinged together to form a rhombus^ and the 
frame is suspended by the hinge at one comer A. 

A siring is attached to A and the opposite corner C 
to prevent the frame from collapsing. Find the 
tension in this string. 

In order to use the principle of virtual work 
in this problem, it is indispensable that the 
tension of the string should do work in our 
assumed displacements. We will suppose, therefore, that the string is 
removed, and that an upward force, T, equal to the tension, is applied 
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at C. The equilibrium is not affected by this, and we can now allow 
the force T to do work in a displacement of C. 

Let AC = 2X. Then AG = x, G being the centre of gravity of the 
four rods. Let x change to x + dx. Then the whole work done on 
the four rods (supposing A to be kept fixed) is 

4wdx — Td{2x) = 4wdx — 2Tdx 

the first term being the work done by the weights of the rods as their 
centre of gravity is lowered by dx, and the second term being the work 
done by T. 

Hence, since the virtual work is zero, 

T = 


Example 2 . — The same system of rods is suspended in the same way^ 
hut is held in shape by a light rod DB whose weight 
we can neglect. To find the thrust in^DB. 

Again, suppose the rod DB to be removed 
and two forces T, equal to the thrust in DB, to 
be applied outward at B and D. Let AGI= x, 
BG=y. Now suppose C descends vertically 
g through a small distance, while A remains fixed. 
We denote the increments in x and y by dx and 
dy. Then the equation of virtual work is 

4wdx + 2T .dy ss o . . , (i) 

since there is a quantity of work Tdy done at each 
of the points B and D. 

We have now to find a relation between dx and 
dy from the geometry of the figure. For all such displacements as we 
have assumed it is clear that 



^ 4. ss AB 2 = a constant 

Hence 2xdx‘+ 2ydy = o , (2) 

dx 

Equating the two values of -r- obtained from (i) and (2), we get 

ay 



2W X 


or T s= 2W tan a 

There is a point in the preceding solution which often puzzles 
beginners. It might appear from equation (i) that we have assumed the 
work done by the forces T to be positive. But this is not so. We have 
expressed the work done by these forces as zT^^, where dy is the increment 
of y corresponding to the increment dx in x. Now equation (2) shows 
that dy is negative if is positive, and consequently the work done by the 
forces at B and D works out to be a negative quantity. It will thus be 
seen that, in wnting down the work done by the forces, we write each 
term as if the increments in the geometrical quantities were all positive, 
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and leave it to the geometrical equations to give the increments their 
proper signs. 

It is worth while to work out the last question in a rather different 
way. Suppose a changes to a + da in the downward displacement of 
C. . Then ^ 

= AD . cos a, y =: AD sin a 
Therefore dx = —AD sin a, da, dy ^ AD cos ada 
The equation of virtual work is therefore 

— AD sin ada + 2 T . AD cos ada = o 
whence T = 2 w tan a 

Exa.mple 3 . Six rods hinged together form an irregular hexagon 
symMetrical about a verdcal line, the weights being indicated i?i the Jigure* 
The frame is suspended by the hinge at A, and is kept rigid by two eaual 
^ght rods BF, CB, To find the thrusts in these rods. 

Suppose the thrusts of the light rods FB and EC replaced by forces 
Tj at F and B, and T 2 at E and C. To find T^ we will suppose that 
9 becomes 9 + d9, and ^ remains con- 
stant. This allows FB to increase while 
EC remains of constant length, and thus 
the forces T^ will do work while the 
forces T 2 do no work. 

Let AB = a, CD = c. 

When 0 increases by d9 the rods BC 
and FE will rise with B and F and will 
each turn through a small angle of the 
same order of magnitude as dd. The 
vertical displacement of C and E will be 
the same as that of B and F, together 
with the displacement due to rotation of 
the rods BC and FE. But the vertical 
displacement of C and E due to these 
rotations will be of the same order of magnitude as (d0)% and may there- 
fore be ignored in the equation of virtual work.i It follows, then, that 
if we take account of the first power of d9 only, the centre of gravity of 
the four rods below BF will have the same vertical displacement as B 
and F. Now the downward displacement of B is 

-f- d(a cos 9) = ^a sin Odd 

^ To prove that the vertical displacement due to rotation is of the second order, 
let the angle through which BC turns be da. Then 

EF sin da + AF sin {6 + dd) = JEC = AF sin 6 
whence EFa'a + AF cos B , dd ^ o 

which shows that da and dB are of the same order of magnitude. 

Now the vertical displacement of C due to rotation is 

{daS^ 

EF — EF cos da = EF • neglecting higher powers of 

This is of the same order as [dB^K 
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And its horizontal outward displacement is 

d{a sin 6 ) =: a cos Odd 

Thus the centre of gravity of the two upper rods AB, A.F, rises 
through a distance sin OdO^ and the centre of gravity of the other 
four rods rises through a sin Odd, Hence the equation of vertical 
work is 

•^2Wi{^a sin Odd) — 2{m^ + w^{a sin Odd) + cos Odd = o, 
from which + ^2 + ^3) ^ 

To find T2 we suppose ^ to vary while 0 remains constant, the length 
EC being increased in the process. Then the centre of gravity of the 
four upper rods receives no displacement of the first order in d^, ' The 
equation of virtual work is now 

iIT^d{c sin + 2W^d{\c cos (f>) =s o 
or 3T2 cos (f>d<f> — sin ^d^ = o 

whence Tg = tan ^ 

Example 4 , — Li Fig, 66, AJB is the connecfmg rod of a steam engine. 
The end B slides in a smooth groove BO^ and the end A is attached by a 
smooth hinge to a wheel with fi^d centre O, If a force P is applied at B 
in the direction BO^ to find the magnitude of the component perpendicular 
to OA of the force at A, 



Let OA = r, AB = /, OB = x. Let B increase by dd, and xhy dx. 
Then the total work done on AB (neglecting its weight) is 

— Pdx — 'Yrdd = o 

where T denotes the required force at A, 

Therefore T = — P — 

r dd 

72 s- ^ ^2 2Xr cos Q 
Difterentiating this with respect to d^ 

dx ^dx 

o cos + 2xr sin d 
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I'herefore 

'Hence 


^ sin B 

dd X — r cos Q 

^ a; sin g 

^ COS Q 


which gives T in any position of the rod. 

Example 5. — A heavy cham or string rests partly on a smooth body^ 
with one end attached to the body and the 
other hanging freely. To find an expression 
for the tension at any point. 

Let P be the ‘point at which the tension 
is required, and let the vertical distance of 
P above the free end B be denoted by z. 

Let T be the tension at P, w the weight of 
unit length of the chain. Suppose the end A 
is detached from the supporting body, and 
suppose it is allowed to slide a short dis- 
tance X over the surface of the body in the 
direction of the chain at A. The only 
forces which do work on the portion PB 
of the chain are, the tension at P and the weight of PB. The work 
done by the weight of PB in this displacement is clearly just the same 
as if a portion x of the chain were transferred from P to B. The 
equation of virtual work for the portion PB is therefore 



Consequently 


— Tx 4* .zs=o 
T =: wz 


Thus the tension at any given point is equal to the weight of a 
portion of the chain whose length is equal to the vertical distance of the 
point above the free end. 

Even if a portion or all of the chain hangs freely without contact 
with bodies, tiie tension is given 
by the expression just obtained. 

For it would clearly make no 
difference to the tension in the 
chain if a smooth curve were 
introduced exactly fitting against 
the free portion of the chain. 

Therefore the tension is wz in 
the free as well as in the con- 
strained portions of the chain. 

Moreover, the tensions would 
not be affected if any point C or 
D of the chain in Fig. 68 were to 
become fixed. Thus, if the part 
CDB were removed, and only the 
chain APC were attached to fixed points A and C, the tension at any 
point P would be proportional to its vertical distance above B, a point 

£ 
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which would not, in this case, be visible in the figure. But althoug 
we should not know the position of B, we should at least know thr 
the difference of the tensions at any two points of the suspended chai 
would be proportional to the difierence of their heights. 
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1. AB is a uniform rod (weight W) that can turn freely in a vertical plan' 
round A ; a thread BCD is fastened to B, passes over a pulley at C, an< 
carries a weight at D ; W and w are so adjusted that, when AB is at i 
gfiven inclination 6 to the vertical, BC is horizontal. If 0 receives a smal 
increase, find the distances through which W rises and ze/ falls. Hence fine 
the relation between W and w. 

[W = 2w cot d.] 

2. (i) A bar AB, of weight W, is guided by rings at its ends so that A 
can move on a smooth horizontal rail OX, and B on a smooth vertical rai 
OY. Employ the principle of virtual work to evaluate the horizontal force 
at A necessary to maintain equilibrium when the angle OAB = 

;ii) A nut of weight W is mounted on a fixed smooth screw of pitch 
whose axis is inclined at the angle a to the horizontal. What couple is required 
to keep the nut from moving? London B,Sc. 

j^(i) Y cot « ; (ii) - W. j 

3. A uniform chain hangs betvsjeen two points A, B, at the same level, 

and its inclination at these points is a. If the span AB be increased by a 
small amount show that the centre of gravity of the chain is raised through 
\kcota, ^ \Manchester University^ Honours E^igineertng B,S€l\ 

4* One shaft is driven by another, inclined to the first, by means of 
conical cog wheels. If the driving shaft makes n revolutions while the 
driven one makes m revolutions, find the couple exerted on a driven shaft 
when a couple of moment M is exerted on the other one, all friction being 
neglected. 


[S-] 

^ 5 * A smooth cone of weight W stands inverted in a circular hole with it« 
ax« vei^cal. A string is wrapped twice round the cone just above the holo 
. pulled tight. What must be the tension in the string so that it will just 
raise the cone? *' 


[477^^ where a is the semi-angle of the cone.j 


6. A smooth sphere of radius r and weight W rests in a horizontal circular 
^ wrapped once round the sphere above the hole 

and then pulled tight. What tension in the string will just raise the sphere : 

rw 


rw a 1 
[zTT - a^l 


ronnrf weight w rests in the form of a circular band 

j*'’ vertical cone which has its vertex upwards. Find the tension 
m the chain due to its own weight, assuming the vertical angle of the cone to 
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8. The hinges of a gate lie in a line inclined at a to the vertical, and its 
centre of gravity is at a distance b feet from the line of the hinges. Show 
that, when the gate has been turned through B about the line of the hinges 
from its lowest position, the centre of gravity of the gate is b cos B sin a feet 
below its middle position. Thence show that the force which must be 
applied perpendicular to the gate, at / feet from the line of the hinges, to 

keep it in equilibrium in this position, is -W sin B sin a, where W is the 

weight of the gate. 

9. If every particle of a uniform circular hoop of radius r is repelled 
from its centre by a force mfi\ where m denotes the mass of the particle 
and » is a constant, show that the tension in the hoop is prn^^ p denoting 
the mass per foot of the hoop. 

10. ABCD is a rhombus formed with four rods each of length / and 
negligible weight, joined by smooth hinges. A weight W is attached to the 
lowest hinge C, and the frame rests on two smooth pegs in a horizontal line 
in contact with the rods AB and AD. B and D are in a horizontal line 
and are joined by a string. If the distance of the pegs apart is 2^- and the 
angle at A is 2a, show that the tension in the string is 

W tan a cosecS tt — 

11. If the weight of each rod in the last example is w, find the tension in 
the string when these weights are taken into account. 

j^tan +• 4 w) cosecS a - (W -f 20;) 

12. Two equal rods, each of weight «// and length /, are hinged together 
and placed astride a smooth horizontal cylindrical peg of radius r. Then 
the lower ends are tied together by a string, and the rods are left at the same 
inclination to the horizontal. Find the tension in the string, and if the 
string is slack, show that ^ satisfies the equation 


tanS 6 + tan <i = — 
^ ^ 2r 


[The tension is zc/(r sec^ ^ cot 

13. Two strings, each of length /,are attached to a ceiling, and the lower 
ends are attached to the ends of a magnet of moment M, length /, and 
weight W. When the strings are vertical the magnet is in the magnetic 
meridian, but with its north-seeking pole towards the south. Through what 
angle will it have to turn before it comes to a position of stable equilibrium ? 
(Assume that the eartVs magnetism exerts a couple H M sin ^ on the magnet 
when it makes an angle 9 with the magnetic meridian.) 


j^In the position of stable equilibrium either ® = o or cos 


6 W/ *1 
2 “ 4HMJ 


14. A uniform rod AD, of weight W, has the end A attached to a fixed 
point, about which it is free to move in any direction. C is the foot of the 
perpendicular from A on a smooth vertical wall, and B is the point vertically 
above C such that AB = AD. The end D of the rod is attached by a string 
to B. When the rod is in equilibrium with the string taut (and therefore 
AD not in the same plane as ABC), show that the tension in the string is 


15. Three equal spheres are lying in contact on a horizontal plane and 
are held together by a string which passes round them. A cube of weight 
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W is placed with one diagonal vertical so that its lower faces touch the 
spheres, and the cube is supportec^in this position by the spheres. Show 
that the tensicn in the string is all friction being neglected. 

London BSc. 

16. The upper ends of four equal light rods, of lengths /, are attached 
by smooth joints to points on a ceiling at the comers of a square with 
sides of length and the lower ends are attached to points on a board 
at the comers of an equal square. The board carries^ a weight W at 
its centre. The board is then twisted about a vertical axis, so that all the 
rods are equally inclined to the vertical, and a string is tied round their 
middle points, which lie on a square with sides jr. Find the tension of the 
string to maintain equilibrium. 

I Wx ] 

[2/V//2 - 2{ l » - 

17. If the four rods of the last example were replaced by n rods attached 
at the upper and lower ends to regular polygons with sides of lengths 
show that the tension of the string would be 

War 


! sin2 _ (^2 « x^) cosec2^| 


X being the length of a side of the polygon formed by the string. 

1 8. Two uniform discs, each of weight W and radius have their planes 
horizontal. The upper disc is fixed, ^d the centre of the lower disc is 
constrained to move on a smooth vertical axis through the centre of the 
upper disc. The discs are connected by a very large number of equal light 
rods of length b attached uniformly round their edges. A light elastic band 
passes round the rods halfway between the discs. Find the tension in this 
band if there is equilibrium with the rods all inclined at the angle d to the 
verticaL .Manchester University^ 


+ (4«2 - l^) tan* « j 


19. The 12 edges of a regular octahedron are formed by rods hinged 
together at the angles. Two pairs of opposite angles are connected by 
elastic strings whose tensions are /, f. Show that the pressure along a rod 
connecting the extremities of these strings is 


20. A step ladder has a pair of equal legs which are joined by a hinge at 
the top, and connected by a cord attached at one-third of the distance from 
the lower ends to the top. If the weight of the ladder is w acting halfway 
up, and a man of weight W is two-thirds the way up the ladder, show that 
the tension in the cord is 4- \w) tan a, assuming that the floor is smooth, 
and that a is the inclination of the legs to the vertical. 

21. Four rods of equal weights w form a rhombus ABCD, with smooth 
hinges at the joints. The frame is suspended by the point A, and a weight 
W is attached to C. A stiffening rod of negligible weight joins the middle 
points of AB and AD, keeping these inclined at a to AC, Show that the 
thrust m this stiffening rod is (2W 4- 470) tan a. 

equal light bars are jointed freely so as to form a rhombus 
ABCD, and the corners A, C, are connected by a light chain. The w^hole 
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hangs from A, which is uppermost ; and two equal weights W are suspended 
from B and D. Find (graphically or otherwise) the tension in the chain. 

'London BA. 

[The tension is W.*] 

23. Six equal rods, each of weight Wy form a hexairon ABCDEF. AB 
is fixed in a horizontal position, and the rest of the frame is suspended from 
AB by means of the joints at A and B and a string joining the middle 
points of AB and DE, which keeps the other four rods at inclination a to 
the vertical* Show that the tension in the string is 3W. 

24. ABCD is a framework in the form of a rhombus with AC vertical. A 
is fixed, and weights W, 20, are attached at B, C, D, respectively. Besides 
being acted on by the earth’s attraction, each of the weights w is repelled from 
AC by a horizontal force krw, where 2r = BD and kis constant. ^ If there are 
smooth hinges at the joints, show that, in the equilibrium position, the four 

rods make an angle with AC whose cosine is ^ being the length of 

a rod. 

25. ABCD is a trapezium formed of bars of negligible weight, freely 

jointed at the ends, the parallel sides being BC and AD ; the joints B and 
D are also connected by a bar. The frame is placed in a vertical plane 
with the points A and D restini* on fixed smooth pillars at the same level. 
From the middle point of BC is suspended a load W. Being given that 
AB = 13, BC := 26, CD - 15, DA = 40, prove that the stress in BD is a 
tension equal to London Inter. Sot\ Honours Maths. 

26. If the joints A and D, instead of resting on smooth pillars, were fixed 
by pins driven into a wall, or rested on rough surfaces, would the result of 
the last question be affected ? 

[The virtual work method proves that the result would not be 
affected,] 

27. Five equal weightless rods are hinged together at 0 and rest with 

their lower ends on a smooth table ; and these ends are kept in symmetrical 
positions at comers of a regular pentagon by an endless string which passes 
round them and forms a star pentagon. Find the tension in the string when 
a weight W is suspended from 0 , having given the inclination, of the rods 
to the vertical. Victoria University. 

[5J5W tan sec 18®.]^ 

28. Three equal smooth spheres, each of weight v; and radius rest in 
a symmetrical position at the bottom of a spherical bowl of radius (h + d). 
Another equal sphere is put on the top of the first three. Show that the 
mutual pressure between a pair of the lower spheres is 

w / i6<2 \ 



CHAPTER VII 

FRICTION 

152. It is well known from experience that the action between two solid 
bodies in contact is not always — in fact, not usually — merely a force 
perpendicular to the surface of separation. The simple fact that a body 
can rest on an inclined plane under no forces but its weight and the 
reaction of the plane shows that this reaction has a component along the 
plane which balances the component of the weight down the plane, 
Another very common fact of observation is that a horizontal force is 
needed to keep a body moving with uniform velocity on a horizontal 
plane, and this, combined with Newton's first law of motion, tells us there 
must be an equal force resisting the motion. That component of the 
reaction between two bodies which is in the plane touching both 
surfaces is called Friction. 

Friction is a force which resists the sliding of one body over another. 
We will now give the laws of friction. 

153. Laws of Friction. 

Law /. — When iwo bodies in contact are in relative motion the friction 
acting on either body at any point of contact is in the direction opposite to 
the motion of that point relative to the contiguous point of the other body^ 

Thus, when a body slides on a rough "plane without rotation, the 
friction at every point of contact is in the same direction, namely, 
opposite to that of the common velocity. 

But if a body on a rough plane is rotating about a fixed axis per- 
pendicular to the plane, the friction exerted at any point of the rotating 
body is perpendicular to the line joining that point to the axis. If 
the rough plane and the rotating body have, in addition, a common 
motion through space, leaving the relative motion unaltered, the direction 
of friction would be unaltered also, because, by the rule given above, 
the direction of friction depends only on the relative motion. 

Law II — The fnciio7i at any point of contact of two given bodies 
cannot exceed a certain fraction of the fiortnal presstcre between the bodies at 
that pointy which fraction depends on the material of the two bodies and 
the condition of the two surfaces. The maximum friction is called 
limiting friction and the fraction is called the coefficient of friction 
for the two bodies. 

Law III. — The coefficient of friction is independent of the intensity of 
the normal pressure. 

It follows immediately from the third law that, if there is a given 
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pressure between two bodies whose points of contact are in one plane, 
and whose frictions all act in the same direction, the maximum total 
friction between the bodies does not depend on the area over which 
pressure is distributed. 

164. Inferences from the Laws. — When two bodies in^contact over 
a plane are acted on by external forces which, were it not for friction, 
would cause relative motion of the bodies, no motion will ensue if the 
resultant of the forces is below a certain magnitude, or rather, if the com- 
ponent parallel to the plane of contact is less than a certain fraction of 
the whole normal pressure. At every point of contact friction is brought 
into play to resist the motion. The preceding laws state that, if there is 

F 

a frictional force F and a normal force E., the ratio ^ cannot exceed a 

certain fraction (denoted by /x) which is constant for two given bodies \ 
but it may have any value from zero up to ft. If the sum of the com- 
ponents of the external forces parallel to the plane of contact is gradually 
increased while the normal pressure remains constant, an instant will 
come when the friction at every point, except perhaps one, is the maxi- 
mum friction, and any further increase in the applied forces will cause 
relative motion. When motion does finally take place, it may be one of 
rotation about a fixed axis perpendicular to the plane of contact, and 
the friction at the point where the axis of rotation meets the plane of 
contact may not be limiting friction, but there must be limiting friction 
at all the other points of contact Just before motion the direction of 
friction at all points is just the same as when motion begins. 

155. When a body is not on the point of motion, that is, when a 
finite increase may be given to the resultant of the external forces tending 
to slide the body while the normal pressure remains constant without 
causing motion, no definite rule concerning the directions or magnitudes 
of the frictions at different points can be given. All that is known is 
that the frictional forces will so arrange themselves as to resist motion, 
provided an arrangement is possible which does not req^uire the friction 
at any point to be greater than limiting friction. Frictional forces may, 
and often do, act when the external forces have no tendency to produce 
sliding. In such a case the frictions balance among themselves and cause 
a state of strain in the bodies on which they act. As a simple example, 
suppose an iron rod of considerable length were placed with its ends 
resting on two supports at the same height. If there is no friction at 
first, let us suppose the bar is heated. Then one or both of the ends 
will slide over the supports owing to the expansion, and while the 
sliding is taking place friction is acting in the direction opposite to the 
motion. When the temperature becomes stationary the sliding 
stop, but it is clear that if the sliding has been continuous (and not in 
jerks) there will still be friction acting in opposite directions at the 
ends. The effect of the friction is a slight shortening of the rod, as will 
be explained in the chapter on elasticity. 

166. After considering the last example, it is easy to see that such 
a thing as a three-legged stool might be placed on a horizontal floor in 
such a way that frictions act at each point of support, all the frictions 
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acting towards one point and forming a system of forces in equilibrium* 
It is only necessary to strain the stool before putting it down in order 
to produce these frictions. But whatever frictions may act when, 
they are not needed to prevent motion, immediately forces are applied 
which would produce sliding if the surfaces were smooth, the frictions 
rearrange themselves to resist the motion, and just before motion takes 
place they are arranged in the most effective manner possible to resist 
that motion. That is, the frictions all act in directions opposite to those 
in which the points of application are about to move. 

167. Angle and Cone of Friction. — ^The resultant of friction F and 
the normal pressure R exerted by one body on another at any point of con- 

F 

tact will make an angle tan“^ g with the normal to the surfaces at that 

point This angle may have any value from zero to tan"^ jLt, depending 
on the amount of friction brought into action. This resultant force of 
either body on the other at a point of contact lies somewhere inside a 
cone whose axis is the normal to the surfaces, and whose semi-vertical 
angle is tan~^ fj,. The cone is called the cone of friction^ and the angle 
tan-"* fi is called the angle of friction, 

168. Work done by Friction. — When friction acts at a point fixed 
in a body there is no need to add anything to the definition of work 
given in Art. 121 . But when the point at which the friction acts is 
continuously changing in the body itself, as when the body rolls and 
slides down a plane, we require an extension of the definition of work. 
This extension may be stated as follows : — 

^ The work done in a short time dt hy a frictional force F, acting at 
points of a body infinitely near a point P, is Fudt, where u is the component 
velocity ofV in the direction o/F. 

Perhaps this is more precisely stated by means of the rate of doing 
work. Thus, if F is acting at P at any instant, the rate at which the 
friction is doing work at that instant is 'Fu, 

159. If F is constant, the work done in any interval of time from 
tQ to /j is 

w = F [* 

I to 

If, at the same time, the friction acts at a point fixed in space the 
integral 

/ udt 
J to 

is the negative of the length of the curve of the moving body, which 
has passed the fixed point in the interval of time. Denoting this length 
by Sy we get ^ 

W= ^Fs 

^ This result can be applied to a shaft turning in fixed bearings. If r 
is the radius of the shaft, F the friction at any point, the work done 
while the shaft turns through 9 radians is -F.r^. The total work 
done on the shaft by the friction at all the points is -i7F;*0 = 



FRICTION 


105 

the summation extending to all points at which friction acts. But 
SFr is the moment of the frictions about the axis of the shaft. - Henc^ 
the work done is — where M denotes the moment of the frictions, 

160. We will now take an illustration in which both bodies move. 
A body A slides over a rough body B, which is itself moving in the 
same direction as A. The velocities of the two bodies are u and v. 

If u> V the friction on the 
upper body is in the opposite 
direction to u. The work done 
by this friction is therefore 

-jE^.udt Fig. 69. 

where denotes the sum of the frictions at all points of the body. If 
this sum is constant ( = say), the work done by the friction on the 
upper body is 

— Fj / udt 

and this result is not altered even if the friction at different points of the 
body is variable, provided only the sum is constant. 

The friction on the lower body acts in the direction of motion, and 
the work done by it is 

H^vdt 

The total work done on the two bodies by the friction at their 
surface of contact is thus 

-- Fi/(?/ v)dt = 

where V is the relative velocity of the bodies, and therefore pidt 
is the relative displacement. 

If V were greater than the directions of the frictions would be 
reversed, and then the total work would be 

— Fi/(z^ — u)dt 

which is again the product of — Fj and the relative displacement, taken 
positive as in the preceding case. 

161. In this case, as in more complex cases, the work done by friction 
of constant ma^itude is the negative of the product of the friction and the 
total relative displacement, this relative displacement being obtained from 
the infinitely small displacements by arithmetical^ and not by vector, 
addition. For example, if the upper body slides over the other body along 
a straight line of length a and back again to the starting-point (without 
rotation), the work done by friction on the two bodies is — 2 ^F, and 
not zero. For the purposes of finding work done by friction, the total 
displacement of a body is the length of the curve it has described, and 
not the straight line joining the beginning of this curve to the end. 

162. We shall now proceed to apply the rules of friction to deter- 
mine the equilibrium of bodies under frictional forces. We shall assume 
that the laws stated are quite accurate, although it is proper to warn 
the student here that they are only fair approximations to the truth. 
The friction does depend to some small extent upon the intensity of 
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pressure, and the friction which acts during relative motion is rather less 
than the maximum friction just before motion takes place. But all 
these small inaccuracies we shall disregard for two very good reasons 
firstly, because the laws are sufficiently accurate for most practical’ 
purposes ; and secondly, because exact laws are not known. 

163 . The coefficient of friction for two bodies in contact depends, 
of course, on both bodies. In no case is it so great as unity. For 
timber on timber it has values from 0*2 to 0*5, for timber on metals 
from 0*2 to 0*6, and for metals on metals from 0*15 to 0*25. 

164. To show that, if a body is on 
the point of sliding down an inclined 
plane under its own weight, the in- 
clination of the plane is equal to the 
angle of friction. 

I^t Q denote the resultant action 
of the plane on the body, W the weight 
of the body, A the angle of friction, 
NM the normal to the plane. Then 
since the body is on the point of sliding 
down, the friction is limiting friction, 
and Q makes an angle A with NM. 
But Q must balance the weight, and must therefore be a vertical force. 
Then it is obvious from the figure that A = a, the inclination of the 
plane. 

165. To find what force must be applied at a given angle 6 with 

the upward direction of an inclined 
plane in order to drag a body of 
weight W up the plane. 

Let P be the necessary force, and a 
the inclination of the plane 

Since the body is moving up the 
plane the friction acts down the plane, 
and therefore the reaction Q between the 
plane and the body is on the lower side 
of the normal MN at an angle A with it. 

The force P is assumed to be just 
large enough to start motion. 

Since a relation between P and W is required, we shall get this 
relation by resolving perpendicular to the other force Q. Resolving 
perpendicular to Q, therefore, we get 




or 


Pcos(e-. A)- Wsin.(a + A) 
, sin (g + A) 


P = W 


cos (0 - A) 


o 


This gives the force which will just move the body up the plane 
when applied at any angle The least force which will move the 
body up the plane is the least value of P for different values of d. P 
will clearly be least when cos {B - A) is greatest, that is, when B 
and the value of P for this value of ^ is W sin (a -f A). 
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166. Motion down the Plane. — If the body is just on the point of 
motion down the plane the friction acts up the plane. The force Q 
is therefore on the opposite side of the normal from that shown in 
Fig. 71 . It is easy to see, then, that the working of the last article can 
be applied to the case of motion down the plane under the force P 
provided we put —A instead of A. P will now be the force required to 
prevent motion down the plane, and its value is ^ 


P=:W 


sin (a — A) 
cos (0 “ 4 “ A) 


If a < A this gives a negative value for P. This means that P is 
a thrust and not a pull as shown, for in this case the body will need 
pushing down the plane. 

If P has any value between 


sin (g - A) 
COS (9 + A) 


and 


W 


sin (a + A) 
cos (9 ~ A) 


the body will be in equilibrium. But if it is less than the first or greater 
than the second there will be motion down or up the plane. If the 
first of these forces is negative a less force 
will, of course, be a greater negative force, 
that is, a greater push, 

167. A rod or ladder rests in a vertical 
plane with its ends on a horizontal floor 
and against a vertical wall respectively. 

If the rod is just on the point of slipping, 
to find the position, given that the coeffi- 
cients of friction are jtt at the floor and 
f*' at the wall, and the centre of gravity 
divides the rod into two parts whose lengths 
are in the ratio m : n. 

This example can he applied to the case 
of a man at any point of the ladder, the weight 
being supposed to act at the centre of gravity 
of the man and the ladder. 

In Fig. 72 , G is the centre of gravity of the ladder, and AG : GB 
ss m : n. Since the ladder is on the point of slipping, there will be 
maximum friction at both A and B. The forces are shown in the 
figure. 

Resolving vertically and horizontally, we get 

S + /x'T = W (i) 

— T = O • . . ... (2) 

Taking moments about A 

AG . cos 0 . W — AB . cos 0 . S + AB sin ^ . /tS = o . ( 3 ) 

Now since AG : AB = m : (m -f n), equation ( 3 ) can be written 
mW cos 0 — (w + w)S cos 9 + (w -f «)jLtS sin 0 = o . ( 4 ) 
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Substituting in (4) the value of S obtained from (i) and (2), we get 
W /iW 

ttCN cos « - (/« + n) ^ cos d + (w + , sin d = o 

which gives tan 0 (s) 

Suppose the frictions at A and B are F and P. Then the result 
obtained can be written 

tan a = — I — I — MTfi ) (6) 

7rt + P T/ ^ ' 


It is clear that this result is equally true whether the frictions are 
limiting’ frictions or not. But if the friction is not limiting friction 
P F 

the fractions g and ^ will be less than ft and pif respectively. But 


from the form of the right-hand side of equation (6), it is obvious that 
the smaller either of these fractions is, the greater 6 will be. Con- 
sequently, the rod will rest in any 
position nearer the vertical than the 
one given by equation (5), and the 
friction will not be limiting friction 
at both points. 

168. Example. — A unifor^n rod 
rests inside a horizontal cylinder in a 
vertical plane. To find the positions of 
equilibrium. 

Let 2a be the angle subtended by 
the rod at the axis of the cylinder, 
and 0 the angle it makes with the 
horizontal. Let the normal pressures 
at the ends A and B be P and Q, 
and let us denote the frictions at these 
points by mY and ^;/Q. 

By resolving along, and perpendicular to the rod, and taking 
moments about C, we get 



(P - Q) sin a - {in? -f ^^/Q) cos a = - W sin 6 . (i) 

(P -f- Q) cos a + (m? — mQ) sin a = W cos 0 .. (2) 

(m? + mQ)r = W sin 0 . r cos . (3) 

Multiplying (i) by (2) by -m, and (3) by -^-ir^cos a, and 
adding, we get 

W{(i + ;«*) cos2 a sin 0 — w cos 0 — sin 0} = o . (4) 

which gives cot 0 = - m sin^ a (5) 
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When there is limiting friction at both ends m will be equal to ft, 
the coefficient of friction. The corresponding value of 9 is given by 


cot 6 == 


cos2 a 


— ft sin2 a 


( 6 ) 


If m is less than ft the value of 6 given by (5). is less than that given 
by (6). Also it is clear that^ by properly choosing the value of m, 6 
can have any value from zero up to the one given by (6). Hence 
equilibrium is possible for all inclinations of the rod to the horizontal 
less than that when limiting friction acts. 

We have assumed above that the frictions are mV and wQ, but 
except when the frictions are limiting frictions it is very unlikely that 
they will be the same fraction of the normal forces. Actually if the 
angle 6 is given the frictions are not determinate. If we had written 
mV and for the frictions in equations (i), (2), and (3), we should 
have had only three equations containing the four unknown quantities 
P, Q, n. From these we could get one relation between m and n 
by eliminating P and Q, and then it would be possible to give any 
value to m (less than ft) and calculate n from this relation. 

Equation (5) can be written 



from which it follows that the rod will rest in the vertical position if 
m =» cot a. This will be a possible value for m if ft > cot a. Hence 
the rod will rest at any inclination to the horizontal if ft > cot a. 

169. Displacement of a Eigid Body parallel to one Plane. 

Any displacement of a rigid body in which every particle is dis- 
placed parallel to a given plane could be produced hy rotation about 
some axis perpendicular to the plane. 

We need only consider the particles of the body in a plane 
parallel to the plane of motion, for when 
these are fixed the whole body is fixed. 

Let A, B, be the positions of two 
particles of the body before displacement, ^ 

A', B', their positions after the displace- 
ment. The two lines AB and A'B' will, of 
course, lie in a plane parallel to the given 
plane. 

Let MO, NO, be drawn 'perpendicular 
to AA^ BE', through their mid-points. 

Then 

OA = OA^ OB = OB' 

Also AB = A'B', because A'B' is the line AB in a different position. 
Hence the triangles OAB, OA'B', are equal in all respects. Con- 
sequently the triangle OAB could be brought into the position OA'B' 
by rotation about an axis through O perpendicular to the plane, of the 
triangle. Since all the particles have moved parallel to the same plane, 




I lO MECHAyiCS OF PARTICLES AND RIGID BODIES 


it is clear that rotation about the axis through O would bring the rest of 
the body into its new position. 

There is a case where the preceding argument fails, namely, when ^ 
A A' and BE' are parallel, for then the perpendiculars through M and N 
never meet. Here it is evident that the displacements of the particles 
are not merely parallel to a fixed plane, but parallel to a fixed line, and 
all the displacements are equal as well as parallel. 

170. Instantaneous Centre of Eotation. — Since the continuous 
motion of a body parallel to a fixed plane may be conceived as a 
succession of infinitely small displacements, and each small displace- 
ment can be brought about by rotation about some fixed axis, it 
follows that we may regard this continuous motion as a series of 
rotations about a moving axis. The axis of rotation at any instant is 
called the instantaneous axis of rotation^ and in dealing with the motion 
of a plane body in its own plane, the point where the instantaneous axis 
meets the plane is called the instantaneous centre of rotation. 

171. The Centrodes. — In the continuous motion of a plane body in 
its own plane the instantaneous centre will trace out some curve in 
space and another curve in the body itself. The first of these curves 
is called the space-centrode, and tlxe second, the body-centrode. It 
can be shown that the actual motion could be reproduced by the 
rolling, without sliding, of the body-centrode on the space-centrode. 
This we will now show. 

172. Suppose A, B, Cj D, are four points in space about which a 

body is rotated in succession, and suppose A, are the correspond- 

ing points of rotation in the body itself. The body is first turned about 

A until b coincides with B, then about B until 
dj c coincides with C, and lastly, about C until d 

/ coincides with D. Now from the geometry of 

/ the motion we have the total length of A^, bc^ 

and cd^ equal to the total length of AB, BC, 
and CD. This would be equally true, howevei 
many points of rotation we took and howevei 

A ^ near they may be. But if we take the points 

^ CD infinitely near together we shall get continuous 

Fig* 75* motion, and these centres of rotation will be 

instantaneous centres of rotation of the moving 
body. Also the points A, B, C, D, will lie on the space-centrode, 

and c, d^ on the body centrode, and these two curves will 

touch each other. Thus we arrive at the conclusion that the body- 
centrode always touches the space-centrode, and the length of any arc 
of one curve is equal to the length of the corresponding arc of the other, 
from which it follows that there is no sliding of one curve over the 
other. The motion is therefore the same as that obtained by rolling 
the body-centrode on the space-centrode. 

When one body does actually roll on another fixed in space it is 
obvious that the instantaneous centre is at the point of contact. 

173. If the directions of motion of two points of a body, moving 
parallel to a given plane, are known, then the instantaneous centre is 
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easily found. Let A and B be two points whose directions of motion 
are AP and BQ. Since A is moving along AP, the centre of rotation 
must be on the line through A perpen- 
dicular to AP. Again, the centre of 
rotation must be on the line through B 
perpendicular to BQ, Let AI, BI, be 
these two lines. Then I is the instanta- 
neous centre. 

Again, we can compare the velocities 
of all points in the body when the 
instantaneous centre is known. For if 
CO is the angular velocity of the body in 
radians per second, the linear velocity of any point A is lA . co. Thus 
the velocities of points are proportional to their distances from the 
instantaneous centre. 

174. A circle rolling inside a circle of t'wice the radius. 

We shall show that any point on the circumference of the rolling 
circle describes a diameter of the large circle. 

The instantaneous centre is I, the point of contact. The centres of 
the large and small circles are C and O. P is any point on the 
circumference of the small circle. 

P is moving perpendicular to IP, that is, along the line PC. Thus, 
P always moves towards (or away from) C. If P was originally in 
contact with ?', it follows that P must 
describe the straight line P'C, for P cannot 
be moving towards C and leave this line. 

Since every point on the circumference 
of the rolling circle describes a diameter 
of the fixed circle, we see that in this 
motion any chord of the rolling circle 
will move with its ends on two intersecting 
straight lines. 

If the small circle be kept fixed and 
the large circle made to roll, then every 
diameter of the large circle will pass 
through a fixed point on the circumference 
of the small circle. Thus the diameter through C and P will always 
pass through the point P, which will now be a fixed point in space. 
Hence if each of two lines of a moving body passes through a fixed 
point, the motion is equivalent to the rolling of a circle on a circle of 
half the radius situated inside the rolling circle. 

The following is a geometrical proof that C, P, and P', lie on a 
straight line when either circle rolls on the other. 

The arc IP = the arc IP', and since the radius of the large circle is 
twice as large as that of the small circle, it follows that the angle 
subtended at the centre of the small circle by IP is twice as large as the 
angle subtended at C by IP'. But the angle ICP is half of the angle 
lOP; that is, the angle ICP is equal to 5ie angle ICP, which proves 
that P' is on CP produced. 
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115 . A body moves so that two fixed lines in it always touch 
two circles fixed in space. To find the centrodes. 

Let C and D be the centres of the circles; OP, OQ, the lines . 
touching these circles. Through C and D draw CM and DM parallel 
to PO and QO. Then the two lines CM and DM are fixed in the 

moving body because their distances 
from the given lines are constant, 
being equal to the radii of the given 
circles. 

The instantaneous centre I is at 
the intersection of PC and QD. 

Now, because the angles at C and 
D in the quadrilateral CMDI are 
right angles, a circle will pass through 
the angular points. And since the 
angle CMD is equal to the angle 
POQ, and is therefore constant for 
all positions of the moving body, it 
follows that the circle through these 
points is a fixed circle. It is, in fact, 
the circle described on the chord CD with the angle POQ in the 
segment towards O. This circle is the space-centrode. 

MI is a diameter of the space-centrode, and is therefore of constant 
length. But M is fixed in the moving body. Hence I describes a 
circle in that body with MI as radius. Thus the body-centrode is a 
circle of twice the radius of the space-centrode. 

176. Suppose a body P is kept fixed while a body Q is moved 
relative to P, and let S and B denote the space-centrode and body- 
centrode in this motion, the first being a curve described on P, and the 
second a curve described on Q. Then if the body Q be kept fixed 
while P is moved, the relative motion being the same as in the previous 
case, the centrodes will be exactly the same two curves as before ; that 
is, S will be described on P and B on Q. But since P moves and Q is 
fixed, S will now be the body-centrode and B the space-centrode. 
This fact will sometimes simplify the question of finding body-centrodes, 
because it is easier to conceive space-centrodes than body-centrodes. 
Thus, in the example in the last article, the body-centrode is the space- 
centrode when two circles attached to a moving plane slide along two 
lines OP, OQ ; that is, it is the space-centrode when a rod CD slides 
wi& its ends on two fixed lines MC, MD. Since M is now a fixed 
point, it is easy to realize in this case that I describes a circle relative 
to the lines MC, MD. 

177. When a body slides on a rough plane it turns, each instant, 
about an axis perpendicular to the plane which meets the plane in the 
instantaneous centre of rotation. During this sliding motion the 
friction at each point of contact acts contrary to the motion, that is, 
perpendicular to the line joining that point to the instantaneous centre. 
Since the irictions just before motion takes place are the same as just 
after the motion begins, it follows that the frictions at the points of 
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contact of a body which is just about to slide all act along the circum- 
ferences of circles having a common centre. This common centre is 
the point about which the body would begin to rotate if the applied 
forces were very slightly increased. 

Example.~-(4 circtilar cylinder rests with its axis vertical on a rough 
horizontal .plane^ and its weight is uniformly distributed over the base. 
To find what couple is needed to make it turn 
about its axis. 

Let a denote the radius of the cylinder, W 
its weight, and ft the coefficient of friction. The 
moment about the axis of the friction acting 
on the strip between the circles whose radii are 
r and r + dr is 

r , (27rrdr)^^^ 


TTa^ 



ftW, 

since is the friction on unit area. 

Hence the moment of the whole friction about the axis is 



[jLWdr = I 


which is the same as if the whole friction ftW acted at a distance 
from the centre. 

It is clear that the frictions in the above example form a couple, 
and the result obtained is the moment of that couple. 

178- The weight of a body resting on a rough horizontal plane 
is uniformly distributed over a base of any given shape. If the body 
turns about an axis perpendicular to the 
plane of support, to find an expression for 
the moment of the frictions about the axis. 

Let O be the point where the axis of 
rotation meets the plane. We will suppose in 
the first case that O is inside the area of the 
base. Let APQC be the boundary of the 
area. Let OP = r, angle AOP = 6, and 

suppose Q is infinitely near P so that OQ =: r + dr^ angle AOQ = 9 + d9. 
Let S denote the total area of the base. Then the magnitude of the 

friction on unit area is When the body turns about O the friction 

at every point of the small triangle OPQ is nearly perpendicular to OP. 
Also since the friction on any area is proportional to the area, the 
resultant friction on the triangle acts at the centre of gravity of its area, 

uW 

namely, at fr from O. The magnitude of the friction is . 

Hence the moment of the friction about O is 
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The moment of all the friction about O is therefore 

fC-- 

C'hr 

Writing | / for S this moment becomes 

J 0 

/*2ir 

I f^dO 


If, instead of being inside the base, O is on the perimeter of the 
base, the limits of integration are o and tt. In this case the moment is 


If O is outside the base the work needs a little modification. In 
Fig. 8i let AP = AF = r\ Then the moment of the friction on the 

strip P'PQQ' is the difference of the 

moments of the friction supposed to 
Q act on the triangles OPQ, OFQ'. That 
p is, the moment of the friction is 

O 

The moment of the friction on the 
whole area 

Fig. 8i. = 

the limits for 0 being the values of 0 at the tangents OH and OK. 
Also in this case the value of S is 



with the same limits for 0. 

179. uniform rod of length 2 a and weight W rests on a rough 
horizontal plane, its weight being uniformly distributed along its length. If 

the rod is jitst about to move under the 
action of a force P applied perpendicular 
5 to the rod at a distance c from the ce7itre, 
to find P and ike pomt about which the 
rod will begin to timi. 

The rod will clearly turn about 
some point in its length. Suppose it 
begins to turn about a point D at a 
distance ix from the end B. The frictions on opposite sides of D 
will act in opposite directions. The frictions acting on BD have a 
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resultant which acts at the mid-point of BD. Similarly the 

friction on AD acts through the mid-point of AD and its magnitude is 


Taking moments about the point at which P is applied, 


^ fjLW(x ^ c ^ d) — iTN {x -f ^■) = o 

Hence 2X^ — 2{a — c)x — ac = o 

The positive root of this equation, which is the one that applies to 
the problem, is 

(2 — ^ ^ -f- 

2 


When c ^ a this gives x = and as c decreases from a to o, 

V 2 

X increases from this value to a. But the result in the extreme case 
where = o, although correct, is not the complete answer, for the rod 
could turn about any point in the line of the rod produced. 

Resolving perpendicular to the rod to find P, w’^e get 


^ a ^ a 


180 , A circular hoop is laid on a rough horizontal table, its weight bdn^ 
uniformly distributed. A light string which is wrapped ro2ind the hoop 
is pulled until the hoop just begins to move. To show that it begins to turn 
about the other end of the dia^neter through 
A, the point where the string leaves the 
hoop. 

It is evident that by reversing the 
force the friction at every point would be 
reversed. This could not be the case 
unless the instantaneous centre were on 
the diameter through A in both cases. 

Hence the instantaneous centre must be 
on this diameter. 

Let B be the other end of the diameter 
through A, and P any point on the circle. 

Then BPA is a right angle. Now if the Fig. 83. 

instantaneous centre were at C on AB 

produced, the friction at P would act perpendicular to CP, and its line 
of action would cut the diameter AB inside the circle. Similarly, the 
friction at all other points would cut AB inside the circle, and their 
moments about A would all have the same sign. But for equilibrium 
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the moments of the friction about A must be zero, and this could not 
be true if the instantaneous centre were at C. Moreover, it could not 
be true if the instantaneous centre were inside the circle, for then the 
frictions would all turn in the opposite direction round A. Hence the 

instantaneous centre must be at B, and the 
frictions all act in lines passing through A. 

181 . When a body, which is supported 
at several points which are in contact with 
a rough plane, is acted on by external 
forces, it may begin to turn about one of 
the points of support. The friction at that 
point will be less than limiting friction and 
its direction will be unknown. We will 
find the conditions for this in the case 
where the only external force is applied at 
a given point of support in the body. 

Let F be the point at which the external 
forces are applied, A the point of support 
about which we are supposing the body to 
turn. Let P and Q be the components 
of the external force perpendicular to, and 
along, AF ; and let X and Y denote the 
components of the friction at A along and 
perpendicular to FA, as shown in the figure. 

B, C, D, are the other points of support, and the distances AB, 
AC, AD, AF, are represented by b, c, d,f. Also Z, R, S, T, are the 
limiting frictions at A, B, C, D. 

Taking moments about A and resolving perpendicular to and along 
AF, we get 

Y = — P + R cos j8 + S cos y + T cos 8 . . , (2) 

X =Q - RsinjS — Ssiny — T sin S .... (3) 

rhere y, 8, are the angles which AB, AC, AD, make with the direction 
of X. 

Now we know nothing about the friction at A except that it musT 
be less than limiting friction. That is 

X2 + Y2 < Z2 
or X2 < Z2 - Y2 

or (Q- RsinyS- Ssiny- TsinS}2 

< Z 2 - cos ^ + S cos y + T cos S - J,(^R + + dT)^ (4) 

Since the limiting frictions Z, R, S, T, are all supposed to be Known, 
this last equation gives the limits within which Q must lie. If Y^ > 
it is not possible to satisfy the inequality (4), and therefore the body 
could not turn about A under the action of a force at F, Let us 
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suppose, then, that >YK The inequality (4) now tells us that 
(Q R sin jS — S sin y — T sin S) lies between + V and 

— V — Y 2 . If Qi and Q2 are the greatest and least values of Q 
consistent with these condititions, we have 

Qi — R sin jS — S sin y T sin 8 = V Z^ — 

R sin ^ + S sin y 4- T sin S — Q2 = V Z^ — Y^ 

For turning about A, Q must be less than Qi and greater than 
Q^. That is 

Q < VZ2 - Y2 + R sin ^ + S sin y + T sin8| 
and > — VZ 2 — Y 2 4- R sin j8 + S sin y + T sin 8) ^ 

These inequalities, combined with equation (i), are the conditions 
necessary for turning about A under a force at F. There is only 
one possible value for P, and Q must lie between 
the limits given by (5). 

If FP is drawn to represent P, PN and PM 
to represent Q2 and Qi, the resultant force at F 
which will cause rotation about A will be repre- 
sented by a line drawn from F to any point in 
MN lying between M and N. 

182 . We will apply the method of the last 
article to the case of a body on three supports 
at A, B, and F, the limiting friction at the three 
points being each equal to R. We shall find 
what force applied at F will make the body just 
turn about A, given that FA — FB. 

Let FA =/, AB = b, angle AFB = 2a. 

By moments about A 

/P = ( 5 R 4 /R 

whence P = R(2 sin a 4 i) 

Resolving perpendicular to and along AF, 


Y = - P 4 R 4 - R sin a (2) 

X = Q — R cos a (3) 

The condition that A should remain fixed is 
X2 < R2 Y2 


or (Q — R cos a)2 < R2 — ( — R sin a)* 

ue, < R2 cos2 ct 

From this inequality we get 

Q>o ) 

and < 2R cos a J ‘ * 



(i) 


( 4 ) 
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Thus P is given by (i) and the limits of Q are given by (4). 
If FN represents R(2 sin a + i) and NM represents 2R cos a, then the 
resultant applied force at F may be represented by any line joining 
F to points in NM. 

183 . If the force applied at F does not lie within the limits found 
in the last article, it can be shown that it is possible for the body to 
begin to turn about some point in BA produced 



Fig. 86. 


or AB produced. 

It is only necessary to show that, if we 
suppose the body to turn about some point I 
in BA produced, the frictions brought into play 
can be balanced by a force at F. 

By taking moments about I and resolving 
along and perpendicular to IF, we get 

Pr = r cos 0 . 2R + ^R - . (i) 

Q = 2Rsin0 (2) 

P=rR4.2Rcos0 . . . (3) 


The equations (i) and (3) give the same 
value of P. Hence the three equations are consistent, and the force 
whose components are P and Q would begin to turn the body about I. 

184. Condition, for turning about an unsupported point. — To find 
the condition that a body should just turn about a point which is not 
a point of support, we have only to put X = o and Y o in Art. 181, 
since the friction at the instantaneous centre will be zero in this case. 
With these values of X and Y the equations (i), (2), and (3), of that 
article will give the conditions that the body should turn about A — 
which is not a point of support — under the action of the force whose 
components are P and Q. 

It will be noticed, however, that we are left with three equations 
from which to find P and Q, if the positions of both A and F are 
given. But two quantities cannot generally satisfy three equations. 
This only means that, by applying a force at a particular point, we 
cannot make the body turn about any axis we choose, however we 
adjust the magnitude and direction of the force. But if, in addition 
to P, and Q, a couple whose moment is N is applied to the body, the 
moment N would appear in equation (i), and then we should have 
three equations to determine three unknown quantities P, Q, and N. 
That is, given the point about which the body is to turn we can find 
the system of forces necessary to produce the motion, and there is only 
one possible value for P, Q, and N. 

But suppose P ^nd Q are given and the instantaneous centre is 
wanted. The equations (2) and (3) will contain known quantities, and 
the two unknown co-ordinates of the instantaneous centre referred to 
any axes we may choose. Hence these two equations are sufficient to 
determine the position of the instantaneous centre. But now equation 
0) has to be satisfied, and it will not usually be satisfied unless we 
introduce a couple N, When this couple is introduced equation (i) 
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will determine its moment. Thus the couple N, which, in addition to 
the given component forces P and Q, will cause the body just to begin 
to move, cannot be chosen arbitrarily, but is deducible from P and Q. 

If, however, only the direction of the force at P were given, it would 
not be necessary to introduce the couple N into the equations. For 
then there would be three unknown quantities without it, namely, the 
resultant force and the two co-ordinates of the instantaneous centre. 

Although it is theoretically possible to find the instantaneous centre 
of initial motion when the body is acted on by a force with given 
components P and Q, or by a force acting in a given direction at a 
given point, yet in practice the problem is a difficult one. If there 
were more than three points of support the equations for finding the 
instantaneous centre would not be of much use. 

185. We will return to the problem of the isosceles triangle con- 
sidered in Art. 182 , and find all the positions of the instantaneous centre 
when the only external force is 
applied at F. 

Let the frictions at A and B 
act along AC, CB. By taking 
moments about F for the equili- 
brium of the body, we find that 
the moments of these frictions 
at A and B are equal in magni- 
tude. That is 

R.AF.sin FAC 

= R.BF.sin FBC 

and since AF and BF are 
equal, it follows that angle FAC 
= angle FBC. Consequently 
the points FCBA lie on a circle. 

Now the instantaneous centre is at I, the intersection of the perpendi- 
culars to AC and BC through A and B respectively. The point I lies, 
therefore, on the circle through A, B, C, F, and is at the opposite end 
of the diameter through C. 

The instantaneous centre I could not possibly fall on the arc of the 
circle above AB, for then the frictions at A and B would both turn in 
the same direction about F, and the sum of their moments would not 
be zero. But I may fall anywhere on the arc below AB. We will now 
find P and Q. 

Let the equal angles FAC, FBC, be denoted by Then, resolving 
along and perpendicular to AF, we get 

Q = R cos ( 2 a — 5) — R cos 
= 2 R sin a sin (a — 0) 

P = R 4. R sin ( 2 a — 0) -f- R sin ^ 

= R{i -f 2 sin a cos (a — 6)} 

There is yet another way in which the moments about F of the 
frictions at A and B could be equal. The lines of action of these 




120 MECHANICS OF PARTICLES AND RIGID BODIES 

frictions might pass on opposite sides of F. But if these lines were to 
intersect, they would do so on the bisector of the angle at F (produced 
if necessary), and the corresponding instantaneous centre would be on 
that line. Now this would make the frictions have equal, instead of 
opposite, moments about F, and therefore equilibrium would not be 
possible. But there is still another case to examine. The frictions 
might not act in intersecting lines, but in parallel lines. To make the 
moments of the frictions about F equal and opposite in sign, the lines 
of these frictions would have to be perpendicular to AB, and the 
instantaneous centre anywhere on AB produced or BA produced, but 
not between A and B. This agrees with the result of Art. 183. 

Thus a force applied at F may make the triangle begin to turn about 
any point on AB produced, or BA produced, or on that arc of the 
ci c.;“:’'Cr:h‘r,g circle which lies below AB, or about A or B 

1S3. -r. string or belt wrapped round a rough cylinder of any 
section. 

Suppose a rough string is wrapped round a rough cylinder of any 

section, and is just about to slip when 
acted on by no forces but the tensions 
at its ends. 

Let us consider the equilibrium of 
an infinitesimal portion PQ whose length 
we will denote by ds^ s being the length 
of the string from its first point of contact 
with the cylinder up to the point P. 
R is the normal pressure per unit length 
between the string and the cylinder at 
Fig. 88. any point. Hence juR is the friction 

per unit length when the string is just 
about to slip. The normal pressure and the friction on ds are therefore 
R^fy and flRds, neglecting all powers of ds above the first. Let difs 
denote the angle between the tangents at P and Q, and d^ the angle 
between the normal at P and the force 'R.ds* It is obvious that d<f> is 
less than dtp. * 

Resolving along and perpendicular to the tangent at P, neglecting 
the weight of PQ, we get 

(T + dT) cos — T — iJ^ds cos dp + ^ds sin dp ^ o , (i) 

(T + dT) sin dp — B.ds cos dp — [iRds sin dp = o . (2) 

T and T + ^ being the tensions at P and Q. 

Now if we neglect higher powers of dp than the first, we may put 

cos dp = r, cos dp = i, sin dp = dp^ sin dp ^ dp . (3) 

Also the last term in each of the equations (i) and (2) is the product of 
two infinitely small quantities, and may be neglected, since it is infinitely 
smaller than the other terms. 

With the substitutions given in {3) the equations (1) and (2) become 


dT — yiR.ds = 0 (4) 

(T + dT)dp - R/f.^ = o (5) 




CHAPTER VIII 

STJlINGS AND CHAINS UNDER GRAVITY 

187. In this chapter we shall deal with perfectly flexible strings and 
thains. A string is perfectly flexible when it offers no resistance to 
fiending at any point. A string or chain approaches this ideal very 
riearly, particularly when the curvature is everywhere small. A string 
offers some resistance to bending at every point, and a chain will hardly 
bend at all under moderate forces except at the junctions of the links. 
But when the tension is much larger than the external force per foot, 
there is no appreciable error in treating a string as perfectly flexible. 
Also a chain whose links are short compared with the radius of 
curvature of the curve which it assumes, behaves very much like an 
ideal perfectly flexible string. 

188. Uniiorm Catenary. — ^When a string is suspended with its ends 
attached to two point s not in the same vertical line, the curve assumed 
by the string is called a catenary. 
that is, if its mass per unit length 
is constant, the catenary is called 
the €om77io7i or miiform catenary. 

It is possible to make a chain 
hang in any one of an infinite 
number of types of curve by 
properly choosing the density of 
the curve, but only a few of these 
types bear the name of catenary. 

We will now find the equation 
of the uniform catenary. Let 
ALB denote the string of which 
L is the lowest point. The axis 
of y is taken as the vertical 
through L, and the axis of x will 
be fixed according to conveni- 
ence, We are going to consider 
the equilibrium of the portion 
XP. L^^the^ co-ordinates^ of,P 
be X andji and let the length of 
the arc LP be s, is the weight of unit length, the weight of LP is 
ws. The equilibrium of LP would clearly not be affected if this portion 
became rigid and the same forces acted on it* Consequently, the 


If the string is of uniform density, 
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forces acting on it satisfy the conditions of equilibrium of a rigid body. 
Denoting the tensions at L and P by To and T, we get, by resolving 
vertically and horizontally, 



T sin ^ . . . . (i) 

T cos ^ = To . . . . (2) 

Dividing (i) by (2) 

t£f 

tan dj = 7 frs . . . • (3) 

•^0 

T 

Writing ^ for this last equation can be written 
s = . . . . (4) 


This is the intrinsic equation, and from it we shall deduce the 


cartesian equation. 

In any curve 

dy dy ds , ,ds 


But from (4) 



. ( 5 ) 

Therefore 

= r sin ^ sec2 r]s 

• ( 6 ) 

whence 

y = c sec ^ 4 - A 

• ( 7 ) 

Now let us take the axis of at a distance c below L,so as 
the constant A zero. Then 

to make 


y c sec ifs 

• < 8 ) 


We might now get xin terms of ^ by a similar method, and then find 
the relation between x and y by eliminating ^ from the expressions for 
X and y. But the following method is, in this case, rather simpler 


Therefore 
from which 


dy . 

-f = tan dr 
dx ^ 

= V(sec2 ^ — i) 

= \/<3 - ■) w 

dx c 

dy “ 

X = c cosh'i + B . , 


( 9 ) 


But the constant B must be zero, because, by our choice of axes, 
jp = o when y = Hence 
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y cosh - = ® J * . . * (10) 

which is the required cartesian equation. 

189. Some Properties of the Catenary. 

{a) Equation (2) gives 

T = To sec ^ 

But Tq = ^ and^ = c sec 0 . Hence 

T = • (ti) 

Thus the tension at any point is equal to the weight of a portion of 
the string which would extend in a vertical line from that point to die 
axis of X An equivalent result was proved in Art. 152, Example $. 

(b) Since .r = ^ tan ^ 

and y c sec ilf 

it follows that y^ == ^ * . ^ * , * * • {12) 

(c) Again, using (12) and (10) 

s= COSh2 

= sinh* ~ 

X c( - 

whence 5 = c smh - == ^ e , * , . (13) 

c 2 

It should be pointed out that s must be regarded as negative when 
X is negative. Moreover, tf/ is negative in the same region, so that both 
equations (4) and (13) agree in giving a negative value to s when x is 
negative. 

dy X 

(d) From (10) ^ = sinh — 

X s 

Thus tan tp = sinh (14) 

c c 

This result also follows from equations (4) and (13). 

190. A uniform chain is suspended from two points in the same 
horizontal plane, and the inclination of the catenary at the points 
of suspension are known. To find the equation to the curve and its 
total length. 

Let the horizontal distance between the points of suspension be 20^ 
and let the value of tan tp at one of the points of suspension be /. We 
will denote the value of s at the point of suspension where the inclina- 
tion is given by The value of x at this point is a. 
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From (14), Art. 189, 

sinh - = / 
c 

a jE 

fhat is if «=:2/ (15) 

a 

We have to find c from this equation. It is a quadratic in e^. Thus, 

a 

on multiplying by we get 

/ ft\2 a 

\ecj^ 2t^ —1 = 0 

whence ^ aJ 4. i 


the negative root being omitted since ^ cannot be negative. 

a 


Hence 




logtf + V l) 


Thus ^ is found because a and / are given. 
Now the equation is 


O! 


Jf ^ c cosh - 


(16) 


(17) 


If j'l denotes the value of j" at one point of suspension 


yi = c cosh ~ 
c 

This gives fi, and therefore the position of the axis of x. Now the 
posibons of the two axes are known, and (17) gives the complete 
equation to the curve. ' / <= r 

Also by equation (4) 

Si=c.i 

at 

+ i) 

and the total length of the chain is 2Si, 

• length 2/ has its ends attached to two 

equation to the catenary in terms of / 
and the vertical and horizontal distances of B from A, 

Let the equation be 


y =5 c cosh - 


(19) 


Smwn/^ present unknown and also the position of the origin 
Let the c(>ordinates of A be j>, and those of B (« + 2«), (y + 
IheTalue^f ATa ° ^ 
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The quantities and /, are given, and our first task is to find 
By equation (19) we have 


and by (13) 

Again, by (19) 


V — cosh - 

• • (20) 

<7 = sinh ^ • • » . . 

• • (ai) 

= c cosh 

c 


= ^cosh - cosh — + sinh ^ sinh — ^ 
\ £ c c cJ 

2a . 2dll^ 

= y cosh h <7 sinh — • * • • . 

C € 

' • <aa) 


By (13) again 


+ 2/ ss: ^ sinh 


X + 2a 


■ i/sinh ~ cosh — + cosh - sinh — 
\ c c 


cJ 


. 2a . • . 2a 

= <T cosh sinh — . 

c c 


(* 3 ) 


From (22) and (23) 

4/2 - 4^ = (j2 _ <r2)[sinh2 y - (cosh ^ - 1)®! 

= f2(sinh2 ^ — cosh2 ^ + 2 cosh — ~ 
because — <72 = ^2 ^y (12) 

But 


1-0 . ,0 

cosh^ sinh2 — = i 

c c 


Hence 


4/2 — ss ^2^2 QQSh ^ ^ ^ (^24) 


This is the equation to determine To simplify this equation, put 


z for Then 


2(/^ ^ (cosh 2jsr — i) 

a^ 

= 2'~s • sinh® z 
sinh z = z • , 


(® 5 ) 


Therefore 


‘ a 
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The easiest way to determine z is to plot the two curves 


y = sinh x 


's/i^ - 

y = — X 


(26) 

(37) 


and the value of x at their point of intersection is the value of z given 
by (25). A table of values of sinh x will be needed to do this work 
expeditiously. 

Suppose z is found from equation (25). A glance at the form of 
the curve for (26) will show that it can only meet the line (27) once in 
the region where x is positive* There is, therefore, only one positive 

root of (25), and when this is found e is known because We 

have now to find the position of the origin. 

After eliminating a from (22) and (23) we get 


or 


y^sinh^ ^ 


(cosh — - lY] 

‘ = af / sinh — — 1 

K cosh 

2 ^Z 

V r / J 

1 c 

\ 

C 

2 ^cosh — — 

( s= 2^/ sinh — — 2 

i cosh 

2 a 



\ 

c 


■)i 


or 


y^l 


sinh 2g 
cosh 2j? — I 


- h 


cosh z 
sinh z 


(28) 


Since % is now known, this gives the value of y at A, and therefore 
the position of the :v-axis is determined. The position of the _y-axis can 
be determined by finding or, and then using (21) to calculate x. 

Thus, from (22) and (23), in the same way as y has been found, 
we get 


cosh g 
sinh z 


(29) 


Then from {21) 


X ^ c sinh"^ - 
c 


1 0“ + V 

= Hog, 


(30) 


Thus X is determined, and therefore the position of the j^-axis is 
known. The problem is now completely solved. 

Numerical Example.— Suppose a = 5, /= X2, ^ = 8. Then the 
equation for z is 


V 122 - 82 
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The value of z satisfying this equation is 
z = i‘976 

Hence css -= — ^ s= 2 -c*o 

z 1-976 

„ cosh 1-976 

* 'iiii' 1-976 - = 8 *- 039 * -12 = -3-686 

a: = 2-536 log r. 3-686 + V (3*6862 + a.g 3 o 8 ) 

^ 2 * 53 ® 

= (2-53o)(2-303) logio (o-3to) 

= —2*96 

= 12 X I-03Q2 — 8 = 4*470 

Thus the :K-axis is at a distance 4*470 below the lower point of 
suspension, and the ^-axis is between the two points of suspension and 
at a distance 2*96 from the lower point. The equation to the curve is 

jy = 2-530 cosh 

192. To express x in terms of s and the height above the lowest 
point of a uniform catenary. 

Let z denote the height of any point P above the lowest point of the 
catenary; x and y are the co-ordinates of P, and s is the length of the 
arc from the lowest point to P. Then 


* =y — cosh - — I j = 2^ sinh® — 

\ c y 2 c 


Also s = £ sinh - = 2c sinh — cosh — . . . 

< ZC 2C 

X 

Therefore - =s tanh ~ ~ , . 

S 2C ^ 

+ 1 

whence ~ = log 

c 

Also {z + cy — ^2 — J/S ^2 

**" 

and therefore c = ^ — 



($^) 

(3*) 

(33) 

(34) 

(35) 


Substituting this value of c in (34), we get 
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2Z \ *] } 

_ / 2 2 2 ^ 2 \ 

-‘V • • • (36) 


If z is very small compared with as in the case of a telegraph 
wire, or a measuring chain stretched across a river or a hollow, we get 
a good approximation by omitting all powers of z beyond the second. 
Then 


X ^ s 


2 a® 

3’^ 


• (37) 


Thus, if the two ends of a measuring chain of length / are at the 
same level, the horizontal distance a between these ends is 


a 



(38) 


a I 

obtained by putting - and - for x and s in (7). z is the droop of the 

middle of the chain below the level of the ends. 

If X is known, and an approximate value of s is wanted, we may 
write (37) thus 


Now s is nearly equal to and we may put x for s in the second 
term of this equation, since we shall only introduce a small error in a 
small term. Then 


^“* + 3-* • • • * • • • (39) 

198. Parabolic Catenary. — Suppose a chain is loaded so that the 
weight supported by a portion of the chain between any two points is 
proportional to the horizontal distance between verticals through those 
points. This is approximately the condition of a chain supporting a 
bridge whose weight per foot is constant. The ends of the chain are 
attached to two pillars, and the bridge is attached by vertical rods to 
different points of the chain. 

Let the lowest point of the chain be taken as origin, and let w be 
the weight per horizontal foot. Then the weight supported by the piece 
of chain from the origin to the point (x,y) is wx. Hence, by the same 
method as for a uniform chain, 

T sinilf = wx 

T cos ^ = To 


Dividing (i) by (2), 


• • (i) 

• • (®) 
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that is, 


dy w 


Hence 


y 


w 
T 


. (4) 


The constant of integration which should appear in (4) is omitted, 
because it is zero by our choice of the position of the origin. 

Squaring (i) and (2), adding, and then taking square roots, 

T = V W + (5) 

By using (4) to express Tq in terms of x and this can be written 


-V'(; 


W^OC^ 


+ Zd/- 




( 6 ) 


194 . Chain under any Load . — R chain is suspended from two 
points and acted on by no forces but its own weight and the reactions 
at the supports. To find equations for determining the form of the 
curve and the tension in the chain, the weight per unit length of chain 
being constant or variable. 

Let W denote the weight of the chain from the lowest point L to any 
point P, whose co-ordinates are x and y. 

By considering the equilibrium of the portion LP we get, in just the 
same way as in Art. 188, 


Dividing (i) by (2)1 


T sin ^ = W 
T cos ^ = To 


dx 


= tan 0 


W 

To 


(1} 

(2) 

(3) 


In this equation W will, of course, be a variable quantity. In general, 
it can be expressed as a function of x or s. For the uniform catenary 
W — ws^ and for the parabolic catenary W = wx. When W is expressed 
in terms of a; or 5“ equation (3) gives a differential equation for the curve 
in which the chain hangs. 

If w is the weight per unit length of chain, constant or variable, we 
may write (3) in the form 

= ^fwds (4} 

If, however, the shape of the curve is given and the density w is 
required, we must differentiate (4) with respect to s. Then 

< 5 ) 

which gives w in terms of known quantities since the equation to the 
curve is known. 
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195 - Other Porms of the Equations. — It is sometimes useful to 
tiave the equations of equilibrium of a chain in different forms from 
those obtained in (i) and (2) of Art. 194. All 
the different forms can, of course, be deduced 
from equations (i) and (2) by purely mathe- 
matical transformations ; but we sh^l here obtain 
our equations by another method. 

Consider the equilibrium of a small portion 
of the chain, PQ. 01 length ds, Resolving the 
forces along and perpendicular to the tangent 
at P, 

(T -f <3?T) cos dift ^ T wds sin ^ 

(T 4- dT) sin d!js = wds cos tp 

where wds is the weight of the portion ds^ T and 
T -f the tensions at P and Q. 

Retaining only first order quantities, these equations become 



d'Y == wds sin iff = wdy 
Tdiff = wds cos iff = wdx 

dx and dy being the co-ordinates of Q relative to P. Hence 


di: 

dy 


w 



( 6 ) 

( 7 ) 


These two equations may be used instead of (i) and (2) of Art. 194. 
Moreover, equation (6) is true even for a chain pressing against a 
smooth curve, because it was obtained by resolving along the tangent, 
and a normal pressure would not appear in this equation. If w is 
constant, equation (6) gives 

T = zqy -f C 

which agrees with the result obtained in example (5) in the chapter on 
virtual work. 

196 . Suppose two chains of equal lengths are suspended from two 
points A and B, and suppose their densities at a distance s from A 
(measured along the chains) are w and kw respectively, k being con- 
stant. Then the two chains will hang in the same curve. 

For it is clear that, if T is the tension in the first chain, the equations 
(6) and (7) which will give the equation to the curve will only be 
multiplied all through by if we put kw and kT for w and T 
respectively. Hence the differential equations with these substitutions 
will remain unaltered, and the only other conditions of the problem are 
the geometrical ones that the curves must both pass through the given 
points of suspension. Thus all the conditions for the curve of the 
second chain are ^e same as for the first if we put kT for T. This 
means that the chains will hang in the same curves, and their tensions 
will be in the ratio of their densities. 
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Thus two uniform chains of the same length will hang in the same 
curve between the same two points, whether their densities are equal 
or not. 

Again, the previous argument can be modified so as to cover the 
parabolic catenary where the load is a uniform horizontal one. 'Whether 
a heavy or a light bridge is supported by a chain, provided the weight 
per horizontal foot is constant for each bridge, the chain will assume 
the same parabolic form. 

197 . We will now work out a few examples. 

Example (i). — The equation to the cm^ve in which a chain hangs 
is s == c tan To find w, the weight of unit length of the chain* 

B7 (5). Art. 194, 

tt< = To sec2 


But here 


difs 


c sec2 ^ 


Hence 


w = TqC s= a constant 


Example (2). — If the equation to the curve is y = kx®, to find w* 
w^Tq sec2 


But here 


tan ^ = 


dx 


= 2kx 


Therefore, differentiating again with respect to s 
sec2 ^ = 2 ^^ 

dx 

Hence w = 2 i 5 To^ = 2/^To cos 0 

We may write this result thus 

wds = akT^dx 

that is, the weight supported by ds is proportional to dx^ its projection 
on the ^-axis. This is the same as a uniform horizontal load, which 
has been considered in Art. 193. 

Example (3). — Find w for a chain hanging in the form of a tycloia 
whose equation ^ s = 4a sin 

5“ = 4a sin ^ 

Differentiating ith respect to s 
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Example (4 ). — The load supported by a chain is ax^ -f- b per 
horizontal foot. To find the equation of the curve. 

The weight from the lowest point to x is 

f (ax^ + h)dx = (^ax^ + bx) 

J 0 

Putting this for W in equation (3), Art. 194, we get 
To^ = + bx 

Therefore Tq}^ = ^ax^ + 

No constant need be added if we take the origin at the lowest point 
of the curve. 

198 . Catenary of Uniform Strength. — If a rope be made so that 
the cross-section at every point is proportional to the tension it will 
have to bear, then it will be just as likely to break at one point as at 
another. If the only force on such a rope suspended from two points 
is its own weight, the curve assumed by the rope is called a catenary of 
uniform strength. 

Let p be the weight of unit volume of the material, a the cross- 
section at any point. Then the volume of unit length in this neighbour- 
hood is and therefore the weight w per unit length is pa. Also 
'I ^ka, a is, of course, different at different points of the rope. 
Substituting for w and T in equation (7), Art. 195, we get 

dtb 

= (0 

k 

Therefore x = • (2) 

the constant being zero if we measure x from the lowest point of tiie 
curve where ^ = o. 

Now ^ = tan ^ = tan (3) 

Hence ^ (soc ..... (4) 

This is the cartesian equation to the curve. 

Since t[f must lie between the limits — - and equation (2) shows 
hTT kTT 

that X must lie between and H . Thus the maximum span 

2p 2p ^ 

kar 

for such a rope is — • 

Fig. 92 shows the form of the curve. 

The quantity k is the tension across unit area of any normal section 
of the rope. If i be taken as the breaking tension of the material, the 
rope will be just on the point of breaking everywhere. We will now 
show that, with this value of k, the maximum span calculated for this 
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catenary is absolutely the greatest span it is possible to get with a rope 
of the given material. 



•n k O trk X 

2 p Fig. 92. 2 p 
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T 

where P is the breaking tension for a section of unit area, for — is 
the tension across unit area. 

It follows that we get the greatest span in the catenary of uniform 
I T 

strength, where - . ~ has the greatest value it can possibly have, namely, 
P ^ 

- . And in this case the span is less than 

? 


r^^p p 

I or less than tt— 


Even in the catenary of uniform strength, ^ is only equal to - when 

^ = 00 , SO that it is not possible in practice to make ^ quite equal to 

^ The breaking tension for a strong steel rope is 130,000 lbs. per 
squ^e inch. Also p = 480 lbs. per cubic foot. Hence the extreme 
limit for a span by any steel rope is 


!L2ii322£21iLI44feet = mfles 

480 

If we take the tension per unit area as | of the breaking tension, the 
extreme limit for the span is ^th of the above value, that is, nearly 
4 miles. 

If the extreme values of ^ are large, the droop of the curve at the 
middle will be very large. Suppose, then, the extreme values of ^ are 
TT k TT 

± , Then, since x = the span will be ~ * For the steel rope 

considered above, with a factor of safety six, the span is | miles, and 
• k TT . 

the droop at the middle is - log# sec ^ , which is about 300 yards. 


EXAMPLES ON CHAPTER VIIL 

z. A uniform chain has a mass 2 lbs. per foot length, and the catenary 
in which it hangs has the equation 

V = 10 cosh — 

^ 10 

Find, by using the tables, the tension and the vertical component of the 
tension at the point where x == 2^ feet. London B.Sc, 

[122*65 lbs,, 12 1 lbs,] 

2. A kite is flown with 600 feet of string from the hand to the kite, and a 
spring balance held in the hand shows a pull equal to the weight of 100 feet 
of the string, inclined at 30® to the horizontal. Find the vertical height of 
the kite above the hand. London B,Sc, 

[556 feet.] 



CHAPTER IX 

MOMENTS OF INERTIA 

200. Definition. — The product of the mass of a particle and the square of 
its distance from a given straight line is called the moment cf inertia of the 
particle about that line. The moment of inertia of a system of particles 
about any line is the sum of the moments of inertia of the several 
particles. 

The moment of inertia of a continuous body is represented by an 
integral. Thus suppose dm is the mass situated at a distance r from 
the line about which the moment of inertia is required, then the 
moment of inertia of the whole body is 

^r^dm 

the limits of the integral being chosen so as to embrace the whole body. 

If the density of the body is constant, dm is proportional to the 
volume occupied by this mass. If p is the density and dv the volume 
of dm^ then dm = and the moment of inertia is 

pjr^dv 

201. Moment of Inertia of an Area. — Sometimes we require the 
moment of inertia of an area in which the idea of mass is not involved. 
Suppose dK is the area at a distance r from any straight line, then the 
moment of inertia of the area about that line is 

Jr^dA 

the integral extending over the whole area. 

The moment of inertia of an area is really the same as the moment 
of inertia of the mass of a thin plate of uniform density having unit 
mass in unit area. 

The student will see the necessity for moments of inertia in the 
chapters on rigid dynamics. In those chapters it will be seen that 
moments of inertia are as necessary as masses. In fact, moments of 
inertia occupy the same place in questions on the rotation of a rigid 
body as the mass does in questions on linear motion. And, moreover, 
the moment of inertia of an area will appear when we deal with the 
bending of beams in the next chapter. 

The moment of inertia of several bodies about any line is the sum 
of the moments of inertia of the several bodies. For, by definition, the 
whole moment of inertia of the bodies is the sum of the moments of 
inertia of all the particles of all the bodies. But the sum of the 
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moments of inertia of the several bodies is also the sum of the moments 
of inertia of all the particles of all the bodies. 

203. Badius of G-yration. — If I is the moment of inertia of a body 

about any line (or axis), and M its mass, the quantity ~ is called 

the radius of gyration of the body about that axis. If k denotes this 
radius of gyration the relation between I, M, and ic, is given by 

I = M/c2 


We do not usually need the radius of gyration itself. It is the 
square of this quantity that is of common occurrence. The quantity k 
is clearly a length, because moments of inertia are the products of 
masses and squares of lengths. 

If K is the radius of gyration of several bodies about a given axis, 
and M 2 fC 2 ^, etc., are the moments of inertia of the bodies about 

the same axis, then, since the moment of inertia of all the bodies is the 
sum of the moments of inertia of the bodies, 


whence 


(Ml 4* M 2 + • , -!-••• 

v2 — + M2K2^ + . > * 

^ Ml + M 2 4- . . . 


303. We will now work out the moments of inertia of several bodies. 
Example i. — The moment of inertia of a circular hoop of mass M 
and radius a about its aods of symmetry. 

Every particle of the hoop is at a distance a from the axis. Hence 
obviously 

I = 


Example 2- — The moment of inertia of a circular disc ty-egarded as an 
area) about its axis of symmetry. 

Let a be the radius of the disc. Let the disc be divided into thin 
rings or hoops by circles concentric with the disc. The area of the ring 
between the circles of radii r and {r 4- dr) is 2 'nrdr^ and its moment of 
inertia about the axis of the disc is r ^ , zTtrdr, Hence the moment of 
inertia of the disc is 

J ziTf^dr = ^TTc^ = 

where A denotes the area of the disc. 

If the disc be regarded as a mass, that is, as a uniform thin sheet of 
matter, the mass M would take the place of A in the result just 
obtained, because this result can be obtained in just the same way as 
the one above if we multiply all the areas by the mass in unit area, and 
this factor would turn A into M. 

Example 3. — Moment of inertia of any solid of revolution about its 
axis of symmetry. 

Let the solid be generated by the revolution of the curves ^f{^) 
about the axis of x. Suppose the solid is divided into thin discs per- 
pendicular to the axis of revolution. The thickness of a disc of radius 
y is and its volume is iry^dx. If p is the density of the solid feq 
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mass of the disc is •npy'^dx, and its moment of inertia, by the last 
example, is {‘irpy^dx)\y^. Hence the moment of inertia of the whole 
body is 

^pjy^dx = ^pj{f[x)}*dx 

(a) For a cylinder of length / and radius a, the equation to the 
generating curve isy = a. Hence the moment of inertia is 
I 

a^dx == \TtpaH = M X — 

0 2 

just as for a circular disc with the same mass and radius. 

{b) The equation of the generating curve for a cone is 7 = ^ aJj where 

r is the radius of the base and h the height The moment of inertia 
is therefore 

!t.x^dx=zUxisf^ 

(c) The equation of the generating curve for a sphere is sz ^ 
a being the radius of the sphere. Hence the moment of inertia is 

[ (a^ - x^Ydx = M X 

(d) The moment of inertia of an infinitely thin spherical shell can be 
deduced from that of the sphere. If I denotes the moment of inertia 
of a sphere of radius a, 1 dl the moment of inertia of a sphere of 
radius a + then 

I = = TB'^p . 5^^^^ 

But dl is the moment of inertia of the thin shell of thickness da and 
mass 4rra^pda. Hence, if M denotes the mass of the shell, its moment 
of inertia is M X 

Example 4. — The moment of inertia of a uniform thin rod of length ) 
about an axis through the middle of the 
rod inclined at an angle 6 to its len^h^ 

Let O be the mid-point, P any other 
point, and Qa consecutive point on the 
rod. Let OP = x, PQ = dx, m = mass 
of unit length. Then mdx is the mass 
of dx, and (nidx){x sin 0)2 is its moment 
of inertia. Hence the moment of 
inertia of the whole rod is 93 * 





m sin2 Q ^ x^dx = vi sin^ Q . i/3 


^(/ sin g)2 
12 


M being the total mass of the rod. 
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If ^ - the axis is perpendicular to the rod, and the moment of 

2 

n 

inertia is 

If = o the axis is along the rod, and the moment of inertia is 
zero. This is obvious, because, all the mass being on the axis, all the 
Ps in the expression / t^dm are zero* 

Example 5. — The moment of inertia of a rectangle^ whose sides are a 
and b, about an axis through the centre of gravity parallel to the sides of 
length b. 

This is easily proved to be the same as for a rod of equal mass and 
of length a^ the axis being perpendicular to the rod. That is, 

i = m£ 

12 

If the moment of inertia of the area of the rectangle is wanted, the 
result is 

1 = 

12 


Example 6. — The moment of incrUa of a triangular area about 
one side of the triangle. It is required to find the moment of inertia 
of the triangle DBC about the side BC. 

Let BC = b, and let the length of the 
perpendicular from D on BC be h. 

Suppose the triangle is divided into thin 
strips parallel to BC. Let PQ be one of 
these strips, and let x be the distance of one 
side of the strip from BC, and x+ dx the 
distance of the other. The length of PQ is 

and its area is therefore - 



r 


h 

Hence the 
angle is 


-bdx. 


moment of inertia of the tri- 




= = A 


6 


C 



A being the area of the triangle* 
In this case the square of the 

radius of gyration is —• 

Example The moment of 
inertia of the area of a triangle 
about any axis in its plane through 
an angular point 

Let DP be the axis, DBC the 
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triangle, and P the point where CB meets DP. Let the perpendiculars 
^rom B and C on the axis be j8 and y, and let DP ss 
Now 

moment of inertia of DPC = moment of inertia of DPB 

+ moment of inertia of DBC, 

that is, 

moment of inertia of DBC = moment of inertia of DPC 

— moment of inertia of DPB 

- 

by the last example. 

But area of DBC = area of DPC — area of DPB 

Hence 

moment of inertia of DBC = •^b(y^ — jS^) 


_ A V I 


-At±yLtB 

6 


where A denotes the area of the triangle. 

If the axis is parallel to the side BC, jS and y are each equal to ^ 

h/^ 

the height of the triangle. Then the moment of inertia is A x 


If B and C are on opposite sides of DP, then B and y must be con- 
sidered to have different signs, so that the term yp is negative. 
Example 8. — The moment of inertia 


of an ellipse about one of its principal axes. 
The equation of the ellipse referred 
to its principal axes is 




I 


We will find the moment of inertia of 
the area about the j^-axis. 

Let the area be divided into thin 



strips parallel to the j/-axis such as that 9^* 

shown in the figure. Let OM = x, 

MN = dx, MP The area of the strip is 2 ydXj and its moment of 
inertia about OY is ix^ydx. Hence the moment of inertia of the whole 
ellipse is 
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To evaluate this integral put a: = « sin Then dx = a cos 

7T TT 

4ind the limits for ^ are — - and corresponding to — and a for x. 


Thus 


I Yi:ix 2^ I sin^ <f) cos <f> . a cos 


2bd^ • i ‘ i • ^ 
A X~ 


where A « irab, the area of the ellipse. 

The moment of inertia of a circle about a diameter is included in 
ihe above result, for a circle is an ellipse with equal axes. If a is the 
radius, the moment of inertia is \k.a^ 

204 . If the position of a body be referred to three mutually 
rectangular axes OX, OY, OZ, the moments of inertia of the body about 
these axes are respectively 


/(y2 ^ z^)dm^ j{z^ + x^)dm^ f(x^ +y^)dm, 


where dm is the mass situated at (x,y^ z). For clearly x^ is the 
square of the distance of the point (x, z) from the a-axis, and a similar 
remark applies to the other quantities. 

Suppose we are dealing with an area (or a plane body). If OX, 
OY be taken in the plane of the area, and OZ consequently perpendicular 
to it, the moment of inertia about the ^r-axis is thus 

+ y^')dm = Ix^dm + fy^dm 

Now for an area fx^dm is the moment of inertia of the area 
about the j‘-axis, and fy^dm is the moment of inertia about the 
;r-axi$. Thus if we denote the moments of inertia about the axes of 
X, y^ and j», by I*, ly, and our equation can be written 


Iz — I* ly 

Thus we can find the moment of inertia of a plane body or area 
about a liae perpendicular to its plane through any point O in that 
plane by finding the moment of inertia about any pair of perpendicular 
axes through O in the plane, and adding the results. 

Thus the moments of inertia of a rectangle of sides a and b about 
axes through the centre of gravity parallel to the sides are and 

Hence the moment of inertia about an axis perpendicular to 
the plane through the centre of gravity is ^A{a^ + 

Again, the moments of inertia of an ellipse about its principal axes 
of lengths 2a and^ 2b are \Ah^ and \Aa^, Hence the moment of 
mertia about an axis perpendicular to the plane through the centre of 
the ellipse is \A{a^ + ^2). ^ circle a and b are equal, and this last 

result becomes \Aa^^ which was the result obtained for a circular disc in 
Example 2, Art. *203. 
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205. To find a relation between the moments of inertia of any 
body about parallel axes. 

Let G be the centre of gravity of the body, and O any other point. 
We shall find a relation between the moment of inertia of the body 
about a given axis through O. and a 
parallel axis through G. The plane 
of the figure OGMP is perpen- 
dicular to the given axis through O. 

The body we are considering is not 
necessarily a plane body, but may 
be a solid body of any form extend- 
ing on both sides of the plane of 
the figure. 

P is any point in the plane of 
the figure at a distance r from O 
and R from G. Let GM = jc, 

OG = h. Now the whole body 
may be divided up into thin rods or columns parallel to the given 
axis, and therefore perpendicular to the plane OGP. Let dm be the 
mass of the column containing P. The moment of inertia of this 
column about O is 

r^d?n = {/fi -p R2 4* 2 hx)dm 
Hence the moment of inertia of the whole body 
= j{k^ + R2 + 2 hx)dm 

the limits of the integral being taken so as to include every column 
of the body. 

Now is the same for every column. Therefore 
ih^dm = k^Jdm = hm 
where M is the total mass. 

Also j 2 hxdm == 2 hjxdm = 2 hxM. 

X being the x of the centre of gravity. But the origin for x is at the 
centre of gravity ; consequently x =s o, and therefore 

/ 2hxd7n = o 

Hence Jr'^dm = + jK^dm 

that is, the moment of inertia about the axis through O is equal to 
together with the moment of inertia about a parallel axis through 
G. In dealing with an area, the area A would take the place of M. 

Thus, if we know the moment of inertia about any axis through 
the centre of gravity of a body, we can get the moment of inertia 
about any parallel axis by adding the product of the mass and the 
square of the distance of G from the new axis. 

In some cases it is more convenient to calculate the moment of 
inertia of a body about an axis which does not pass through the 
centre of gravity. After having found this moment of inertia we can 
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get the moment of inertia about a parallel axis through G by sub- 
tracting the product of the mass and the square of the distance ol 
G from the first axis. 

We will apply the method to a few examples. 

Example i. — The moment of inertia of a thin rod ahotit an axis 
perpendicular to the rod through one end. 

If M is the mass and / the length, the moment of inertia about a 
parallel axis through G is Hence the required moment of 

inertia is 

iM/2 + m(;/ = iM/* 


which can be easily verified by direct integration. 

Example 2. — The fnoment of inertia of a triangular area about an 
axis through G parallel to one side^ the 
f>erpendicular on that side from the opposite 
a 7 igiilar point being h. 

The moment of inertia about the 
parallel side we have already found 
(Art. 203, Ex. 6) to be Now the 

distance of G from the parallel side BC 
is \h. Hence the moment of inertia 
about the axis through G is 

The moment of inertia about an axis 
Fig. 98. through D parallel to BC is now 



A^2A + (p)2A = i/^2A 

which agrees with the result at the end of Ex. 7, Art 203. 

206 . A very useful theorem concerning the moment of inertia of a 
triangle can now be proved. The theorem is : — 

2 he moment of inertia of a triangle about any axis in Us plane or 
parallel to is equal to the moment of inertia^ about the same axis^ of three 
particles situated at the midpoints bf the sides of the triangle^ each particle 
having a mass equal to one-third the mass {or areci) of the Mangle, 

^ In Art. 203, Ex. 7, we found that the moment of inertia of a 
triangular area about an axis through an angular point is 




Now the distances of the mid-points of the sides from the same 

axis are ^ y. and AtV. 

2 2 2 


Hence the moment of inertia about this 
axis of three equal particles of mass ^A at these points is 


— -f 

«= the moment of inertia of the triangle about the same axis 
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Now the centre of gravity of these particles coincides with the centre 
of gravity of the triangle itself. Suppose d is the distance of this 
common centre of gravity from the axis. Then the moment of inertia 
of the triangle, or of the particles, about a parallel axis through G is 
I Again, the moment of inertia of either system about a 

parallel axis at a distance h from G is obtained by adding to 
I — AdK Hence the moment of inertia of the particles about any axis 
parallel to the original axis is the same as that of the triangle about 
the same axis. But the original axis can be parallel to any line in 
the plane of the triangle. Thus the theorem is proved. 

This theorem gives the easiest method of finding the moment of 
inertia of any rectilinear figure about any line in its plane. It is only 
necessary to divide the figure into triangles and to replace each triangle 
by three particles, each having one-third the area of the triangle, at the 
mid-points of the sides of the triangle. 

Example. — Find the 7?ioment of inertia of a regular hexagon about 


one side. 

Let A denote the area, a the length of a side. The hexagon can be 
divided into six equilateral triangles, each of area |A. If each triangle 
is replaced by three equal particles, these particles will have each a 
mass of ^A. From a figure it will be seen that there is one particle on 

the axis, six particles at distance —a from the axis, four at distance 

4 

six at distance and one at distance V 3^* Thus the 

2 ’ . . ^ 

moment of inertia is 



^2 + ±ila'^ + 
4 



?^A^2 

24 


207. Moment of inertia of a 
meeting the axis of revolu- 
tion at right angles. 

Let the axis about which the 
moment of inertia is required 
be taken as axis of and let 
jf = f(x) be the equation to the 
curve which, on being revolved 
about the ;a:-axis, generates the 
surface of the solid. If P and 
Q are two neighbouring points 
on the curve whose abscissae 
are x and x -h dx respectively, 
the volume of the circular disc 
generated by the area under 
PQ, is Try^dx, and its mass, 
taking p as density, is 'irpy^dx* 


solid of revolution about an axis 



about OY IS 


(mass) X x^ (mass) X'-j- 
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the first term corresponding to of Art. 205 , and the second being 
the moment of inertia of the disc about an axis parallel to OY through 
its own centre of gravity. 

Putting Ttpy^dx for the mass of the disc and integrating, we find 
that the moment of inertia of the whole solid is 



Xx and being the abscissae of the bounding planes. 

Example i- — Suppose the body is a solid cylinder of uniform density^ 
and OY passes through the centre of gravity. 

Let / be the length and a the radius of the ends. Then the 
equation of the generating curve is j/ = and the moment of inertia is 
therefore 



M being the mass of the cylinder. 

Example 2. — Solid cone about an axis through the vertex. 

Here the equation to the generating curve is where r is 


the radius of the base, and h the height. 

•A 


Therefore 




= M X I 0 

208. Comparison of moments of inertia of a plane body abou* 
different axes in its plane, all passing through one point. 

Let a pair of rectangular axes OX, OY, in the plane of the body 
have their origin at the fixed point, and suppose we know the values of 
fy^dm^ fx^dm, and fxydm. We shall denote these quantities by A, B, 
and H respectively*. Let OX', OY', be another pair of rectangular axes 
in the plane of the body, the angle XOX' being 9, It is required to 
find the moment of inertia about OX' in terms of A, B, H, and 6. 

Let x\ y, be the co-ordinates of a particle dm referred to the axes 
OX', OY', and (x, y) referred to OX, O Y. Then 


y =y cos 0 — X sm 0 
x' = X cos 9 -{-y sin 0 

Hence the moment of inertia about OX' is 


fy^dm = /(y cos2 0 - 2 xy cos 0 sin 0 + x^ sin^ 9)dm 

= cosS 6jy^dm — 2 sin ^ cos 9Jxydm + sin^ 6 Jx^dm 
qg.A cos2 9 — 2 H sin 0 cos 0 + B sin^ 0 
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By giving the proper value to 9 we can use this result to find the 
moment of inertia about any axis through O in the plane of the body. 
Again, 

= j{{y^ - sin 0 cos 5 + xy{<:os^ 9 - sin^ d)}dm 
= (A — B) sin 9 cos 0 + H (cos^ 0 sin^ 0 ) 

= ^(A - B) sin 20 + H cos 20 



The quantity fol^dm is called the product oj merfia of the body foi 
the axes OX', OY', 

For any given body there is a particular pair of axes, for which th< 
product of inertia is zero. For, the product of inertia for the axes OX', 
O Y, will be zero if 


that is, if 


J(A — B) sin 20 + H cos 26 = o 


tan 20 = 


2H 

B - A 


Now for all possible values of A, B, and H, there is a value of 0 
between o and 90*^ which will satisfy this equation ; for, as 0 varies 
from o to 90*^, tan 20 varies from o to 00 , and then from — 00 to o. 
Thus there is certainly a pair of axes for which the product of inertia 
is zero. 

The pair of axes through any point O, for which the. product of 
inertia is zero, are called principal axes at that point. 

If we had started with OX and OY as principal axes, then the 
moment of inertia about OX' would have been 


A cos^ 0 -f B sin^ 0 

If A and B are equal, this mom3nt of inertia is A for all values of 0 . 
But if A and B are unequal and A greater than B, then A is the 
greatest and B the least moment of inertia for any axis through O in 
the plane of the body. For the moment of inertia about OX' is 
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A(r — sin2 0) + B sin^ Q 
s= A — (A — B) sin2 Q 
= A — (a positive quantity) 

Also this same moment of inertia 


= A cos2 B + B(i — cos2 0) 

= B + (A - B) cos2 0 
= B -f (a positive quantity) 

Thus the moment of inertia about OX' cannot be greater than A 
nor less than B, and it assumes these extreme values when OX’ 
coincides with OX or OY. 

It is easy to see that there is generally only one pair of principal 
axes through any point of the body, and these are the axes about which 
the moments of inertia are greatest and least for tiSat point If, how- 
ever, A = B, all axes through the point are principal axes. 

If a body has one symmetrical axis through any point, that must be 
one of the principal axes through that point. The other principal axis 
is, of course, perpendicular to this. 

Example i. — Rod about an inclined axis. 

The moment of inertia of a rod of length / about the line of the 
rod itself is zero, and about an axis perpendicular to the rod through 
its cenfre of gravity its moment of inertia is ^/^M. These are obviously 
the principal axes. Hence the moment of inertia about a line through 
the centre of gravity inclined at 0 to the rod is 


o . cos2 0 + ^/2M sin2 0 = sin2 0 

which agrees with the result in Ex. 4, Art. 203. 

Example 2. — The moment of inertia of a rectangular area^ with 

sides a and b, about an axis 
through the mid-point of one 
of the sides of length a, making 
an angle 0 with that side. 

MX is the axis about 
which the moment of inertia 
is required. MN is the line 
joining the mid -points of 
opposite sides. 

Since MN is a sym- 
metrical axis, it is a principal 
axis through M. Now the 
moments of inertia about MN and AB are easily shown to be ^^z^A and 
1^2^, Hence the moment of inertia about MX is 



sin2 0 4. I^A cos2 0 = sin^ 0 + cos^ 0) 


Example 3. — The moment of inertia of an ellipse about any axis in 
its plane. 

Let the axis be at a distance h from the centre of the ellipse, and 
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let it make an angle 0 with the major axis of the ellipse. The moment 
of inertia about a parallel axis through the centre of gravity is 

cos® B -f. sin® 6 = A(|32 cos® 6 4 - \a^ sin® 6) 

Hence the moment of inertia about the given axis is 
A(|32 cos® sin® 9 + 

209. Comparison of Moments of Inertia of a Solid Body about 
Axes througn One Point. — Corresponding to the relation proved in the 
last article between the moments of inertia of a plane body about axes 
in its plane all passing through one point, there is a similar relation 
between the moments of inertia of a solid body about axes passing 
through one point which are not restricted to lie in one plane. This 
relation we will now state without proof. 

Through any point in a solid body there is a set of three mutually 
perpendiciiar axes, OX, OY, OZ, such that 

fjizdm = o, fzxdm = o, fxydm = 0 

Let A, B, C, denote the moments of inertia of the body about 
OX, OY, OZ, respectively. Then the moment of inertia about a line 
through O which makes angles with the axes whose cosines are 
/, n, is 

A/2 + Bm^ + C«® 

The moments of inertia A, B, C, are called the principal moments of 
inertia at O, and the axes about which these are the moments of inertia 
are called the principal axes of inertia at O, 

If a body has a symmetrical plane through any point, it is obvious 
that one principal axis is perpendicular to this plane, and the other pair 
are therefore in the plane. 

If a body has a symmetrical axis through any point, that axis is a 
principal axis at that point, and any pair of rectangular axes through 
the point and perpendicular to the axis of symmetry can be taken a? 
the other principal axes. 

Example i. — The moment of inertia of a solid cylinder^ of length b 
and radius r, about an axis through its centre of gravity inclined at an 
angle 9 with the axis of symmetry. 

Let the axis of z be taken along the axis of symmetry, and the axis 
of X in the plane of the axis of symmetry and the given axis. Then, 
from a figure, 

/ = sin 9, = o, « = cos 9 

Also A = B = iMr® + 

and C = jMr® 

Therefore the required moment of inertia is 

I = M(i^® + sin® e + M . 1^*2 cos® 9 

Example 2. Moment of inertia of a cone^ with height h and radius 
of base r, about a line through the vertex inclined at 9 to the axis. 
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With co-ordinate axis in the same position as in Ex. i, 

A = B ^ M(f//2 + ^^2) 

Therefore I = M(f/z2 4. sin2 0 + M . cos2 9 

SIO. One of the principal axesf through any point of a plane body 
is perpendicular to the plane of the body on account of symmetry 
about that plane. Now suppose the moment of inertia is required 
about a line inclined to the plane at an angle 0 . Let the perpendicular 
to the plane through the point of intersection of the plane and the 
given line be taken as axis of 2. The other two principal axes at that 
point are in the plane, and are the same as those considered in 
Art. 20S, where we took no account of the a-axis. 

In this case 

I = A /2 4- + C sin2 0 

But by Art. 204, 

C« A-f B 

Hence I = A (/2 -|- sin 2 0 ) + B(m^ + sin® 0 ) 


It follows from this thati two masses in the same plane which have 
the same principal axes at any point in the plane, and the same 
moments of inertia about those axes, will have the same moments of 
inertia about any axis through that point inclined to the plane. 

For example, it was proved in Art. 206 that a triangle of mass M 
has the same moment of inertia about any axis in its plane as three 
particles each of mass |M placed at the mid-points of its sides. 

Since the principal axes in their plane through any point are the 
*xes of greatest and least moments of inertia, it foUows that the triangle 
and the particles have the same principal axes. Hence, A, B, /, are 
the same for both systems. Therefore the two systems have equal 
moments of inertia about all axes. 

211 . Bquimomeiital Systems. — If two bodies or systems of bodies 
have equal masses, the same centre of gravity, the same principal axes 
at the centre of gravity, and the same moments of inertia about those 
axes, then they have the same moments of inertia about all other axes. 

Two such systems are called equimomental systems^ 

The proof is very simple. The moment of inertia about an axis 
through G whose direction-cosines are /, n, is, for either system, 

A/2 + B;5^2 -I- C«2 

About an axis parallel to this at a distance h from the centre of gravity, 
the moment of inertia of either system is 

A/2 + Bm^ + C«2 -1- 

Example. — ^The moments of inertia of a solid rectangular block 
with sides a, about its principal axes through its centre of gravity 
(which axes are clearly parallel to the sides), are 



b = m(— + 

Via 




c = 




CHAPTER X 

ELASTICITY 

213. Stress. — One of the fundamental assumptions in the statics of a 
rigid body is that two equal but opposite forces, acting in the same 
straight line but applied at different points, can balance each other. 
Now thiS implies that a rigid body can transmit through its substance a 
force applied at any point. Let us suppose, for the sake of illustration, 
that a rod is in equilibrium under the action of two equal pulls at the 
ends. It is clear that by some process, the ultimate nature of which we 
do not understand, the particles (or molecules) at which one pull is 
directly applied exert a pull on the next set of particles, and these 
again pull the next, and so on, the action applied at one end being 
handed on from particle to particle till it reaches the particles to which 
the force is applied at the other end. There must therefore be an 
attraction between neighbouring particles of the rod which resists their 
separation — ^provided the pull exerted is not too large- 

If the forces at the ends of the rod had been directed towards, 
instead of away from, each other, there would have been a different 
kind of action between the particles. In place of an attraction there 
would have been a repulsion between the successive particles in the line 
of the rod. 

Any mutual action between the neighbouring particles of a body is 
called a stress. The former of the above stresses is called a tension^ and 
the latter, a thrust Either of these two stresses may be regarded as 
the negative of the other, since, on changing the signs of 
the applied forces in any particular case, the tensions will 
become thrusts, and the thrusts tensions. 

214. Shear Stress. — There is another kind of stress 
besides those we have just mentioned, and this we shall 
now consider. 

Suppose a vertical rod is held firmly at one end so 
that its direction and position is fixed, and suppose a 
horizontal force F is applied at the other end A. Now 
let us consider the mutual actions of the parts of the 
rod on the upper and lower sides of a horizontal section 
through any point P of the rod. By resolving horizon- 
tally the forces acting on the portion AP of the rod, we 
see that there must be at Pa horizontal force equal to F, but acting in 
the opposite direction. Thus each portion of the rod on opposite sides 
of the horizontal plane through P exerts on the other portion a force 
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which is in the plane of separation. This force is called a sheafing 
Jorce^ or simply, a shear. 

A shear is quite different from a thrust or tension, for these are 
forces perpendicular to the plane across which they are transmitted, 
whereas the shear is in that plane, 

215. The three kinds of stresses usually co-exist in any solid body, 
i Jt, is only in eisceptional cases that tension or thrust could exist without 

shear across some plane. As an example of the co-existence of 
tension and shear, we need only consider the action across an oblique 
section of a rdd under no forces but two equal pulls at its ends, 
Since’ 4 ik resultant force across the section is along the rod, it follows 
that the force transmitted across the oblique section has a component 
in the plane of the section as well as one perpendicular to it. Thus 
there is a shear and a tension at the section. 

A thrust between two portions of the same body is similar to a 
normal pressure between bodies in contact, and a shear is similar to 
friction. There is this difference, however, between shear and friction, 
that there can be no friction without a normal pressure, whereas shear 
can exist without any thrust or tension across the same plane. There 
is no force between two solid bodies which is similar to tension in a 
body, 

216. Strain. — Until the present we have always assumed that a 
rigid body is one whose shape does not alter when the body is acted 
on by forces ; that is, it was assumed that there could be no relative 
displacements of the particles of the body. This was, in fact, involved 
in the definition of a rigid body. But such bodies do not exist in 
nature- The smallest external force will alter the relative positions of 
the particles of an apparently rigid body, although the displacements 
may be so small that we cannot detect them without refined measure- 
ments. But every one is familiar with the effect produced on india- 
rubber or jelly by a pressure at one point, as well as with the effect 
produced on a rubber string by pulls at its ends. These bodies yield 
visibly to the thrusts or pulls applied to them. Now the same kind of 
yielding occurs when a pressure is applied to a block of iron, or a pull 
to an iron rod. But here the yielding is so small as to be generally 

unnoticeable. When the 
forces which deform a body 
are removed, the body re- 
covers its original shape, if 
these forces have not been 
too large. This property 
which bodies possess of 
recovering their original 
shape after being deformed 
is called elasticity. 

Fio. 103. A body deformed by 

forces is said to be strained. 
To every stress there is a corresponding sh^ain. A rod in thrust is 
shortened, and in tension it is lengthened, A shear acting on a cubical 
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block parallel to one of the edges distorts the sections which are parallel 
to the shear and perpendicular to its plane into parallelograms with 
unequal angles, as shown in Fig. 103, 

l^en a rod whose unstrained length is / has its length increased by 

Sf the measure of the strain is j • If the rod shortens, the contraction 

must be regarded as a negative extension, so that the strain will be 
negative. 

The shear strain of the 

corresponding stress acts in _ 
small compared with AD, the radian measure of the angle DA^ may 
be taken as the shear strain. 

217. Hooke’s Law. — This law states that the tension in an elastic 
body is proportional to the extension produced. Careful experiments 
show that ^e law can be extended to all kinds of stress and strain. 
The generalized law is : — 

stress producing any strain in a body is proportional to the strain. 

That is, 


planes perpendicular to AD. Since T^d is 


body shown in Fig. 103 is 


stress 

strain 


= ^ (a constant) 


If the stress be taken as the force on unit area, the constant k is 
called the modulus of the substance for the particular kind of stress 
and strain we are dealing with. In the case of a tension or thrust the 
modulus is called Youngs modulus^ and in the case of shear it is called 
the modulus of ri^dity. We shall denote these moduli by E and n 
respectively. 

There is a limit for every substance beyond which Hooke’s law is 
not true. If the stress is increased after this elastic limit is reached, the 
strain increases more for a given increase of stress than before the limit 
was reached. In addition, the body does not even approximately 
recover its original shape after the forces are removed. The strain left 
after the forces are removed is called permanent set There is a certain 
maximum stress which cannot be exceeded without breakage, and this is 
called the breaking stress, 

218. Elastic Strings. — If a string of length /and cross-section 
subject to a tension T, has an extension the tension on unit area of 

a normal section is — , and the strain is y Hence, by Hooke’s law 
a » 



For the same string under different tensions a and / are constant, 
and therefore the above equation can be written 

T = (d) 

k being constant for the particular string only, while E is constant for 
all strings of the same material 
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Example i. — An elastic string of negligible weight and length 1 is 
attached to two pomts in the same horizontal plane, the siring being Just 
fight, but nnstretched. When a weight W is attached to the middle point 
the two halves of the string are inclined at d to the horizotitaL To find 
W in terms of 6. 

The extension of the string is /(sec 9 — i), and the strain therefore 
(sec 9 — i). Hence 

T = E^2(sec 0 — i) 

But, for equilibrium of the attached 
weight, 

W = aT sin 6 

= aEa (tan 6 — sin 0) 

Fig. 104. 

which is the required relation. 

Example 2. — If 0 is small in the last problem, to find an 
approximate value of 9, assuming W to be known. 

Expressing tan 9 and sin 9 in powers of 9, we have 


03 

tan 0 = 0 H — , 

3 

sin 6 = 0 — g- approximately 

Hence 

W= 2Ea- = Eae^ 

2 

Therefore 



Example 3, — AB and CD are two elastic strings similar in all 
^ respects. The ends A and C are attached 
to two points at the same level and at a dis- 
tance b apart. The lower etids are attached 
to a rod AMB of length b, which has its 
middle point M fixed by a hinge so that the 
rod can turn in the vertical plane containing 
A and C. The hinge at M is at a distance 1 
vertically below the middle point of AC. If 
the natural letigth of each string is a, to find 
the extension when a weight W is attached at 
D, assuming that the shortened string does 
^ not become slack and that the strings only 
make small angles with the vertical. 

^ Let the increase in the length of CD 
due to W be y; then AB will decrease 
by approximately the same amount. If Tj, Tg, are the tensions, we have 

Ti = k(^l +J' — T 2 = k(l^ y — (?) 

Now taking moments about M for the equilibrium of the rod, 
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therefore W = Ti — T2 = ^ky 

Hence y = 

W W 

and Tj = k{l^ a) +y » Tg = k(J ^ a) - 

Example 4, — ^ABCD is a framework made of four equal rods of 
negligihle weight joined hy smooth hinges. Two exactly similar elastic 
strings join oj>posite corners of the quadri 
lateral. The framework is suspended by the ^ 

hinge at A, and a weight W is attached to C. 

To find the new lengths of the strings^ assuming 
that the shortened one does not become slack. 

Let / denote the length of each string 0 
when the framework is in the form of a 
square, and let a denote the natural length 
of each string. Also let / + ^ and / — ^ 
denote the new lengths of the strings with the 
weight W attached. Then 




OA2 + OD2 = DA2 
that is, \ I +jk )2 + \{l -- zf — 


W 

Fig. 106. 


Since y and z are small, we neglect the squares of these quantities 
and get 

\ly - = o 

or y z 

Now the tensions in AC and BD are k{l + y d) and k{l — — o ) 

respectively. We shall call these Tj and Tg- 

To get a relation between the tensions and W we can use the 
principle of virtual work. If AC increases by an amount dy^ then BD 
increases by an amount d{l — a) = ^dz = --dy. Thus the work done 
by the tensions in a small variation of y is ^Tidy + Tg^. Thus the 
equation of virtual work is 

••Tidy + 4 * = o 

Hence W = Ti - Tg = sky 

Thus = ^ 

and the new lengths of the strings are therefore 

W W 

/+ and 

2k 2k 

219. Work done in stretching an elastic string by a tension 
which, at any instant, is the same all along the string. 

Let T be kx when the extension is x. Then the work done in 
a further extension dx is 


Tdx = kxdx 
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Hence, the work done in altering the extension from xq to Xi is 
J kxdx = 

— + ^o)(*i ~ ^o) 

= iCri "t" ^o)('*i ~ '*0) 


which is the product of the arithmetic mean of the tensions at the 
beginning and end of the stretching and the increase in length. 

If xo the original extension, was zero, the work done is 
The above expression for work is the value of the work done by 
the stretching force, not by the tension in the string itself. The work 
done by the tension on the body which stretches the string is the 

negative of the result obtained. , . . 

If a body of weight W is attached to the end of an elastic string, the 
work done by this weight in descending .* feet is Wx. The work done 
by the tension in the string on the body is -iT^r in extending the 
sfring X beyond its natural length, where T is the tension at the end. 
Now if the body was released in the position where the extension was 
zero it is shown in dynamics that it will come to rest again when the 
total work done on it is zero, that is, when Wa: - ^Tx = 0 , or when 
T = aW. Thus the body does not come to rest in 
the equilibrium position where T = W, but swings past 
it just as a pendulum bob does when it is released 
from any position except the equilibrium position. 

220. To find the extension of an elastic string 
under a continuous load distributed along its length. 

Here the tension is not uniform, and consequently 
the strain varies along the length of the string. We 
chilli therefore be obliged to consider the strain at 
each point of the string. 

Let AB represent the unstretched string, A'B' the 
stretched string. Let P, Q be two points on the 
unstretched string, P',Q', the corresponding points 
on the stretched string. Let AP = x, A'P' = a: + J- 
Thus s denotes the extension of AP. Now let 
PQ = dx, then PQ' will be d(x + s) = dx+ ds. Then the strain in P'Q' 


B' 


Fig. 107. 


is since ds is the increase in length and the original length was dx. 

If T denotes the tension at P, a the cross-section of the string, E 
Young’s modulus, 

(r) 


Let w be the load per foot in the neighbourhood of F. Then the 
load on FQ^ is wdx^ and this is balanced by the excess of tension at P 
over that at Q. Thus, T -f being the tension at Q, 

T — (T -h dT) = wdx j 



ELASTICITY 


169 

In this equation «/ may, of course, be a function of x. By integrating 
equations (2) and (i) we can find the tension and extension at any 
point if we are given the conditions necessary to fix the constants of 
integration. 

As an example take the case of a string under its own weight, w 
being constant, together with a load W at the end. Here 



dT _ 
dx ^ 



Therefore 

T = 

— aw+ C • • . . 

. . . . (3) 

or 

dx 

— wx + C 


Whence 

Eni* = 

— ^wx^ -j- Cx + D . . 

, . . . (4) 


To find the constants, we have the ^ onditions that T = W where 
jc s= 4 and ^ == o where ^ = o. These give 

W = wl+Q 
o = D 

Thus we get finally, on putting these constants in (3) and (4), 

T = 2£/C/ - + W 

Eas = ^w(2lx — + Wx 

The extension where jc = / is 

221 . Potential Energy of a Stretched String.— The potential energy 
of a stretched string is the work that could be done by the string in 
resuming its natural length. It may be regarded as energy stored up 
in the string which is available for doing work. This energy is the 
same as the work done by the stretching forces, provided the stretching 
takes place slowly ; or it is the negative of the work done by the string 
against the stretching forces as the string is stretched from its natural 
length to its final state. 

Suppose that when a string is being stretched the tension at a 
distance x from one end is T. Let j denote the extension at this point 
as in the last article. Now let us consider the work done by the 
tensions at the ends of a portion of natural length dx as it is extended 
to dx + ds. Since the length is small the tension will be, at any instant, 
nearly the same all along the portion. If T is the final tension in this 
element, the work done in stretching it is therefore (by Art, 219) yTds, 
and the work done by the tensions themselves is the negative of this, 
namely, — |Ti*. Hence the work done by the tensions as the string is 
stretched 

-l/Ti.-lf tJ* 

/ being the natural length of the string. 
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The potential energy is the work which would be done by the string 
in contracting to the natural length again, and is therefore 




If the tension is uniform the potential energy is, of course, |T 2 — » 

the same as the work done in stretching. The potential energy of the 
heavy string under its own weight alone is, by Art. 220, 


iV^I-xT-dx^l^l^ 

Jq 


^ 1 {wlf I WV 

where W is the total weight of the string. 

This potential energy is one-third of that of the same string under a 
uniform tension equal to the weight of the string. 

382 . Elastic Rods. — In the theory of elastic solids it is assumed that 
the thrust required to shorten a rod by a length s is the same in magnh 
tude as the tension required to lengthen it by s. This assumption is 
justified by experiments, 'rhwrcfore the formula we have used for 
elastic strings, namely, 

. . 



can be applied to rods either in tension or thrust, with the conditions 
that a thrust shall be regarded as a negative tension and a contraction 
as a negative extension, and the value of E is 
the same in both cases. 

Example i. — AB, CD, EF, are three equal 
and similar elastic rods whose ends are attached 
at equidistant points alon^ two stout bars^ 
which are supposed to remain always straight. 
At A and B two equal forces P are applied 
towards B and A respectively. To fifid the 
tensions or thrusts in the three rods. 

Suppose the rods AB, CD, EF, have ex- 
tensions X, y, 2, respectively. It is simpler to 
Fig. 108, assume the rods are all extended, and let the 

signs of the extensions tell us whether they 
are extended or contracted. Since the connecting bars are always 
straight, 

AB -f- EF = 2CD always ; 

2/ + JC -h = 2/ 4 - 2j^, 

P = ^x + e) ( 2 ) 

The tensions in the rods are kx, ky, kz, k being the constant '^* 




B 




that is, 
or 
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Then considering the equilibrium of the bar i\E, we have by moments 
about A, 

ky + 2kz-o • • ( 3 ) 

and by resolving parallel to the rods, 

P = --kix +y -f «) (4) 

On solving equations (2), (3), and (4), we find 


Thus there is a tension in EF and thrusts in the other two rods, as 
might have been expected. 

It must be noticed that in this question we have assumed that there 
were no initial stresses in the rods. This would be quite true if the 
rods were exactly equal and the bars exactly straight. 

Example 2. — instead of having AE = 2 AC in the last qtiestion^ 
we had had AE = n AC and the three rods parallel as before^ what would 


ihefi be the tensions and thrusts? 

By similar triangles it is easy to show that 

EF - AB = <CD - AB) always; 

that is, z ^ oc = n{y — x) • • (S) 

The equations corresponding to (3) and (4) of the last example are 

ky + nkz = 0 (6) 

'^^- kix+y + z ) (7) 

Solving the equations (5), (6), (7) we get 


kx= — -^i±i_p\ 

2{n^ — « + i) 

7t \ 

<S) 


kz = j 

2{}fl — n + 1) / 

Example 3* — Six rods of the same material and thickness form the 
sides and diagofials of a square ABCD, aiid are 
joined together by smooth hinges at the comiers. 

Four eqzial forces^ each of magnitude P, are 
applied at the hinges^ all the forces being peipen- 
dicular to AB and all acting outwards from the 
frame. Find the stress in each rod^ assuming 
there were no initial stresses. 

From symmetry the stresses in the rods 
meeting at A will be equal to those in the corre- 
sponding rods at any other corner. We have, 
therefore, only to find the stresses at A. 

Now, by considering the equilibrium of the 
hinge A we shall get two equations connecting 
these stresses. But we shall need a third 
equation. This third equation is a geometrical 



Fig. 109. 
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one, given by the fact that the lengths of the sides and the diagonals 
are not independent. The frame contains a redundant rod, and when- 
ever this happens the length of one of the rods can be expressed in 
terms of the others. Every redundant rod gives one geometrical 
equation. 

Let c denote the natural length of a side of the square ; and 
the extensions of AB, AD, and AC. Then, since the figure will be a 
rectangle in the strained state, 

{c+ x)- + (c +y)^ = (a/2C+z)^ 

Neglecting squares of Xy y, and z, since these will be small in comparison 
with the first powers, this equation gives 

^ +y = ( 9 ) 

Let X, Y, denote the tensions in AB, AD, AC. Then, if a denotes 
the area of the section of each rod, 

X = Ea-, Y = Z = Ea— . . . (10) 

C C aJ 2C ' ' 

Substituting in (9) for X, Y, Z, we get 

X+Y = 2Z (ii) 

Now resolving along AB and along AD for the equilibrium of the 
hinge at A, 



’^+75^“'’ (-s) 

Equations (ti), (12), and (13), give 



Thus there are tensions in 
AD and AC, and a thrust 
in AB. 

Example 4. — In the same 
framework as in the last ex- 
P ample two balancing forces P 
are applied at A and C, <uii 7 ig 
outwards from the frame. Find 
the stresses in the rods, 

(a) When the diagonal BD 
is strengthened so that its strain 
can be neglected. 
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{h) When the diagonal BD is left i^nstrengfhened. 

{a) Let X denote the extension of the diagonal AC, and z the 
extension of each side. Then, since the diagonals remain perpendicular 
after strain, 

that is, neglecting squares of x and 


X 

72 


7Z 


(is) 


Denoting the tensions in the diagonal and the sides by X and Z we 
have 


X = Ea , Z= Ea- (16) 

Equations (15) and (16) give 

X = 2Z Ci7) 

Also, for the equilibrium of the hinge at A 

(■«) 

From (17) and (i8) 



X = (2 - V2)p; 


The tension Y in the diagonal CD is given by considering the 
equilibrium of the hinge at D. Thus 




Y = - =(-v ^2 - OP 


• (20) 


(I) Let the extensions of AC, BD, be x, and the extension of each 
side z. Then, because the diagonals are always perpendicular, 




or 


* 4. j' _ „ 

■7— “T -7-“ = 2Z 
V2 V 2 


(*0 


Therefore Ea-^ — 1- Ea-r— = 2E« 

^/ 20 aJ 2C C’ 

that is X + Y = 2Z (22) 

Also, by resolving along AC for the equilibrium of the hinge at A, 

X+a/2Z=P (23) 

and resolving along BD for the equilibrium of the hinge at D, 

Y4-V2Z = o . , . • . . . (24) 
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Solving (22), (23) and (24), we get 



(25) 


Example 5. — A BCD is a rectangular framewoi^k formed of rods AC, 
AD, BC, BD, C D. There are smooth hinges at the corners of the rectangle^ 
and the hinges at A and B are fioced to two points in a ve^^tical line. All 
the rods are of the same material and the same cross-section. To find the 
stresses in them due to a load W applied at C, the lower end of 

Let the natural length s of AD and DC be a and b. The length of 
each diagonal will be Afa^ + d^, and we shall denote this by d for 
brevity. Let the angle ADB be a. Now let the tensions in AD, AC, BD, 

BC, CD, be X, Y, Y\ X, Z, respectively, 
and let the extensions be y, z. 

Now the problem can be resolved 
into two easier problems similar to each 
other. We can deal with the rods AD, 
DB, acted on by the force Z, the tension 
in CD. Then we shall deal with the 
rods AC, CB, acted on by an upward 
force at C, whose magnitude is Z — W. 
We shall then have to express the con- 
dition that the sum of the downward displacement of D and the upward 
displacement of C is the contraction in the rod CD caused by the 
thrust — Z. It is, of course, obvious beforehand that this contraction 
will turn out negative ; that is, there will be an extension in DC. 





Fig. II2A. 


Fig. IT2B. 


For the equilibrium of the hinge at D we have the two statical 
equations, obtained by resolving horizontally and vertically, 


X + Y'cosa = o (26) 

Z + Y^sin a = o (27) 


Now suppose that, after the strain, the angle DAB becomes 9 . 
Then D descends a cos 9 approximately. We have now to find this 
quantity in terms of a, and the strains x and y\ 
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By trigonometry, from the triangle ABD after strain, 

^(a + 
ab 

on neglecting squares and products of ^ and /. 

Thus D descends 

ax — dy , ^ 

^ (28) 

Now turning to the other part of the frame, we get the two statical 
equations 

X'+ Y cos a = o (29) 

(Z — W) + y sin a = o (30) 


Also C rises 


Tims CD is shortened by 


ax' — dy 
b 


ax — dy + ax! dy 


Since the extension of each rod is proportional to the product of the 
tension in the rod and the length, equation (32) gives 

-bZ = ^ .... (33) 

Now by means of equations (26), (27), (29), (30), we can express 
all the other tensions in terms of Z, On substituting these values in 

(33). we get 

- 52Z = ( 2 Z - W) 

■n.«efo™ 2..^+^W (34) 


7 s- V - W 

2^3 -J- ^ 4 . 2d^ 

^3 ^ A3 -1_ ^3 

W-Z= W . 

2a^ + b^ -j- 2d^ 


Y' = ~-Z 
V - ^4 


X =-Z, 
b 


. Y = +^(W - Z), X' = -|(W - Z) 


• ( 35 ) 


• . . (36) 


Thus all the stresses are known. 

In all the preceding examples w'e have assumed that there were no 
initial stresses in the rods. But it can easily be shown that, if there are 
initial stresses, all our equations would remain true if we substituted 
everywhere the increases in the tensions due to the applied forces 
instead of the whole tensions. For our geometrical equations clearly 
give the increases in the extensions of the rods, and these are pro- 
portional to the increases in the tensions. Moreover, every hinge is in 
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equilibrium before and after the application of the external forces; and 
consequently, by subtracting the corresponding equations expressing 
equilibrium in the two states, we shall obtain new equations diifering 
from the equations of equilibrium when the initial stresses are zero only 
in having the excesses of the tensions due to the applied forces instead 
of the whole tensions. 

223. Shearing of Short Beams. — Suppose a short beam is acted on 
by forces perpendicular to its length, and suppose that there is no appre- 
ciable bending ; that is, suppose that there is no relative lengthening of 
the fibres of the beam in the direction of its length. Let y be the 
deviation, from the original central axis of the beam, of a point on the 
central axis at a distance x from one end (or from some fixed point on 

dy 

the beam). Then by definition ^ is the shear strain. The shear stress 


dy 

per unit area of the section is therefore equal to n n being the modulus 


of rigidity. 

Example i. — For cast iron n = 6 . 10® lbs, per square inch. To find 
the deflection due to shear at the end of a horizontal cast-iron beam of 
rectangular section, when a weight W lbs, is suspended at one end and 
the other end is firmly fixed in a wall. Length of beam standing out of 
wall 2 feet, depth i foot, breadth 6 inches. The weight of the beam itself 
may be neglected, 

LetjV' inches be the end deflection. In this case the shear strain is 
dy y , , y* 

constant, so that-~ = -. Thus the strain is—, and the stress per 
^ dx X 24 ^ 


. W W v' 

square inch is — . Hence — = — x 6 . 10® 
^ 72 72 24 


Therefore 


y = 


W 


18 X 10® 


inches 


If W is 20 tons = 44,800 lbs., theny = 0*0025 



Example 2. — A beam is bounded by horu 
zonial and vertical faces, and a horizontal sec- 
tion of the beam is a quadrilateral with two 
sides parallel. The thick end is built into a 
wall, and a weight W is suspended from the 
other end : to fi^id the deflection due to shear. 
Let the widths of the horizontal section 
at the wall and at the free end be a and b 
respectively ; and let / be the length of the 
beam, d its depth. 

This example differs from the last one in 
that the shear stress on unit area of a normal 
section is different at different points of the 
beam. For the total shearing force at any 
section is constant, while the area is variable 
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Let y denote the deflection at distance 00 from the wall. The area 
of this section is 


d^a — (a — 6)j^ 


Hence the equation connecting stress and strain gives 
t/y W 


dx 


— (a — 


Integrating, we get 




W/ 


Then 


d{a — b) 

To make>' = o when ic = o, C must be — log^ a 

X 

/7 _ i rt /> T 

W/ 




;log. 


t be — log^ a 
a — {a — 


nd(a — h) a 

and the deflection at the end, obtained by putting ;» = /, is 

W/ a 

nd{a-hy^h 

224. Twisting of a Circular Rod. — Assuming that the lower end of 
a very short rod is fixed, we shall find what couple must be applied 

to the upper end to turn it through a small 

angle ^ 

Let / denote the length of the rod, and let 
dK denote the sectional area of a very thin 
prismatic portion of the whole rod. 

There is one line in the rod which is not ^ 

displaced by the couple. This is denoted by Fig. 114. 

CD in the figure. 

The line CP is strained into the position CP' by the couple, so that 
PCP' is the angle 

Let the distance of dK from C be denoted by r, and let the co- 
ordinates of dh. referred to a pair of axes through C in the plane PCP' be 

T<ii 

x^y. Then the shear strain of the thin column is consequently 

f’m 

the shear stress is perpendicular to CP' (since ^ is small). Thus 

9 Z^CP 

the force on the upper dA is -^dA perpendicular to CP'. This force 

fiX(D 

has components — and parallel to the axes. Since the 

whole action on the upper face is known to be a couple, the vector sum 
of all the shear forces is zero. That is. 
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But if 5, are the co-ordinates of the centre of gravity of the area A of 
the upper section of the prism, these equations mean 

= o, and A = o 

* t 

Thus the origin, namely C, is the centre of gravity of the area. This 
shows that the line which remains unmoved by a couple applied to a 
rod is the line joining the centres of gravity of the sections. 

To find the moment of the couple, take moments about C of all the 
shear forces, and the moment of the couple is found to be 

TflMA-’-ii 

where I denotes the moment of inertia of the area of the section about 
the axis of twist. 

Since (f> and / are small, let us now write them A(f> and As, so that d<f> 
is the angle through which an infinitesimal portion ds of a prism is 
twisted. Then the couple on any section is 

’4 

as 

If the couple is constant throughout the length of the p rism, as when 

couples are applied at the ends only, then ^ will be constant also, and 

as ’ 

becomes again j, where ^ and / are no longer small quantities, but are 

the total twist and the whole length of any prism. 

For a hollow cylinder with inner and outer radii a and d the couple 
on each end which will produce a twist ^ is 

The work done by the couple in tsv'isting one end of the rod 
of length I through the angle d4>, while the other end remains fixed, is 

Consequently, the whole work done in twisting the end through (4, 
radians is ° 




— being the final angle of twist per xinit length. 

TOs gives the potential energy of the twisted rod. 

If a small piece £is of a rod is twisted through we fittd the work 
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done in twisting this by putting ds and for / and <f>i above. Thus 
the work is 



If ^ is not constant at every point of the rod, or if the rod is not 

straight, the last result shows that the work done in twisting the whole 
rod of length / is 

This, of course, includes the case where ^ is constant, and therefore 

as 

equal to ^ for a straight rod. 

The preceding is Coulomb’s theory of torsion and was applied by 
him to prisms of any section. But St. Venant subsequently showed 
that this theory is inaccurate for any but rods which are solid or hollow 
circular cylinders. The assumption made in the preceding proof, 
namely, that the shear strain of an elemental prism is proportional to 

is true only if the end faces of this prism retain their original 
directions. From the definition of shear strain it is clear that the shear 
strain of a thin short prism is proportional to the change of the inclina- 
tion of the length of the prism to its end faces. Thus the whole of our 
proof depends for its validity on the assumption that the end faces of 
the short prism do not alter their directions ; that is, our argument 
requires that all the particles that were originally in a plane section 
remain in one plane section when the rod is twisted. St. Venant has 
shown 1 that Coulomb’s assumption is strictly true only for a circular 
rod or tube that has an axis of symmetry. For rods that have very 
compact sections, such as regular hexagons or octagons, Coulomb’s 
theory is nearly true. But if the section is not nearly circular, if, for 
example, the section is a triangle or a long thin rectangle, then 
Coulomb’s formula is very far from the truth. For a section in the 
form of a square the factor I in the preceding formula should be 
replaced by 0*844!, and for an equilateral triangle it should be replaced 
by o*6oI. 

The results proved above are true for all uniform prisms if we 
replace I by a coefficient K, which is less than I for all prisms except 
circular cylinders. 

224a. Stretching of a Spiral Spring. — Suppose the coils of a spiral 
spring are very nearly perpendicular to the axis of the spring — ^which is 
usually true — ^and suppose that the ends of the spring are bent so that 
the hooks, at which the pulls are applied, lie on the axis of the spring. 

Let equal pulls T be applied at the hooks, and consider the action 
at any normal section P of the wire. The portion of the spring from 
P to either end is in equilibrium under the force T at that end, and the 

^ See Prescott’s Applied Elasticity, 



l8o MECHANICS OF PARTICLES AND RIGID BODIES 


action at the section P. To balance T this action must be a shearing 
force equal and opposite to T, and a couple in the plane containing P 
and the axis of the spring, which plane is very_ nearly coincident with 
the normal section at P. Assuming the coincidence to be exact, the 
couple produces a twist in the wire at P about the cmtral axis of the 
wire at t^a<- point. Thus each small portion of the wire is subject to a 
torsion similar to that considered in Art. 224. 

Let a — the radius of the coils, r — &e radius of the wire, « = the 
rigidity-modulus, = the angle of twist of a length ds of the wire, 
/ = the total length of wire in the coils. Then, since the couple is dl, 
we get 

K«^=<2T 

ds 

Now, to find the extension of the wire due to T, it is easiest to use 
the principle of virtual work. The work done in twisting all the infini- 
tesimal portions of the wire is, by Art. 224, 

If X is the total extension of the spring, the work done by the 
tensions T is 


Now, since the shear strain is very small, and therefore the work 
done by the shearing force T is a negligible quantity, we may equate 
these two expressions for the work done. Thus — 

J 0 

Differentiating with respect to x, we get 

2?tK dx' 


whence 


and therefore T = —.x 

ay 

No constant need be added, since T is clearly zero when x is zero. 

This gives T in terms of x, or x in terms of T, and we see that one 
is directly proportional to the other, just as for an elastic string. 

If the points at which the equal forces T are applied do not lie on 
the axis of the spring we get a different relation between T and x. 

Let us ^nsider a single coil of the wire. Suppose the line of action 
of the tensions meets the plane of this coil (the coil being assumed to 
be in one plane) at a point H distant c from the centre of the coil. 
Let p denote the perpendicular distance of H from the tangent to the 
element ds. Then the torsion in ds is pT, and now we have 
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If 0 is the angle which p makes with the line joining H to the 
centre of the coil, then 

p a c cos 6 

Writing add for ds, we find that the work done in twisting this coil is 

^T2 




aT^ 

= + 2^^ cos 6 + c^ cos2 d)d9 


If the wire of the spring had unit mass in unit length, its moment 
of inertia about the line of the tensions, if the line makes a small 
angle with the axis of the spring, would be 27 Ta(a^ + c^). If we call 
this then the work done in twisting the coil may be written 

T2 

To get the work done on all the coils we must sum these quantities 
for every coil, and it is clear that this sum is 

where k is the radius of gyration of the spring about the line of the 
tensions. This differs from the work when the tensions are axial only 
in having (a^ + k^) instead of 2 ^ 2 , Since the rest of the work is 
exactly the same as before, it follows that 

^ _ 2nK. 


2S5. Bending of Thin Rods or Beams. — Suppose a thin, naturally 
straight, uniform rod or beam AB is acted on by no forces but two 
equal and opposite couples at its 

ends. In order that any portion, p 

AP, of the beam should be in equi- ^ "N 

librium, there must be a couple \M m) 

acting on this portion at P to 

balance the couple at A. That Fig- “5- 

is, the action at P of the part PB 

on the part AP is a couple exactly equal to the couple at B. Similarly, 
the action of AP on PB is a couple at P equal to the one at A 

It is clear from the above that any portion of the beam boimded by 
normal sections is under the same kind of action as the whole beam, 
namely, a pair of opposing couples at the ends, the magnitudes of whose 
moments are the same as those applied at A and B. It follows, there- 
fore, that all equal small elements of the beam will be similarly deformed. 
This deformation is a bending. Thus, every element will be bent into 
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a cun^e, and since the deformation is the same for every element, the 
whole beam must have the shape of a circular arc. 

We shall now calculate the couple required 
to bend a given uniform rod into an arc of a circle of 
radius R. 

Let be a portion of the bent rod. The sections 
Q^, vrhich were originally normal plane sections, 
will be nearly plane after bending, and we shall assume 
they are plane, and that these planes meet in a line 
through O perpendicular to the plane of the paper, 
and are inclined at an angle B, 

The figure is, of course, only a section of 

the beam in the plane of bending. Fig. ii6b may 
represent an end view of the section at P. 

Now it is clear that there is some plane of particles 
such as XX', meeting the section at P in the line AB, 
whose length remains unaltered by the bending. We 
shall show that AB passes through the centre of 
gravity of the area of the section at P, This line AB 
is called the neutral axis. 

Let CC' denote a small strip of area dK parallel to 
AB . Then the bundle of fibres CD, meeting the section 
at P in CC', has a new length, (R + z)B^ where z is 
the distance of CC' from AB. But the natural length 
of CD is the length of XX', that is, R^. Hence the 

Z 4 

The strain of a bimdle of fibres on the side of AB 



strain of CD is 


R‘ 


towards O will still be ^ if we regard z as negative there. 


The tension necessary to stretch CD is E—^fA. Hence the total 

R 

tension at the section through P is 

(x) 

But since we know that the action at this section is a couple, the 
tension must be zero. That is, 

\zdK = o (2) 

But if 5 is the distance of the centre of gra\dty of the section from 
AB, we know that 

fzdA = zJdA (3) 

Thus equations (2) and (3) tell us that i = o, that is, the line AB 
passes through the centre of gravity of the section. 

The moment about AB of the tension on CC' is 

zE . = ^z^dA (4) 

^ The sum of the moments, M, of all the tensions across the section at 
P is therefore given by 
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M=|/0VA=^ (5) 

where I denotes the moment of inertia of the area of the section 
about AXB, which is a line through the centre of gravity of the section 
and perpendicular to the plane of bending. 

If X is the centre of gravity of the section the moment of the tensions 
E 

about PX^ is — JyzdA, which is zero by hypothesis. It follows then 

that XB, XP are principal axes at X. This is a necessary condition 
that the rod should bend in the plane of the couple. 

If the neutral axis does not pass through the centre of gravity 
of the section, there is a tension T across the section given by 

T = |/^^A=|iA (6) 

A being the area of the section, and i being measured from the neutral 
axis. 

In this case we may regard the total action across the section as 
eqmvdent to a couple, together with the above tension acting at some 
point in the line through the centre of gravity parallel to the neutral 
axis AB. We will now find the moment of this couple. 

Let M denote the moment. Now T may be assumed to act at 
some point in the line where z = Hence, if we take moments about 
this line, of the stresses across the section at P, we shall get M, since T 
has no moment about the line. 

The tension on dA is 

|..A 

and the distance of the line of action of this tension from the line about 
which we are taking moments is (z — i). Hence its moment is 

^(z — ^zdA 
K. 

Thus M = ^/(a — ^zdA = ^(/z^dA — zfzdA) 

= |l(I + i2 A)-i 2 A} 

because fzdA — iA, and fz^dA = I + z^A by Art. 205 

Hence ^ ^ ^ • (7) 

exactly as when there is no resultant tension across the section. 

The quantity M, which is the moment, about an axis through the 
centre of gravity of a section perpendicular to the plane of bending, of 
the tensions across that section (thrusts being negative tensions), is 
called the bending moment at that section. * 
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227 . Beams with Transverse Loads. — We shall now consider the 
action across a section of a beam acted on by forces in one plane and 
perpendicular to the beam. 

Let PB be a portion of the beam, P being any point in it and B 
one end. Let R, S, T, denote the forces on PB. 

Since PB is in equilibrium, the action of the other portion of the 
beam on PB must balance R, S, and T. Now the forces R, S, T, are 
equivalent to a force at P perpendicular to the beam together with a 

couple. Hence the action of the other 
portion of the beam must be a force 
perpendicular to the beam and a couple, 
in order to keep the portion PB in 
equilibrium. The force is a shearing 
force and the couple is a tending moment^ 
and we shall denote them by F and M 
respectively. 

In some cases there is a couple 
acting at the end of the beam. But 
the argument which shows that a couple and a force at P is necessary 
for equilibrium would not be aifected if a couple were applied at B. 
There would still be, in general, a bending moment and a shearing 
force at P. 

For the sake of clearness we must have rules to fix when shearing 
force and bending moment are positive. The following are the rules 
we shall use in this book for horizontal beams. 

The shearing force is considered positive when the left-hand portion 
exerts an upward force on the right-hand portion. 

The bending moment is considered positive when the upper side of the 
beam is the convex side. 

The direction of positive shear and bending moment are indicated 
in Fig. 1 17. 

If we consider the external forces applied to PB to be positive when 
they act downwards and negative upwards, we get, by resolving perpen- 
dicular to the beam, for the equilibrium of PB, 

F = the sum of the external forces on PB. . . (i) 

Again, considering the moment of a downward force on PB as 
positive, we get, by taking moment about P 

M the sum of the moments about P of the external forces 
on PB (2) 

It must be observed that, since shearing force and bending moment 
are mutual actions between two portions 
of the beam, their directions on the two 
portions will be opposite. Thus, if AP is 
the other portion of the beam we have 
been dealing with, the directions of posi- 
tive shearing force and bending moment 
are indicated in the figure. Equations 
similar to (i) and (2) would give F and M by considering the equili- 


A 

C 


Fig. 1 18. 
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brium of AP. But in dealing with AP we should have to consider 
upward forces as positive in the equation for F. Downward forces 
would still, however, have a positive moment in the equation for M. 

228. Shearing Force and Bending Moment for Isolated Loads. — 
The equation (i) in the last article shows that the shear between two 
consecutive applied forces is constant when the only forces acting on the 
beam are concentrated at single points. Thus, in Fig, 117, if we 
imagine P to travel along the beam towards B, the shear will be 
constant until the force R is reached. On passing R there is a sudden 
decrease in the shear by an amount R, and then the shear is again 
constant as far as S, on passing which it increases by S. 

But there is no sudden alteration in the bending moment on passing 
a load as there is in the shear. For suppose x is the distance of R 
from P. The moment of R 

about P is R:r, and this quan- P Q R 

tity varies continuously with X i A Y 

that is, there is no sudden j 

change in the quantity as x ^ ■ 1 — ^ g 

approaches zero. After pass- ^ ^ K ♦ 

ing the load this term would 
not appear in the equation 
for M, as equation (2) shows. 

Thus the term due to the 
moment of R gradually ap- 
proaches zero as P approaches ^ ^ 

R, and must be omitted (that j 

is, must be taken as zero) i 

after passing that force. j 

We will now represent | 

shearing force and bending q i ^ 

moment in two instances by jP 

means of diagrams. These \ 

diagrams give a very clear j jr 

picture of the way in which qf j 

shear and bending moment : 

vary along the beam. D 

Figure 119 represents a 
beam AB supported on pegs 

at A and B, and acted on E J F 

by the force P, Q, R, of 

given magnitude. Let the ^ 

length of the beam be /, <x /3 

and let the distances of the 
lines of action of P, Q, R 

from A be a, c. Let x denote the distance of any point K 
from A. 

By taking moments about A and B in turn, w^e find Y and X the 
reactions of the supporting pegs. 

The ordinates of the discontinuous line measured from 
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00 ', represent the values of the shearing force at the points of the beam 
vertically above them. 

The bending moment at K, obtained by taking moments about K 
for the equilibrium of AK, is 

M = — :t:X + (:*: — ^)P + (jf — ^)Q 
== + Q - X) - 


Thus the curve for the bending moment between Q and R is a straight 
line whose slope is (P 4 * Q — X), which is the negative of the shearing 
force in the same region. It is easy to see, therefore, that the bending 
moment curve is a series of sloping lines, the slope at each point being 
the negative of the shear at the corresponding point of the beam. Also, 
M is zero at each end and negative for downward applied forces at all 
intermediate points. The ordinate of the polygon EajSyF at any point, 
measured from EF, gives the bending moment at the point of the beam 
vertically above it. 

It is an easy matter to show that the polygon EajSyF is a funicular 
polygon for the forces on the beam. This is left as an exercise for the 
student. 


We take another example of a cantilever^ that is, a beam built into 
a wall at one end and free at the other. In this case the bending 

moment is not zero at the point 



A where the beam leaves the 
wall. 

The ordinates of the broken 
line between C and D again 
represent the shear in the beam. 
The shear is obtained immedi- 
ately from the given forces. 
Thus OC represents P + Q + R, 
the shear between A and the 
force P. The shear between P 
and Q is Q + R, and between 
Q and the end B it is R. 

Now the bending moment 
curve can be constructed by 
starting at F and drawing three 
lines jSa, aE', whose slopes 
are respectively R, (Q + R), 
(P + Q + R), the values of 
the shear in the corresponding 


Fio. 120. regions. 

We shall in future refer to 
an end of a beam built into a wall as a fixed end, and to an end 
supported on a peg as a supported end, and to an end not supported or 
held in ^y way as 2. free end. At a fixed end the direction, as well as 
the position, of the beam is fixed. At a supported end only the 
position is fixed. 
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Continuous Loads. — We will now prove some equations which 
are needed for finding the condition of a beam under a continuous load. 

Let a line along the beam be taken as 
axis of and let w be the load per unit 
length at x. If w is constant there is a 
load w on each unit length of the beam, 
but if w is not constant the load on dx is 
wdx^ and w must be regarded as a function 
of X, F and M will, of course, also be 
functions of x. 

We shall consider the equilibrium of a 
small portion, PQ, of the beam. Let 
the X co-ordinates of P and Q be ^ 
and X + dx. The load on PQ is wdx. 

Resolving perpendicular to the beam for the equilibrium of PQ, 



(F 4 * ^F) — F + wdx = o 
dY 

Whence 0) 

Also, taking moments about Q, 


(M + dM) — M + Ydx — (^doc) ,fdx = o 


where denotes the distance of the line of action of wdx from Q; 
/is therefore a quantity less than unity. 

Dividing through by dx after removing M and — M, we get 


dx “ 


-F 


. . (2) 


Equations (i) and (2) are the fundamental equations for continuous 
beams, or beams imder continuous loads. If, in addition to the con- 
tinuous load, there are finite loads at isolated points, there will be a 
sudden alteration in the shear on passing one of these loads, as was 
shown in Art. 228. There is no sudden alteration in the bending 
moment, but equation (2) shows that on passing a load there is a 
sudden change in the slope of the bending moment curve by an amoimt 
equal in magnitude to the change in the shear, that is, by an amount 
equal to the load at the point. 

280 . Deflection of Beams due to Bending. — Now let y be the 
downward displacement, due to bending of the beam, of a point of the 
beam whose abscissa is x. Then x and y are the co-ordinates of a line 
of particles in the beam which was originally straight The radius of 
curvature, R, of this line is given by 
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In a bent beam ^ is usually small compared with unity. If we 

dx 

ignore this term in the denominator of the expression for g we get 

Now any small portion of the beam may be regarded as an arc of a 
circle whose radius is the radius of curvature of the beam at that point. 
And it was shown in Art. 226 that, for a portion of a beam bent into 
the form of a circular arc, 

^ R 

Hence, ’for any beam, 

RSI 

/7v 

and for a beam in which ~ is everywhere small, 

« 

The ambiguity in sign is removed by deciding which we shall call a 
positive bending moment The mle in Art. 227 is that the bending 
moment is positive when the beam is convex upwards. Since y is 
measured downwards, a figure will show that if a beam is convex 

dy d^y , d^y . 

upwards ^ increases with x ; that is, is positive. Thus, ^ is 

positive when M is positive. Hence we must take the positive sign in 
{4), Thus — 

“=^■8 < s > 

The useful equations in this subject are (i) and (2) of Art. 229, and 
(5) above. We will write the first two of these equations here again 
for convenience — 

( 6 ) 

(7) 

Differentiating both sides of (5), we get 
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Differentiating again, 

dx^ aX 


= ®/ . . . . 

(9) 

Equations (8) and (9) are only correct if I is constant along the 
beam, as in the case of a beam wiffi uniform cross-section. If I is not 
constant, we get, instead of (8) and (9), 


.... (8«) 

• * • 

.... (9^) 


For the present we shall deal only with uniform beams, so that we 
can take I to be constant. 

When w is given, equations (5), (7), and (9), enable us to express^ 
in terms of x and constants of integration. These constants have to be 
determined by the conditions to which the beam is subjected at the 
ends. But if there is a finite load or any kind of support at a point of 
the beam other than the ends, the constants will be different on opposite 
sides of that point. 

There are two conditions at each end of a beam, giving four con- 
ditions in all, and since there will be four constants in the integral of (9), 
these four conditions are just sufficient to determine the constants. 
The conditions are as follows : — 

At a supported end — 

d^y 

(i) y is known ; (2) M is zero, is zero. 

At a fixed end — 

(1) ^ is known ; (2) ^ is known, and is usually zero. 

At a free end — 

(i) F is equal to the load at the end j (2) M is zero. 

281. Uniform Beam fixed at Both Ends under a Uniform Load. — 
A uniform beam is built into a wall at each end, the two ends being at 

the same level, and — is zero at each end. The load,®/, per unit length 

is constant. This load may be the weight of the beam itself. To find 
F, M, and y, in terms of x. 

Let the origin be taken at the left-hand end of the beam. The 
differential equation to be solved is 

£ 1 ® = ® • (0 


Integrating four times in succession, we get 


VT 


d^y 


I A 


f^\ 
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= + + B (3) 

EI^ = + Ba: + C ..... (4) 

'Eily = + |Ba:2 + + D ( 5 ) 


-X 

Fig. 122. 

If the length of the beam is /, the end-conditions are 

y=o 

and ^ == o 
ax 

The conditions when o give 


The other two conditions give 

+ + = o (8) 

i«^/3 + ^A/ 2 +B/=o ( 9 ) 

From (8) and (9) — 

A = — B = ...... (10) 


Substituting, in’equations (2) to (4), the values found for the constants, 
we get 

M = ~ ^^(6a;2 — (,ix + F) 

Ely = — x)^ 

The maximum deflection is clearly at the middle of the beam where 

x = and its value is 
2 

<“) 
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For a uniform beam fixed horizontally at the end where x = o and 
free at the other, under a uniform load w per unit length, the same 
method will give 

EI^ 5= ^ wx^ ( 61 ^ — 4IX + x^) 

And for a uniform beam supported on pegs at the ends, where xss a 
and xss the same method gives 


EI^ = ^ wx ^ + /®). 


The student is recommended to work these out. 

333. Method of dealing with a Beam with a Concentrated 
Load. — As we have pointed out before, the shearing force is discon- 
tinuous at a concentrated load. Consequently the expressions for y 
on opposite sides of the load are different. We have therefore to find 
two sets of constants, one set to apply to each portion of the beam. 
There will be eight constants to be found, and we shall want eight 
equations to find them from. Four of these equations are given by the 
end-conditions of the beam. The other four are given by the relations 
between and its differential coefficients infinitely near the load and on 
opposite sides of it. We will indicate what these relations are. 

If a known load is applied at any point of a beam, 

(1) the difference of the shearing force on the two sides of the load is 

equal to the load itself; 

(2) the bending moment remains unaltered on passing the load. 

(3) and (4) y and ^ remain unaltered on passing the load. 

If, instead of a known load being applied, a support is placed 
under the beam at a known height, then the conditions are — 

(i) and (2)^ is known at the point of support for both portions of the 
beam; 

(3) and (4) the bending moment and ^ remain unaltered on passing 
the load. 

An example will illustrate the method. 

Both ends of a uniform leam are fixed horizontally at the same height, 
ff the length of the beam is 1, and a single load W is concentrated at a point 
distant a from one end^ to find the d^ction^ neglecting the weight of the 
beam itself 

We shall indicate quantities in the portions of the beam of lengths a 
and (/ — (£) by suffixes i and 2 respectively, and we will suppose the 
former portion is the left-hand one. 

Between the load and either end = o. Hence in each portion of 
the beam 


Er 


d^y ^ 
dx^ ' 


(I) 


Solving this for both portions of the beam, we get 

EIj^i = 6-^1^ 4 “ + C>ix + . • • . • (2) 

EI^2 = I -h + D2 ..... (3) 
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Novv we have to find the eight constants in these two equations from 
our eight conditions. The conditions at the load are 

Fi - Fa = W\ 

Ml — Ma = o i 

/ when;r = a . . (4) 

dx dx’^° \ 
yi-yz = o / 

^After finding Fji Fa* etc.j from equations (^2^ and tind substi* 
tuting in these conditions, we get 

Ai-A2=-W . . . (5) 

CAi — Aa)d! + (Bj — Ba) = o (6) 

5(Ai - Aa)®® + (Bj — Ba)^ + (Cj — Ca) = o (7) 
KAi - AaV* + KBi - Ba)^® + (Cj — Ca)® + (Dj - Dg) = o (8) 
These four equations give 

Bi-B 2 = «W /g) 

Ci-C2=-ia2W (10) 

Di - Da = t®®W (ii) 

NiOw the end-conditions are 

yi^Q\ 

dyi _ ^ I when ^ = o , (12) 


dx ^ 


when ^ =s / 


The four conditions give 

(^ 4 ) 

|A2/s + iBai2 + C2/+DUo’ •’.' !!!!.' ! Jjei 

IA2/2 + B2/ +€2 = 0 /jy\ 

Thm a' 1S5”I !>«. tomidiaKl,. 

Thl£- ' ’ f«> i, 

A* = -^( 3 / - a®) 

P ® 2 W, , J 

■‘%= — ^( 2 /- ®) 

These two equations combined with (s) and ( 9 ) give 

W 1 

■^1“ 2a) 
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On substituting the values found for the constants, equations (2) and 
(3) become 

Wa:2 

(20) 


EIj2 = ■^573"^ 2^)^ — 3/(2/ — d)x^ + — / 3 ^} 

W/z2 

= + (21) 

883. Deflection due to Several Systems of Loads —Suppose the 
end-conditions of a beam are that y or some of its differential co- 
efficients are zero; and suppose we use these conditions to find the 
deflections due to two separate systems of loads. Then the deflection 
due to the sum of the two systems of loads is the sum of the deflections 
due to each separately. 

Let_yi and ^2 deflections due to two systems of loads 7 Vi and 
per unit length, and let = yi + We shall show that, imder the 
conditions stated, y is the deflection due to both loads. 


For, since 

y=yx-^y% 

. . . fl) 

therefore 

EI^ = E + EI^ 

lie* dK^ dx^ 



as + Wg 

... (2) 


Thus y satisfies the differential equation for the deflection with a load 
{wx + per unit length. 

Again, the constants of integration which appear in yi and /2 
determined by making these quantities or their differential coefficients 
equal to zero at the ends. But since 

d^y _ d'^yx d^y^ 
dc^ dxl^ 

it follows that the term on the left is zero when both terms on the right 
are zero. That is, jk and its differential coefficients satisfy the same 
boundary conditions as yx and y^ and their differential coefficients. 
Thus y, which equals yx 4 - y%i satisfies all the conditions for the 
deflection of the beam under the load (a/j 4- Wg). Therefore {yx 4 - ^2) 
must be the deflection with this load. 

The preceding argument will hold when one or both of the systems 
of loads is a set of isolated loads. For suppose one of the systems 
includes a load W at a given point. Then the solution for this system 
gives an increase of the shear by an amount W on passing this load, 
and the solution for the other system gives no sudden alteration of the 
shear. Thus the sum of the two solutions gives an increase of the shear 
by W, wWch is as it should be for the sum of the loads. The rest of 
the conditions are just the same as before. 

As an example of the preceding, if we want the deflection due to a 

H 
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continuous load w per unit length and a finite load W at one point of a 
beam built into a wall at both ends, we have only to add the deflections 
obtained in Arts. 231 and 232, where the two loads are treated 
separately. 

But if the conditions of the end of the beam are thaty or some of 
its differential coefficients are given quantities, not zero, then we must 
not use the same boundary conditions for both systems of loads. If, 


d^y 

for example, = K, a known quantity, at one end of the beam, 


we 


must use this condition for one system of loads, and make = o at 
this end for the other system. 

Or again, suppose there is a support at one point of a beam so that 
y is known there. We can assume that the support applies a load 
{positive or negative) at that point. We may call this unknown load W, 
and find the deflection due to W and the other given loads. Then 
equating the given deflection at the given point to the calculated 
deflection, we can findiW, and thence the deflection at any other point. 

Example. — A uniform beam of lerigth 1 is fixed horizontally at hoik 
ends and is supported by a prop at a distance a from one end^ so that the 
i^eciion is zero at that point* T*o find the pressure on the support and the 
diction at any point of the beam* 

Let R be the upward pressure of the prop. Then the deflection 
due to R alone is given by putting — R for W in equations (20) and 
(21) of Art. 232. Also the deflection due to the weight of the beam 
alone is given by the last of equations (ii) in Art. 231. Hence the 
deflection due to both is y, given by 


Ely — — xf + — ^)^{(/ + 2<2)^ — 3,7/} . (i) 


in the portion of length a\ and 


- xy- - - ^)2{(3/ - 2 a)x - a/} . (a) 


In the other portion. 

The two values of y in (i) and (2) are equal when ^ = 
common value must be zero. Hence, putting y = o and x 
we get 






aj and this 
= in (i), 


(3) 


On substituting this value for R in (i) and (2), we get the deflection 
at any point of the beam. 

234r. Beams with Variable Sections. — It was pointed out in Art. 
230 that if I is variable we must use equation (^a) instead of equation 
(9) of that Article. Also the shear is given by (8a), and the equations 
(0) and (7), being independent of I, are true for all beams. We will 
work an example to show the method to be used* 
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The thick end of a wedge-shaped beam is built into a wall, the edge 
of the wedge being vertical and 
unsupported. To find F, M, and y, 
when the only load is the w’eight ■ 

of the beam itself. Let I be the ^ 
length of the beam, //the dsplli, 

and b the width of ihe thick end. I 

Lcl p be wbc density of the material. , I 

Taking the origin at the fixed — — 

end, the width at x is — ^ b» \ 

Thus the weight of a length dx is 

p — 7 — b ,ddx. Hence the weight 

•..1 ^ ■ Fig* 123. 

per unit length at is 

O' = p-r-bd (x) 


12 / 


Now the fundamental equation is 



^2 ^ t'^V’ \ / — ■*! J 

= 

Integrating this, -F = E£(lg)= - ^)2 + a . 


And again 


M = Elg= +£.e^.(/_3,)3 + A*+B 


Now at the free end, where ^ we have the conditions 

F = o, M = o 

Whence A = o, B = o 


Now putting A and B zero in (5) and substituting for I from (2) we 
get 

<») 

S = (9> 

Integrating twice and introducing the conditions that y o and 
— = o when X =: o, we get 

-y = 




• . (10) 
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Thus^ is found. Also F and M are given by equations (4) and (5) on 
putting A and B each equal to zero. 

tii & it is easy to get shearing force and bending 

moment without nav2.^5 recourse to the equation for the deflection. 
By equation (i), Art. 227 ’ 

F = weight of the portion of Uic? team to the right of x 


and 


M = the moment of this weight about the point x 




and these are the same values as before. 

236 . Strength of Bent Beams* — When breaking occurs at any section 
of a bent beam, the first point to give way is either the one on the 
stretched side of the neutral axis furthest from that axis, or the one 
furthest away on the compressed side. Whether the stretched or the 
compressed side will break first depends on the shape of the section and 
the relative magnitudes of the tensile and compressive breaking stresses. 
Now suppose P is the maximum safe tensile stress and h the greatest 
distance of any point of the section from the neutral axis on the 
stretched side. It was proved in Art. 226 that the strain at distance h 
ft fi 

from the axis is Hence the stress there is Eg. Now if this is the 
maximum safe stress, we have 


P = 



0 ) 


But if M is the bending moment at the section 

Id — • « • ^2^ 

Hence M=^ (3) 


Again, if Q is the maximum safe compressive stress, and k the 
greatest distance of any point of the section from the neutral axis on 
the compressed side, the bending moment Mj corresponding to the 
stress Q at the extremity is 

Mi=^ (4) 

The maximum safe bending moment at the section is therefore the 
smaller of the two quantities M and given by (3) and (4). 
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If the section of the beam is rectangular of width b and depth and 
there is no resultant tension across the sectionj then 

I = k = . (S) 

Hence M = Mi=iW2Q (6) 

Thus the strength of the beam to resist breaking by bending is pro- 
portional to the breadth and the square of the depth. 

We will compare the strengths of two beams with similar sections of 
different size. Let b be the maximum width. Then it is clear that 

I = CM3 ( 7 ) 

where C is some number and the same for all similar sections. Hence 


M«CM2P (8) 

Now h is proportional to the depth of the section- It follows, there- 
fore, that the safe bending moments for similar sections varies as the 
breadth and the square of the depth. If d is the depth, we may write 
(8) thus — 

M = Kbd^Y (9) 

The special case of a rectangular section has already been worked 
out separately. For this section A = | as in equation (6). For a 
circular section, or for an ellipse with a principal axis horizontal 



236. Comparison of Deflections due to Shearing and Bending. — 
It must not be forgotten that a beam with transverse loads has a deflec- 
tion due to shear strain as well as the one due to bending. The true 
deflection is the sum of these two. In the case of beams whose lengths 
are several times their depths, the deflection due to shear strain is small 
enough to be ignored in comparison with the other deflection- But 
for short beams the shear deflection may be as important as the bending 
deflection. To illustrate this let us take, as an example, a uniform beam 
with any shape of section, having a load W at one end and built into 
a wall at the other. We shall neglect the weight of the beam itself. 

Let / be the length of the beam, and ^^2 fhe deflections at the end 
due to bending and shearing respectively. Let A be the area of the 
section, its moment of inertia about the neutral axis. Then if x 
is measured from the fixed end, the deflection due to bending is 
given by 

EIj/ = W(|/:*:2»i^) (j) 

At the free end, where x ^ I andj^' we get 


y\ 


w I w I 

El 3 EA^2 ^ 


’ • (2) 
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Also, for the shear strain^ 71 being the modulus of rigidity, 


A~'^ i 


From (2) and (3) we get 


yi 


■ nl^ 


For cast iron E = 18 X 10® lbs. per square inch 
= 6x10® lbs. per square inch 

^ - 9 ^ 

^1-/2 • • • • 


With these values 


(3) 

(4) 

( 5 ) 


If the beam has a rectangular section of depth then 
Therefore 

J 2 3 ^^ 




(6) 


Thus, if d, the two deflections are nearly equally important. 

237 . Theory of Struts, — A strut is a long thin naturally straight 
rod subject to a thrust. In the following theory it is assumed that we 
are dealing with uniform rods whose lengths are considerably greater than 
iheir widths. If the length in any case is greater than forty times the 
width, the results obtained will be fairly accurate. 

Suppose two equal and opposite forces F act at the ends A and B of 
a strut, these forces being in equilibrium. Let y be the deflection from 
the straight line AB of any point P at distance co from A. 
Thus in the figure AM = ^, MP =jk. Now exactly as in 
beams with lateral loads 

EI^ = bending moment at P 

= moment of external forces on AP 



= 


(I) 


The reason for taking — Jy and not +Fy is because it 

is obvious from the figure that ^ is negative, since ^ is 

decreasing as x increases, and we cannot have a negative 
quantity equal to a positive quantity. 

Equation (i) may be written 


dx^ EI^ 
= -c^y 


(*) 


Fig. 124. where c is written for L for the sake of brevity. 

Equation (2) is one which occurs very often in dynamics. In all 
questions of small oscillations of a body about a position of stable 
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equilibrium we have to solve an equation of this type. The solution is 
obtained in Art. 292, in connection with small oscillations of a particle. 
We give here an alternative method of solution, which the student 
bad better pass ovef if he knows nothing of imaginary quantities. 

Put 

y = ue“ (3) 

where i means V — i, and therefore — — i. 

Diflferentiating both sides of (3) twice, we get 

d^v . d^u , , du ^ . 

+ • (4) 

that is, since the last term is — 

= ( 5 ) 

But by (2) the left-hand side of this equation is zero. Therefore 

d^u .du . . 

+ . ( 6 ) 

du 

Integrating this, + 2icu = a constant 

= 2zVA say (7) 

Hence 2/V'^= ^ (8) 

du u ^ A ' ' 

and therefore 2icx = — log^ (?/ — A) + log^ B . . (9) 

where, for convenience, log^ B is written for the constant of integration. 
Equation (9) can be transformed into 



or u = A + ... o • (10) 

whence y = -f- 

= A(cos cx + i sin cx) + B(cos cx -- i sin cx) 

= (A + B) cos cx + i{A — B) sin . . . . (i i) 

And, since A and B are any constants, and may be such complex 
quantities as will make (A + B) and i (A — B) both real, we may write 

j; = C cos cx sin cx (12) 

This is the general solution of equation (2). We have now to make it fit 
our problem. 

I4et / = the length of the rod. Then we know that = o when 
x= o, andj' = o when^v = /. The first of these conditions gives 

o = c (I3> 
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and then the second gives 

o = D sin e:/ . (14) 

Now {14) can be satisfied either by taking D = o, or sin cl = o- If 
D =: o there is no deflection of the rod anywhere, and the rod is there- 
fore straight. But taking 

sin r/ = o . • • (15) 

we get, as possible solutions, 

d = TT, 27r, 31T, etc (16) 

This gives ns and therefore F in terms of /. Thus, substituting for c 
and squaring, 

^ 2^ etc 

El /2 » • • • V^7j 

Also substituting for in ( 1 2), 

^ = D sin — or D sin — etc. . . . (18) 


If the rod is bent and in equilibrium, F must have one of the values 
given by (17). A force less than the smallest of these forces is not 

capable of bending the rod. The smallest force, namely Ely, bends 
the rod so that y is zero only at the ends. The second force EI-^ 


bends the rod so that is zero at the middle as well as at the ends, as 
is shown by taking the second result in (r8). In practice the 
could not retain this second form unless there were some 
* H ^ constraint at the middle preventing that point from leaving 
the straight line AB. If no constraints are applied any 
i force greater than the smallest will bend the rod ; but as our 

\ present theory applies only to infinitesimal deflections it vsdll 

i\ not tell us precisely what force will break the rod. 

I \ Perhaps the best way to realise the meaning of the result 

MrAP is the following. If the rod is placed with its ends against 

j \ two points whose distance apart is less than the length of the 

j I rod, or if the ends are tied together by a string, the thrust 

I I exerted by each end of the rod against the constraining 

If 

[ j bodies, or the tension in the string, is equal to EI-^ whether 

[ / the distance between the ends is only just less or considerably 
If less than the length of the rod. 

I 238. Strut built in at the Ends. — If the ends of a strut 

are fixed so that ~ is zero there, we shall have to modify 

^ equation (2) a little to adapt it to this case. At the fixed end 

Fig. 125. the bending moment is not zero. Let N be the couple 
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applied at the end A. Then the moment about P of the forces on 
AP is 

-Yy + N 


Hence, equating this to the bending moment at P, 




N 


Now, putting 5 we get 



^2 _^y 

dx^ dx^ 


(I) 


and therefore El^= — Fa , • • * 

dx^ 

.... (a) 

of which we know the solution to be 

» = C cos sin cx • . 

• • . • (3) 

N 

whence = p + C cos + D sin , 

.... (4) 

The conditions at the ends are now 

dy f when ^ = o | 

1 and X — / ) 

• • • • (5) 

C when ^ = o ) 

= and. = /}- ■ 

.... (6) 

The first two conditions give 

D = o . , * . 

.... (7) 

r C sin r/ = o . . . . 

.... (8) 

Then the two remaining conditions give 

“ + C == 0 . , , 
F 

. . . . (g) 

N r r 7 

j; + C COS r/ = o , , . 

.... (lo) 

From the last two equations we get 

C(i — cos = 0 . ^ . 

. . .(It) 


Now if the rod is bent at all C is not zero, and therefore equations 
(8) and (ii) tell us that 


and 


• («) 


H 




sin d =s o} 
cos = I I 
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Since both these equations must be true simultaneously, we get 

d = 277 -, 47r, 67r, etc (13) 

F 47 r 2 16772 36772 

7 ^’ 


and therefore 


El"” 


/2 


etc. . 


• (14) 


N 


The equations do not tell us what N is. We only know that 


— = — C, but C is itself unknown, 
be written 

y= -c(i - 


cos 


27r.V 


/). 


or 


The final value for y may therefore 
= -c(^i - cos etc. . (is) 




In this case the smallest force that will bend the rod is four times as 
great as the smallest force required to bend the same rod when the 
ends are not clamped. 

In all cases the form taken by a stmt is a portion of 
a sine curve. When the ends are not fixed these ends 
are points of inflection on the sine curve, and thus the 
rod may have the form of any whole number of half wave- 
lengths of a sine curve. But when the ends are fixed these 
ends are both crests of a sine curve, (or both troughs). 
Thus the rod takes the form of a whole number of wave- 
lengths. If the bodies to which the ends of the rod are 
fixed are at a given distance apart, that distance being less 
than the length of the rod, constraints will be needed to 
make the rod take any form except that of a whole wave- 
length. Thus, in order to make it take the form of two 
wave-lengths, the middle point L (Fig. 126) must be fixed 
in the straight line AB. Without a constraint this form 
gives a possible position of equilibrium, but it is unstable. 
The constraining body need apply no force at L except to 
balance such small external forces as would disturb the 
equilibrium. 

At a point of inflexion of the rod there is no bending 
d^y 

g I moment, because is zero. It is clear, then, that the 

action at one of tnese points is a single force F parallel to 
AB. Thus if P, Q, are two consecutive points of inflexion, 
Fig. 126. the length PQ is exactly similar to the whole rod in the 
first case where the directions of the ends were not fixed. 
Since the length of PQ is J/, we can get F from the first example by 
putting \l for / in the smallest value found for F in that example. 
This gives 

F __ 16772 
Ei””^ 

which is the same as the second value of F for a rod with fixed ends, 
and this we know to be correct 



ELASTICITY 


203 


EXAMPLES ON CHAPTER X 


1. A uniform indiarubber string has a length of 26 inches under a tension 

of lbs , and a length of 20 inches under a tension of one lb. Calculate the 
amount of work done in stretching it from its natural length to a length of 
30 inches, and draw a work diagram. London B.Sc, 

[The work done is 2^4 foot*lbs. A work diagram is force plotted 
against the displacement of the particle to which it is applied, and 
is a straight line in this case.] 

2. Prove that the potential energy stored up in a stretched string is half 
the product of the tension and the extension. 

A uniform bar, 6 feet long, weighing 20 lbs., lies on perfectly rough 
ground. Evaluate the work done in raising one end from the ground to a 
height of 3 feet by means of a vertical string attached to that end, 

(i) when the string is inelastic ; 

(ii) when the string is elastic, 2 feet long, and such that its length 
would be doubled by a pull of 30 lbs. weight. 

London BBc, 

[(i) 30 foot-lbs.' ; (ii) 33 J foot-lbs.] 

3. A string, whose natural length is na^ has n equal weights attached to 
it at distances 2^, 3^2, etc., from the highest point which is fixed. Find 
the total increase of length and the potential energy. 

Manchester University B*Sc» 

^If w denotes one of the weights, and if tension = >& x (strain), the 
increase of length is \n{n +1) and the potential energy is 
+ I)(2« + 1) ^] 

4. An elastic string of length I has two equal weights w attached to it, 
one at the middle and one at an end of the string, and the whole lies on the 
ground. The string is picked up by the free end and is kept vertical until 
both weights are off the ground. If one of the weights would extend the 
whole string by «/, find the least work necessary to lut both weights off the 
ground. 

Ks + t)] 


5. If there were three weights attached to the string referred to in the 
last question at distances §/, and I from the free end, find the least 
amount of work necessary to lift all the weights by the free end of the 
string. 



)] 


6. A uniform elastic string of length 2/ is suspended between two points at 
the same level and hangs in the form of the catenary y ^ c cosh its length 
being only slightly increased by the tension in the string. Show that the 
potential energy ot the elastic forces is -I- p being the density, 

and a the area, of the section of the string. 
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7. The ends of an elastic string are attached to two points in a vertical 
line at a greater distance apart than the natural length of the string. If a 
weight W is now attached to the middle of the string, show that, assuming 
the lower half does not become slack, it will displace that middle point one 
quarter as much as it would extend the whole string .if the end to which it 
were attached were otherwise free. 

8. An elastic string, of natural length / and density p, is attached to two 
fixed points in a vertical line so that its extension is d, which is greater than the 
weight of the string itself would produce. If £ is Young’s modulus for the 
material, and a the cross-section of the string, show that the whole displace- 
ment of a point P, whose unstretched distance from the top would be x, is 


Also find the tension at the lowest point and the potential energy of the 
stretched string. 

^Tension = - p/2); Pot. E = + p2/4).j 

9. One end of an elastic string, of length / and negligible weight, is 
fastened to a fixed point A at the same level as the top of a rough hori2ontal * 
cylindrical rod and at distance b from it. The other end is passed over the 
rod, and then a weight w is attached to this end and allowed to reach its 
equilibrium pcsiticn slowly. If the tension in the string is the product of tm 
and the strain and the coefficient of friction between the string and the rod 
is fi, find by how much the weight w stretches the whole string, the length 
in contact with the rod being negligible. 

[/ 

I « HE. 

L ne^ + I 


10. A uniform extensible string, of length / in its natural state, rests on a 
rough inclined plane of inclination with its upper end fixed to the plane ; 

prove that its extension will lie between the limits — • where « is 

2 c cos € ’ 

the angle of friction, and c is the length of a portion of the string in its 
natural state whose weight is equal to the modulus of elasticity. 

Dublin University Term exams. 

[Show firstly that the tension is px(sm 6 ± tan € cos 6) at distance x 
from the lower end in the two limiting positions, p being the 
weight per foot.] 

11, Six uniform rods of the same material and diameter form the sides 
and diagonals of a rhombus AB CD with smooth hinges at the comers, and 
the lengths are such that when no forces act on the frame the rods are 
unstressed. The frame is suspended by the hinge A, and a weight W is 
attached to C. If AB =5 /, AC = 2a^ BD = 23, show that the tensions in 
these three rods are respectively 


d^' d 



where </ = /3 -j- 2 a^ + 2bK 

12. Three rods, AP, BP, CP, of the same material and diameter and of 
lengths ay by Cy are hinged together at P, and the other ends are fastened by 
hinges to a vertical beam. When, no forces act on the frame, the rods are 
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unstressed and CP is perpendicular to the wall. Also AB and BC afe^eteh 
equal to /, and remain unaltered by stresses in the rods. When a load \V4s 
applied at P, show that the tensions in the rods AP, BP, CP, areii(2^ + ^)S, 
— €{(i^ + 2^)S, where 

W 

® ^ ^ 

13. ABCD is a framework formed by four equal rods joined by smooth 
hinges, and another rod connects A and C. I'he hinges B and D are 
attached to fixed points on rigid supporting bodies, so that the frame spans 
a gap with AC vertical and all the other rods inclined at 6 to AC. Assuming 
all the rods to be of the same material and thickness, and assuming that the 
distance BD remains constant, find the tensions in AB, AC, and BC, due to 
a weight W at the lowest point C. 

r W / I y W/ I Y W /i4-4cosS^ \1 
t”’4cos0\i 4 - 2 cos 3 6/^ 2 \i 4- 2 cos8 4 cos 8\i 4 - 2 cosS 


14. If the conditions of the last problem were the same, except that a rod 
joins B and D, and the hinge B is free to slide along a smooth fixed hori- 
zontal support, show that the stresses will be obtained from those given as 
the answers to the last question by adding 2 sin^ 6 to the numerators and 
denominators of the fractions in the brackets. 

15. Suppose a bicycle wheel has « spokes all in one plane and all at the 
same tension when no load is applied. If the rim of the wheel retains its 
shape when a load W is applied to the hub, show that the extension of a 
spoke inclined at 0 to the highest spoke (assumed to be vertical) is x cos 6 , 
where x denotes the extension of the highest spoke. Thence show that the 

2W 

additional tension in the highest spoke is , and in the spokes inclined at 
2W 

6 to this, — cos 9 , 

’ n 


\jVofg, — I 4- cos2 4- cos* — 4- cos* — 4 - ... 4- cos* 

• L n n n « * J 

16. Referring to the last question, work out separately the case of a wheel 
with only four spokes when they are all inclined at 45® to the vertical, and 

show that the tension in each of the upper spokes is increased by -^W, and 

4 

that the tension in each of the lower spokes is decreased by the same 
amount. 

17. Whether the highest spoke of the bicycle wheel in question 15 is 
vertical or not, prove that the tension in a spoke inclined at 0 to the’ highest 

2W 

radius is cos and that the hub descends the same distance in each case. 

18. Find the couple necessary to twist one end of a bar, whose section is an 
equilateral triangle, through ^ radians, the other end being fixed, given that 
the length is /, the side of a section b, and the modulus of rigidity n. 

1 

Lso / j 

19. A solid cylindrical steel shaft has a length of 40 feet and diameter 
4 inches, and it carries a pulley at its middle point, the ends being fixed. 
Taking « to be 1 18 X 10® lbs. per square inch, and the diameter of the pulley 
18 inches, find what force must be applied to the rim of the pulley to turn it 
through one degree. 

[About 4792 lbs.] 
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20. A spiral spring has 40 coils, very nearly horizontal, and the diameter 
of the coils is one inch ; the diameter of the wire is of an inch. If it takes 
an axial pull of 14 J lbs. to stretch it half an inch, what is the modulus of 
rigidity of the material ? 

[About 1202 X 10^ lbs. per square inch.] 

21. An iron bar, two inches in diameter, for which Young’s modulus is 

29 X 10® lbs. per square inch, is bent into the form of an arc of a circle of 
400 feet diameter. Find the maximum stress at any point of a transverse 
section. [12,080 lbs. per square inch.] 

Show further that if the stress be limited to 4 tons per square inch the 
diameter of the circle must not be less than 540 feet. 


22. Define neutral axis and radius of curvature. If a homogeneous 
uniform bar with a circular section one inch in diameter is bent to a radius 
of 720 inches by a bending moment of 200 ft.-lbs., find the value of E. 

Victoria University Honours Engineering^ 

[352 X io 5 lbs. per square inch.] 

23. Find the bending moment at the middle of a beam due to a weight W 

applied at the middle, the ends being simply supported. If the beam has a 
breadth 6 inches and a depth 8 inches, find the maximum length so that the 
stress shall not exceed 5000 lbs. per square inch, the weight W being three 
tons, ^ [15*87 feet] 

24. If p is the density of the material of a beam of rectangular section 

with length /, breadth depth simply supported at its ends, find the 
maximum bending moment due to its own weight. lipldl^.} 

If P = i Ib. per cubic inch, = 12 inches, find the maximum span for a 
maximum safe stress of 2000 lbs. per square inch. [25*8 feet.] 

25. A beam 20 feet long rests symmetrically on supports 14 feet apart. It 
is loaded with 


(tf) an evenly distributed load of half a ton per foot run over its whole 
length ; 

( 3 ) 2 tons at one end. 

Sketch a bending-moment diagram and calculate the bending momenti 
over the supports and at the middle of the beam, 

Victoria University ^ BSc. Engineerings 
[Bending moments at the support near the 2 tons, at the middle, and 
at the other support are —7, |, foot-tons. The vertex of the 
parabola representing the bending moment between the supports 
is at lof feet from the 2-ton load, and at this point M = — 7^ 
foot-tons.] 

26. A beam rests on supports 15 feet apart and overhangs 7 feet at each 

end. It is loaded with an evenly distributed load of half a ton per foot run 
over the central span, 2 tons at one free end, and 3 tons at the other. Find 
the bending moment at the middle of the beam. Sketch shear and bending 
moment cur\'es. _ Victoria University^ B*Sc, Engineerings 

[At the middle M = foot-tons. At 13 feet from the two-ton 
load the shear is zero, and the value of the bending moment, 
namely 3'22o foot-tons, is less than at any other point between 
the supports.] 

27. Abeam of length /, width depth d^ is held by one end in a horizontal 
position so as to be bent by its own weight : show that the curvature at a 


distance x from the fixed end is 


— :r)2 


Find also the deflection at the 


other end of the beam. 
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28. A horizontal beam AB, of uniform cross-section, is held firmly at the 
end A, but is bent slightly by its own weight : find the droop at B. 

rw/ 3 1 

LsErJ 

If the end B were partly supported, so that the droop were one-half of 
what it would be without support, find the pressure on the siij •port- 



29. A beam of length / and weight W is fixed horizontally at one end and 
supported at the other so that the two ends are in the same horizontal line. 
Show that, at the supported end, the beam makes an angle 


tan 


-.1 W/2 

48EI 


with the horizontal. London Inter. Set., Honours. 

30. A rod of uniform cross-section is supported horizontally on three 
supports, one at each end and one at the middle, so that there is no droop 
at the middle. Show that the greatest droops are very nearly at one-fifth 
of the length from each end- 

31. If a uniform beam is supported at the same level at the ends and 
centre, show that there is no bending moment at three-eighths of the length 
of the beam from either end- 

32. Abeam is at first wholly supported on trestles at its ends, which are in 
a horizontal line ; the middle of the beam is gradually pushed up by a trestle 
till the pressures on the end trestles are relieved. Show that the middle 
trestle has been raised | of the droop at the middle in the first position, and 
determine the pressures at the instant when the trestles were in a straight 
line. 


rsW. 5W. 3W1 

L 16 ' 8 ’ 16 J 

33, A uniformly loaded beam is supported at its ends by supports at 
the same level, and it is propped at the middle. If the centre prop is at 
the same level as the supports, find the points of zero bending moment. 
If now the centre prop be raised a distance equal to a quarter of the 
deflection of the centre when the prop is wholly removed, prove that it bears 
a pressure equal to ^ of the whole load. 


34. A beam, the moment of inertia of whose cross-section is I, is exposed 
a bending moment M. Show that the stress in any layer can be put in 

IVI V 

form , where j/ is the distanpe of the layer from a certain plane. 

A rectangular beam of breadth depth h, and length /, is built into a 
wall,^ the outer end being free ; it carries a load, P, which is so distributed that 
the intensity of the load at any point varies as the distance from the free " 

2P/ 

end : prove that the maximum stress is -rr^* 

oh^ 

Manchester University^ Honours Engineering, 

35. Three spans are bridged by two equal girders of uniform section, 
hinged together at the centre of the middle span. The girders rest freely 
on the four supports, which are all at the same level. Find the ratio of the 



2 o8 mechanics of particles and rigid bodies 


length of an outer to the middle span so that the neutral axis may be 
horizontal over the intermediate supports. 

Manchester University^ Honours Engineerings 

[The spans are equal. j 

36. A rectangular beam is symmetrically supported in a horizontal 
position upon two supports, the distance between which is ^ of the length 
of the beam. Determine the form assumed by the beam. 


[Between the supports, at distance x from the middle, 

= 3^,2 . !iV3 - 19 


y - Erf2V24 


48 


3456 




p being the density of the material, d the depth of the beam,] 

37. A uniform beam of 1 5 feet span is fixed (not merely supported) at the 
ends and has two concentrated loads of one ton each at 5 feet from each 
end ; it has also a uniformly distributed load of half a ton per foot run. 
Draw the bending moment and shearing force diagrams, and find the points 
of contraflexure [/.(?. points of inflection where M is zero]. 

Victoria University Honours^ Engineerings 
[At X feet from one end, where ^<(5, 

M = \x^ - -^x + foot- tons ; M = o where x = 3*22 feet.] 

38 {a)s If a horizontal beam of uniform section be loaded in any manner, 
and if M be the bending moment at distance x from any point on the beam 
with a given set of conditions at the end, show that, if the loads remain 
the same and the end conditions are altered in any way, the new bending 
moment will be (M + C:*r -b B), where C and B are constants. 

38 (^). If M is the bending moment of a uniform beam of length za at 
any point when it rests on supports at its ends, show that the bending 
moment at the same point, when it is clamped horizontally at both ends, 
under the same loads as before, is 


M + ^(Ma - Ml) + i(M2 4- Mj) 


where Mj, Mg, denote the bending moments at the ends in the second case, 
and X denotes the distance from the middle of the beam. 

38 if). Let M denote the bending moment at any point of a uniform 
beam of length 24 r, loaded in any manner, when the ends rest freely on 
supports, and M[ the bending moment at the same point when the ends 
are clamped horizontally, and let x be measured from the middle of the 
beam. 

Prove that 

f+a r+a 

I Wdx = o ; / Wxdx = o 
j -a j -a 

If it is given that 

f+» r+a 

J Mdx = — A, J Mxdx = — ^A, 


show that the bending 


moments at the ends 

A? ^ 3f . 

* 3 a 2 


when the beam is clamped are 


{A question in Honours Engineering at Manchester University asked 
Jof a proof of the final result.) 
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39. A uniform beam of weight W and length la bears a concentrated 
load P at its middle point. Find the bending moment at distance x from 
the middle point, assuming that the beam rests on supports at the ends. 

rw W + P 1 

[-(a±x)^- -—(a±x)j 

Now make use of example 38 (<r) to find the bending moments at the 
ends when the beam is clamped there. 

[f,(3W+3P).] 



CHAPTER XI 

POTENTIAL AND ATTRACTIONS 


939, Law of (Jravitatioii. — By considering the motion of bodies 
near the earth’s surface, and comparing their motion with that 
of the moon, Newton concluded that the earth attracts all bodies with a 
force which varies inversely as the square of the distance of the body 
from the earth’s centre. A study of the behaviour of the earth and the 
other planets led him to the great Law of Gravitation^ which has been 
abundantly confirmed by all later investigations of the motions of the 
heavenly bodies. This is the law : Every particle of matter attracts 
enery other particle with a force which is proportional to the product of the 
masses of the two attracting particles and inversely as the square of the 
distance between them^ and this force acts in the tine joining the particles. 
Thus two particles of masses and at a distance r apart 

attract each other with a force / e — Also a mass m attracts unit 

7 '^ 

ftl 

mass at a distance r away with a force k being a constant, called 

the constant of gravitation, which has been found by observation. The 
numerical value of k depends on the units of mass, length, and time, 
that we use. The most reliable values for k have been found by 
measuring the actual force between two spheres in the Cavendish 
experiment, or rather in modern repetitions of this experiment. 
Measuring force in pounds weight, mass in pounds, and length in feet, 
the most probable value of the gravitation constant is 


K 


I 

30*2 X 10® 


(I) 


It force is measured in poundals instead of pounds, the constant 
becomes 



If we could determine by an independent method the mean 
density of the earth, we could find k from the known attraction on a 
body at its surface. For it will be proved later in this chapter that a 
spherical body such as the earth attracts external particles as if the 
whole of its mass were concentrated into a particle at its. centre. If, 
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then, r is the radius of the earth in feet, the attraction on one pound 
mass at its surface is 

„ ^ mass of earth . 

^ X (3) 

where p is the mean density. But we know that this attraction is a force 
of one pound. Hence 

I = fwK/W 

Therefore k = — — (4) 

But in practice this equation is used to determine p and not #c. 
K has to be found by such experiments as the Cavendish experiment, 
or by finding the attraction of a mountain of known mass on a 
pendulum bob, as in the^ Schiehallion experiment. The value of p 
obtained from (4) by using the given value of k is about 5*6 times the 
density of water, that is, 5*6 x 62-4 pounds per cubic foot. The mean 
density of the earth may be taken roughly as 5^ times that of water. 

240. Attraction at a Point and Potential due to any Mass. — ^We 
have pointed out that the attraction of a mass m on unit mass at a 
, m 

distance r is ic^. This force on unit mass at r is called the Attraction 

of the mass m at r. The attraction of m on any other mass ni at r is 
given immediately by multiplying the attraction on unit mass by ni. 

The work, /zW, done on unit mass by the attraction of m in a dis- 
placement from r to r+ dr is 

dW = -K^dr. (I) 

whence the work function, W, obtained by integrating, is 

W = K^ + C (2) 

The potential energy of the unit mass due to the attraction of m is 

(3) 

It would obviously be convenient to have C zero. We therefore 
take C zero, and thus make the potential energy zero when the unit 
mass is at an infinite distance from m. Then 


V = 



(4) 


In dealing with the potential energy of finite bodies it is found 
troublesome to carry the constant k all through our calculations ; it is 
also a slight advantage to have a plus instead of a minus sign in (4). 
For these reasons we drop both the negative sign and the constant k 
in the theory of potential, and only introduce them in numerical 

calculations. We therefore call — the Potential of mat distance r. 
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Since the negative sign is missing it would really be more correct to 
call this quantity the work function. However, the student should 
remember that to get the potential energy of the unit mass due to any 
attracting masses he must multiply the potential by — #c. Thus denoting 
potential by V, we have 



( 5 ) 


and the force which m exerts on unit mass at r has a component, 
parallel to any line taken as x-axis, whose magnitude is 




_ I dr 
— Kfn — • 

7*2 dx 


. . ( 6 ) 


If three mutually perpendicular axes be taken through the position 
of the attracting particle then, r denoting the distance of (jc, z) 
from m, 

= ^2 4- j,‘2 jgr2 


and therefore 


dr j 

= 20 ? and 
dx 


dx^ r 


• • (i) 


Hence the force at z) parallel to the x-SLxis is 




X 

r 


( 8 ) 


which is obvious from a figure, because — is the outward force, 

X . 

and ~ IS the cosine of the angle between the o:-axis and the line of action 
of the force. 

Our present task is to determine the potentials and attractions of 
finite bodies at points fixed relative to the bodies. The potential of a 
finite body at any point is the sum of the potentials of its parts, and is 
therefore 



where dm is the element of mass situated at distance r from the 
point. 

The constant k will be equal to unity, and may therefore be omitted 
in potentials and attractions, if we properly choose a new unit of mass. 
Thus the acceleration produced in any mass by the attraction of a mass 
w at a distance r away is 


= 5 *^ in foot-second units 

9*4 X 10® 

If we write M for Km this becomes 
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Let us now choose a unit of mass so that M represents the mass of 
the attracting body. This new unit is called the astronomical unit of 
mass*, Thus we get 

Km astronomical units — m lbs., 
and therefore one astronomical unit = ^ Ihs. 

K 

= 9*4 X iqS lbs. 

341. Potential and Attraction of a Thin Uniform Bing* of Matter 
at a Point on its Azis. 

Let a be the radius of the ring, w its mass, and x the distance of the 
point from the centre . Then every point of the ring is at the 
same distance a/ from the point. Hence 

the potential is / yv. 

+ I 

and the attraction, which is clearly along the \ ^ / ^ 


(^2 + a:2)i 


Fig. 127. 


The minus sign is introduced because k— is the force in the 

direction in which x increases, and that is the negative of the 
attraction. 

It is necessary to point out here that the expression for V given 
by (i) does not enable us to find the components of the attraction 
perpendicular to the axis. It is true that if we dififerentiate V with 
respect to either y or jsr we shall get zero as the result, but this does not 
tell us that the force perpendicular to OP is zero; for the V 
given by (i) is not the complete expression for the potential at any 
point in space, it is only the expression which holds so long as we stick 
to the line OP. It is from the symmetry about the axis that we infer 
that there is no force perpendicular to this axis. The complete 
expression for V at (x, y, z) would involve v and sr and it happens that 
dV ^ dY 

and ^ are zero on the :t-axis, but not in other positions. How- 
ever y and z are involved in the full expression for V they occur as 
constants in (i), and therefore we cannot infer anything from this 
, av , 5V 

equation concerning and But since and z are to be treated 

• . . . 5V 

as constants in obtaining the fact that they are already in the 

form of constants does not affect our differentiation. Consequently we 

dV 

get the correct value of the force along the it-axis in fc — . 

It is worth while here to get the attraction in another way. 
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Let d^n denote an element of the ring at Q. 
element is 


dm dm 

/C--— S= #C--r - 

PQ2 4 - ^^2 


The attraction of this 
(3) 


and it acts along PQ. 

The component of this along the axis of the ring is 


The whole attraction of the ring, which is clearly the sum of the com- 
ponents along the axis, is 


+ a^f 


J dm = K- 


xm 


(^2 + a ^)\ 


(S) 


242. Potential and Attraction of a Thin Uniform Circular Disc 
at a Point on its Axis. 

Let m denote the mass of the disc, a its radius, x the distance of the 
point from the centre of the disc. 

Let the disc be divided in thin concentric rings. If y and y + dy 
be the internal and external radii of one of these rings, its mass is 


tn X 


2 nydy 


2 m 




■ydy 


(i) 


Hence, by the last article, the potential of this ring is 


^Jlydy X 

V0'*+^) 


Consequently the potential of the whole disc is 




ydy 


+ x^) 




Hence the attraction is 

dx 


a/ {cF + 




(2) 


(3) 


where B is the angle subtended by a radius of the disc at the point on 
the axis. 

If p is the surface density of the disc, that is, the mass per unit area, 
we may write the attraction F in the form 


F = 27rKp(i — cos 6) 
since m = npa^ 


(4) 
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Equation (4) shows that if /> is the same for different discs, the 
attraction will be the same at such points on their axes that the radii 
subtend equal angles at those points. 

243. Attraction of an Infinite Plate or Diso with Uniform 
Surface Density. 

If we make a infinite in the expression for V in the last article, we 
get an infinite value for V. But the attraction is not infinite when a is 
infinite. The attraction for an infinite disc or plate is 

F = 2TTKp (i) 

a quantity which is independent of x. Besides, since any line per- 
pendicular to the plane may be considered as the axis of an infinite 
plate, it follows that the attraction everywhere outside the plane itself 
is the constant quantity 27r/f/>. 

Although incite plates do not exist, yet the equation (4) of the last 
article shows that any plane of matter may be regarded as infinite in 
finding the component attraction perpendicular to the plate at a point 
such that 0 is nearly a right angle. Moreover, the plane need not be 
circular. If a circular piece can be cut out of it such that the point lies 
on the axis of the circle and B is nearly a right angle, the plane may 
still be treated as an infinite disc, for the component attraction of the 
matter outside the circle perpendicular to the plate will be negligible, 
although the component parallel to the plane may not be negligible. 

The attraction of an infinite plate, with a circular hole cut out, at a 
point on the axis of the circle, is the attraction of the infinite plate 
minus that of the circle, and is therefore 27r/cp cos 0. 

244. Attraction of a Homogeneous Solid Cylinder at a Point on 
its Axis. 

Let p be the density of the cylinder, a its radius, 7 its length ; and 
let d denote the distance of the point 
P, at which the attraction is required, 
from the nearer face. Thus PE *= d* 

ABN is a section of the cylinder 
containing the axis CE. The cylinder 
may be supposed to be generated by 
rotating rectangle about CE. 

Then the small strip MCN generates Fig. 128. 

a circular disc. Let PC = CD^dx, 

The mass of this disc is pa^dx* Then, by Art. 242, the attraction of 
the disc at P is 

w 

Therefore the attraction of the whole cylinder is 

/ d+l 

i‘ - 

d 

= 21 TKp {/ — s/(^ + + f?®} 

= 2'irKp(/- PB + PA) (2) 
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If / were infinite PB would also be infinite, and such that {I — PB^ 
would be — d. Consequently the attraction of an infinite cylinder is 
27TKp . (PA — d) 

246. Attraction of a Uniform Eod, bent into the Form of a Circular 
A.rc, at the Centre of the Circle of which it forms a Part. 

Let p be the mass of unit length of the rod, and let M be the mid- 
point of the rod. Let angle MOB s= a, angle 
MOQ = 6, angle QOQ' = dd. If r is the 
radius, the mass of QQ' is prdO, and its attrac- 
tion is 

From symmetry it is clear that the resultant 
attraction acts along MO. Now the compo- 
nent of the attraction of QQ' along MO is 

tfidO . cos 6 
r 

Hence the resultant attraction of the rod is 

Y =s ffij cos 0^0 = /C” sin a (i) 

Since the whole length of the rod is ara, and therefore the total 
mass m is amp, we may write the attraction thus 



Fig, 129. 


F = 



sin a 
a 


(2) 


fjt 

The potential at O is obviously , but we cannot get the attraction 

from this, since it is just the potential at a single point, and not a general 
expression for potential at any point. If we were to find the potential 

at a point on MO at a distance 
from O, we could, by differentiating 
this expression with respect to a?, 
find the attraction at x. But to find 
the attraction at 0 the preceding 
method of direct integration is much 
easier. 

246. Potential of a Thin Uni- 
form Bod of Length / at any 
Point P. 

Let m be the mass of the rod. 
In the figure, let NQ = x^ NA = 



NB = ^2> QQ' = dx. 


m 


The mass of QQ' is —dx, 
¥ 


Hence its potential 


^ . m dx 
at P IS -7 — . 

I r 


Therefore the potential of the whole rod is 
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Therefore 


Hence 


dx 


= ypog {(/2 -f- + x}]^ 

/ V 

m ^ r^+ 

= -j log - ■■ ■ .... 

=/2 = ^^2 _ , 

^2 + <^2 _ ^1 - ^1 
n 4* ^1 J^2 - ^2 

_ ^2 4- ^^2 + ^1 — ^1 
+ ^1 + ^2 - -^2 
_ ^1 + ^2 + / 

+ ^2 — / 

V = w!l_±^+i 


V = log !l±3-±_f 
/ ^ ri + ;^*2 - ^ 


If an ellipse be drawn through P with A and B as foci, the sum of 
the focal distances of all points on this ellipse is the same as for P, 
namely {r^ + Hence the potential at all points on this ellipse will 
be the same as the potential at P. Thus the potential is constant over 
this ellipse, and therefore also over the ellipsoid obtained by revolving 
this ellipse about AB. 

247. Attraction of a Thin Rod. — ^The attraction may be found by 
differentiating the potential with 
respect to two perpendicular 
co-ordinates, and finding the 

resultant force. But it is easier J / 

to get the attraction without ^ / p 

using the potential. / 

As in the last article, QQ' 

is an element of the rod. A yy 

circle is drawn with centre P ^ q/q ^ 

and radius / cutting PA, PB, 

PQj PQ^ ill respec- 

lively. 

Let angle NPQ = 0, angle QPQ' = dB. Then the attraction of 
QQ'is 

m QQ' m dx 


■pQ2-'f/ •pQ2 
X tan 0 


and therefore 


dx^p sec2 dd6 = p-^dQ ( 2 ) 
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Hence the attraction of QQ' is 




(3) 


Now if a rod of the same material and thickness as the given rod 
be bent to fit the circular arc ab^ the mass of the portion would 

lit 

be and its attraction would be exactly the same as we have fotmd 


in ( 3 ) above, and it would act in the same straight line QP. It follows, 
therefore, that the attraction of the given rod at P is the same in all 
respects as the attraction of a similar (but shorter) rod lying along ah^ 
This attraction bisects the angle APB, and, by Art. 245 , its magnitude 
is given by 


F = 


2,7?l , APB 

K-rr sin 

pi 2 


(4) 


248. Attraction of a very Long Rod. — If AB is very long compared 
with and N lies between A and B at a great distance from each end, 
then the angle APB is nearly two right angles, and the bisector of this 
angle is nearly perpendicular to the rod. Consequently the attraction 
in this case is nearly perpendicular to the rod, and its magnitude is 
nearly 

_ m . TT p 
F = 2 #CT>sm- = 2 #c5 
pi 2 p 


where p is the mass of unit length. If A and B are at opposite infinities 
this result is exactly true. 

249. Components of the Attraction of a Thin Rod perpendicular 
and parallel to the Rod. 

Let the angles NPA, NPB, and APB, be denoted by a, j 8 , and y. 
Then the component of F (which acts along the bisector of the angle 
APB) parallel to BA is 


Fsin 



m . y . 

sin ^ sm 
pi 2 



m. 


a= K-^(cos a — cos jS) . 

m/ I I \ 

' ' ' 

because^ = ri cos a = ^2 cos jS. 

Also the component of F perpendicular to the rod is 


(I) 

(*) 


F cos (a + ^) = 2K^sin J cos (a + 

fn, , ^ . . 

= ^^(sin p — sin a) 


( 3 ) 


When the attraction of a rod at a point in its length is required the 
expression given in ( 2 ) of this article should be used, or this expression 
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can be easily obtained by direct integration for this particular case. 
But equation (4) of Art. 247 is not of much use for this case, because 
when the point is on the rod, both/ and the angle APB are zero, and it 
is therefore necessary to find a limiting value. 

250. Potential and Attraction of a Thin apherieal Shell of 
Uniform Density. 

Case /. Point outside the 
shell. 

P is the point at which 
the potential is required ; 

q\ are two very near points 
on the diameter through P ; 

are perpendicular to 
OP and are both in the same 
plane. 

Let "Bq = z, PQ = r, 
q4 = dz^ OP = angle 
QOQ' = dQ. Also let p be 
the mass of unit area, and a 
the radius of the sphere. 



Fig. 132. 


The mass of the spherical shell between the two planes through q 
and 4 perpendicular to OP is 


p . 27r . . QQ' =s p . zTsa sin Q . adB = p . 2 Tsadz * 

because and therefore dz := a sin BdB, 

The potential of this mass at P is 


. 27Ta- 


dz 


(I) 

(3) 

(3) 

(4) 

(5) 


But <i ;2 = ^2 4« ^2 2ZX 

Hence zrdr = zxdz 

Therefore the potential of the thin strip is 

rdr dr 

2 Trpa , = ZTTpa . — 

X? X 

Consequently the potential of the whole shell is 

V="’'er* = 55/'?.(PB_PA) 

« ■'PA * ' ’ 

^ 47rpa^ 

X 

mass of shell 

W 

This is exactly the same as if the whole mass were concentrated at 
the centre of the shell. 

The attraction is 

dV 47rpa^ 
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Thus a spherical shell of uniform density attracts external particles, 
and therefore all external bodies, exactly as if the mass of the shell 
were placed at its centre. 

Case IL If P is inside the shell, everything, as far as equation (5) 
above, is just the same. In this case we get 

V=^.(PB-PA) (8) 

just as before- But it might seem as if we ought to take PB (or PA) 
as a negative quantity. But PA and PB are the initial and final values 
of PQ, a quantity which never passes through zero. Consequently 
PB — PA is the actual difference of the lengths, both regarded as 
positive quantities. Hence 

V = \7tpa (9) 

for an internal point. 

Thus the potential at an internal point is constant, that is, it does 
not depend on x. Consequently the attraction, which is proportional 
dN 

to is zero everywhere inside the shell. 

251. Attraction of a Solid Sphere and of a Hollow Sphere. — If a 
solid sphere or a hollow sphere is composed of uniform shells such as 
we considered in the last article, such a sphere will attract all external 
particles exactly as if its mass were concentrated at its centre. And a 
particle inside the mass of the sphere will be attracted by all the shells 
to which it is external, and will experience no force from the other 
shells. We will express this result in symbols. 

If the density of a sphere at distance a from its centre is a function 
of a only, the sphere can be divided into uniform thin shells- Let 
p denote the density at distance a. This density p need not be a con- 
tinuous quantity; it may be zero for some values of a, and it may 
change its value suddenly as a increases gradually. 

The mass of a thin shell of thickness da is 47rpa^da, and its attrac- 
tion on an external particle at distance r from its centre is 

ATTpa^da , . 

r^— (i) 

The attraction of the whole sphere at the point is therefore 

(2) 

and this applies whether the particle is inside the mass or not. But if 
the particle is outside the mass, p will be zero from the point where a is 
equal to the radius of the bounding sphere of the mass up to = r. 
In this case, if ^ = the radius of the boundary, the preceding value for 
F is the same as 
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Suppose we are dealing with a solid sphere of uniform density, and 
we want the attraction inside the mass at a distance r from the centre. 
The mass inside the sphere of radius r (which is the only mass that 
exerts a resultant attraction at the point) is The attraction of 

this at r is 

F = K.%trpr (4) 

Thus the attraction of a uniform solid sphere at a point inside its 
mass is proportional to the distance from the centre. 

The result given by equation (2) agrees, of course, with that in (4). 

252. Potential and Attraction of a Uniform Plate at a Point in 
its Plane not occupied by Matter. 

Let PQR, be the boundaries of the plate, and O the point at 
which the attraction is required. The whole area can be divided into 
such strips as by lines through O. We must first find the 

attraction and potential of such a strip as PQ^ separately. 

In Fig. 133B, let the angle P'O'Q' s= a very small angle. Let M, N, 



Fig. 1333. 



be two neighbouring points on /'F, and let O'M = r, MN = dr. The 
strip cut out by lines through M and N perpendicular to OF is approxi- 
mately a rectangle with sides dr and If p is the mass of unit 
area, the mass of this strip is pr<j>dr. Hence the attraction at O' is 

= w 

and the potential at O' is p(f>dr (a) 

If Op' ~ J' l, O'P' == ^2> attraction of the strip is 

^=Kp<f>lOg^ ..... (3) 

and the potential is 

- ^1) <4) 

Now returning to our plate, let OA be any fixed line in the plane 
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of the plate, and let angle AOP = angle POQ = dQ. Then the 


potential of the strip PQ$y> at O is 

P(^2 - (S) 

and the attraction is 

Krplog^^^P (6) 

The potential of the whole plate at O is therefore 

V = /)/(r2 - (7) 


When the polar equations of the bounding curves are known, this 
integral is an integral of a function of B between known limits. For 
the figure shown the limits of B would be o and 27 t\ but these will 
not be the limits for all plates, because all plates would not completely 
encircle O. 

The component attraction parallel to AO of the strip PClqp is 

Kp log — cos B dB (8) 

Integrating for the whole plate, the attraction parallel to AO is 

X Kp Jlog^ cos B dO (9) 

Similarly the component attraction perpendicular to OA is 

Y = KpJ log ^ sin 0 dB (lo) 

We will apply our results to find the attraction and potential of a 
sector of a disc bounded by concentric circles at the centre of the circles. 

For such a disc r^x. ^2 constant. If 
2 a is the angle of the sector, the potential at 
the centre is obviously 

V = 2 pa{rz - ri) . . (ii) 

The resultant attraction is along the bisector 
of the angle, and if 6 be measured from this 
bisector OM, the magnitude of the attraction is 

F = K/J f "^“log ^ cos 0 . de 

= 2Kp sin a log ^ . . (12) 

The attraction is of the same form for any plate for which ^ is con- 
stant, and moreover the attraction acts along the bisector of the angle at 
O. For, if we measure B from this bisector, equation (10) shows that 

there is no force perpendicular to the bisector when — is cons ant, and 


A 
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equation (12) gives the attraction along the bisector. Also, if a is two 
right angles the attraction is zero. Thus if a hole be cut in any uniform 
plate, the boundary of the hole being a curve similar and similarly 
situated with the boundary of the plate, the attraction of the remainder 
will be zero at the centre of similitude of the two curves provided there 


is matter all round the hole, because for such a plate ~ is constant and 

^*1 

a == 7 r. For instance, in the plate just considered, suppose the centre 
of the circular boundaries of the hole had been somewhere in NM, and 
suppose the hole had had the same shape as the plate has in the 
example. Then the boundaries of the hole and the plate from which 
it is cut would be similar and similarly situated curves, with the centre 
of similitude somewhere inside the hole and in NM. The attraction at 
this centre of similitude would therefore be zero. 

853 . G-auss’s Theorem. — Before proceeding to this theorem we will 
explain what is meant by a solid 
angle. 

If every point of a closed sur- 
face S be joined to the centre of a 
sphere of radius r, an irregular cone 
will be thus formed which will 
meet the surface of the sphere in a 
closed curve. Then the solid angle 
subtended at O by the area S is de- 
A 

fined to be where A is the area of 

the closed curve on the surface of 
the sphere. This quantity is the same 
whatever sphere we take with centre Fig. 135. 

O, because the intersection of the 

cone with different spheres will give similar curves, whose areas will 
clearly be proportional to the square of their linear dimensions — that 

A 

is, proportional to Hence -g will be the same for all spheres with 



centre O- 

The preceding definition corresponds to the definition of the radian 
measure of a plane angle. In plane geometry lines take the place of 
surfaces, and a circle takes the place of the sphere. 

The solid angle subtended at the centre by any spherical surface is 
the sum of the solid angles subtended by its parts. Thus we might 
divide it into two halves, or eight octants. Then the solid angle is 
clearly 

area of sphere . . 

(radius}2 — 4 ^ W 

We will now state and prove Gausses Theorem. 

If, in any region where attracting matter is situated, any closed 
geometrical surface be taken and divided into infinitely small elements 
of aiea, and each element of area be multiplied by the component, along 
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the inward normal to the surface at that point, of the attraction due to 
all the matter in the region, then the sum of these products is equal to 
the product of 47r/c and the mass enclosed by the surface. 

Let dS denote a small element of area on our geometrical surface, 
and let N be the component of the attraction along the normal to 
drawn towards the inside of the surface. Then Gauss's theorem states 
that 

/Ni/S = 4'7r/c X (mass enclosed by surface) ... (2) 

the integral being taken over the whole of the closed surface. 

We will first deal with single 
particles. 

Let a particle be situated 
outside the closed surface at a 
point P. Let a small cone be 
drawn through P to meet the 
surface in A and B, and let dS 
and dS denote the elements of 
area cut out by the cone at 
A and B. Let Nj and be 
the normal components of the 
attraction of ?ni at these points. 6 and 0 ^ are the angles between the 
normals at A and B and the thin cone PAB as shown in the figure. 

The attraction at A is and the component of this along the 
inward normal is 



Ni 



cos 9 


(3) 


Hence cos 9 

Now iiS cos 9 is the area of the normal section of the cone at A, 
that is, the area of the section perpendicular to PA. Hence 

cos 9 

— = do>^ the solid angle of the cone . . (4) 


Hence (5) 

In the same way we can prove that 

= +Kmj^da} ( 6 ) 


The sign is positive in (6) because is clearly positive. In fact, 
the component along the inward normal is positive wherever the cone 
passes out of the region enclosed by the surface, and negative where it 
passes in. Now 

Ni/ 3 ?S + Ni'^' = o ...... (7) 

The whole surface can clearly be divided into pairs of elements such 
as those at A and B, both in the same small cone j and since for every 
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such pair an equation similar to (7) would be true, it follows that, foi 
the whole surface, 

jNdS = 0 ( 8 ) 

for this equation is obtained by adding together all such equations as (7). 
Now let us turn to an internal particle. 

Let jMi be the mass of an internal particle. At A the cone passes 
out of the surface, and therefore 

Ni^S = 

Summing for the whole surface 
JNdS = 

= 47rArMi ... (9) 

It is clear that Jcloi for a closed surface is the 
same as for a sphere with centre P, and this 
we know to be 477. 

Now suppose there are particles M^, M2, M3, etc., inside the surface, 
and let the normal components of the attractions of these at an element 
dS be Ni, N2, N3, etc. Also suppose there are particles etc., 

outside the surface, and let the normal components of the attraction of 
these at be etc. Let N denote the normal component of 

the attraction of all these particles. Then clearly 



N = (Nj + N2 + N3 + . . .) + (fix + + 5^3 + • • •) • (10) 

Hence 

/N^S = /(Ni + Ng + N 3 . . .)zfS 4- /(^i 4- 
s= 4" M 2 + M 3 + • • •) 4" o 

= 47 rK X (total mass inside surface) (ri) 


Since this result is true for any number of particles it is true for any 
finite body, since it may be considered to be composed of a very large 
number of particles. It may happen that, for a particular geometrical 
surface, the cones we have considered meet the surface in more points 
than we have assumed. Thus the 
cone for an internal particle may 
meet at three points, as shown in 
Fig. 138. But the additional number 
of intersections is in all cases an 
even number, because every time 
that the cone enters the region en- 
closed by the surface it will have to 
be produced till it leaves the region 
again. Thus the additional inter- 
sections occur in pairs, one on 

entering and one on leaving. Now, exactly as in dealing with an 
external particle, we can prove that the sum of the contributions of the 
elements B and C to the integral 

/N^ 

is zero. The value of the integral is, therefore, just the same as if we 
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did not produce the cone beyond A; that is, the cone need not be 
produced ^when once it has got outside the surface. The additional 
intersections do not therefore affect our results, and Gauss's theorem 
remains tme for any kind of closed surface. 

The same law of force holds for electricity as for ordinary matter, 
except that the force is repulsive between two positive charges instead 
of attractive as with positive matter. If we take the force along the 
outward normal instead of along the inward normal, Gauss's theorem 
will be equally true for electricity. The total mass inside the surface 
will, in this case, correspond to the algebraic sum of the charges. Also 
K will be a different constant for electricity. 

The quantity NdS is called the normal induction at the element /j?S, 
and /N^2?S is called the total normal induction over the surface. 

254. Applications of Gauss's Theorem.— There are many useful 
applications of Gauss's theorem, and particularly in electrostatics. We 
will give here a few examples. 

(i) To find the attraction of a uniform spherical shell, or of any 
number of concentric uniform spherical shells, at a point P at distance r 
from the centre, let a sphere be taken through P concentric with the 
shells. Applying Gauss's theorem to this sphere 

jNdS = 4'n‘K X (mass inside sphere through P) . , (i) 

But N is constant all over the spherical surface, and it is equal to the 
resultant attraction F. Hence 


jNdS = FfaS = 4777 


Therefore by (i) and (2) 





(2) 

(3) 


where M is the total mass inside the sphere through P. This has 
already been proved in Art. 251. 

(ii) Attraction of an mfiniie uniform plane at any point 

It is obvious that the attraction of a plane infinite in all directions 

has no component parallel to the plane. 



To find the attraction at P take, as 
Gauss surface, a thin cylinder with axis 
PP' perpendicular to the plane, P and 
P' being at equal distances from the 
plane on opposite sides of it. Let F 
be the attraction at P, and therefore 
at P'. Since there is no force parallel 
to the plane, the normal component 
of the attraction all over the curved 


Fig. 139. surface of the cylinder is zero. Con- 

sequently the total normal induction 
over the surface of the cylinder is merely the normal induction over 
the ends; that is, 2FA, where A is the area of the section of the 
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cylinder. Applying Gauss’s theorem to this cylinder, we get, if p is the 
mass per unit area on the plane, 


zFA = 47 r/(r . pA 

whence F = 27 r/cp ....... 

which agrees with equation (i). Art. 243. 

(iii) Attraction of a 7 i infinite 9*0 d at distance p from the rod^ 
Let p be the mass of unit length. Let us now 
apply Gauss’s theorem to a cylinder with the rod 
as axis and radius p. The normal induction over 
the plane faces of the cylinder is zero, because 
there is no component attraction parallel to the 
rod. Also the normal force over the curved 
surface is perpendicular to that surface; that is, 

N = F, the whole attraction. Hence, if I is the 
length of the, cylinder, Gauss’s theorem gives 

2'7rpIF = 4m< . pi . . . ( 6 ) 


(4) 

(5) 


Consequently 


F = 2k| 
P 


(7) 



the same result as in Art. 248. 

255. The normal component of the attraction of any continuous 
distribution of matter on a plane at a point injSnitely near the plane. 

Let P be the point at which the attraction is required. The attraction 
will clearly be the same at P' at the same distance on the other side of 
the plane. Let us therefore take a cylinder with the plane faces 
through P and P^ and the generating lines perpendicular to the 
plane. Since P and P' are infinitely near the plane, the area 
of the curved portion of this cylinder can be made infinitely 
small compared with the area of the ends without making the 
ends themselves large. We may therefore neglect the normal 
induction of the curved surface in comparison with that over 
the ends in applying Gauss’s theorem to this cylinder. 

Let p be the mass per unit area in the neighbourhood of P, 
and let N be the normal component of the attraction over the 
ends of the cylinder. Then Gauss’s theorem gives 

2NA = 47r/c/>A ; 
whence N = 27 r/cp (8) 

This result could have been obtained by considering the attraction 
of the mass in the neighbourhood of P to be the same as that of an infinite 
plane with the same density. For, equation (4), Art. 242, gives for the 
attraction of a disc at a point on its axis 


yf 


F = 277 /C/>(l — cos 0 ) 


(9) 


where 20 is the angle subtended by a diameter of the disc at the point. 
]f 0 is nearly a right angle this gives 

F 27 r/c/) nearly . , . ^ . (10) 
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Now 0 will be nearly a right angle for a point infinitely near even a 
small disc. Consequently, a small circular portion of the plane with P 
on its axis may be considered as an infinite disc in finding the attraction 
at P. The attraction of this disc is therefore 27rK/>. 

Now the component, perpendicular to the plane, of the attraction of 
the rest of the plane is very small, Decause the line joining P to any 
particle in this remainder (which is the direction of the attraction of 
that particle) is very nearly parallel to the plane. Thus the normal 
component of the attraction is the attraction of the small disc in the 
neighbourhood of P, which we have found to be 27r/cp. 

256. The alteration in the attraction of any surface distribu- 
tion of matter on crossing the surface. 

Exactly as in the last article, where we dealt with a plane distribu- 
tion of matter, a small portion of the surface surrounding any point A 
may be regarded as an infinite plane in finding the attraction at a point 
P infinitely near the surface on the normal through A. On crossing the 
surface the direction of this attraction is reversed, and consequently the 
alteration in the attraction of this small area is twice the attraction on 
either side. If p is the surface density in the neighbourhood of the 
point, the attraction at P of this small portion is 2 'iTKpf and conse- 
quently the alteration in the attraction is 47r/cp. The attraction of the 
remainder of the body does not appreciably alter in passing from 
a point infinitely near the surface on one side to a point infinitely near 
on the other. Hence the whole alteration in the attraction is 47rKp 
along the normal to the surface through the point at which the surface 
is crossed. 

For example, in crossing the surface of a uniform spherical shell the 
change in attraction is 4 'rTKp along the radius. This agrees with oui’ 
previous results, because the attraction just outside the sphere is 


4'irKpa^ 

a2 


^4'7TKp 


and the attraction just inside is zero. 

257. We shall now prove a few general theorems on potential. It 
will be necessary, first of all, to define some of the terms we shall use. 

An Equipoiential Surface for any attracting matter is a surface over 
which the potential is constant 

A Line of Force is a line whose tangent at every point of its length 
is in the direction of the attraction at that point 

A Tube of Force is a tube formed by lines of force drawn through 
every point on any closed curve. 

A Filament is an infinitely thin tube of force. 

If the attracting mass is a thin rod it has been proved that the equi- 
potential surfaces are a system of ellipsoids of revolution having their 
foci at the ends of the rod. It was also proved that the attraction at 
any point acts along the bisector of the angle between the lines joining 
the point to the ends of the rod. But, by a property of the ellipse, 
this bisector is perpendicular to the ellipse through the attracted poin/ 
which has its foci at the ends of the rods. But a line which meets a 
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system of confocal ellipses at right angles is an hyperbola with the same 
foci. Thus the equipotential surfaces are a system of confocal ellipsoids 
of revolution, and the lines of force are everywhere perpendicular to the 
equipotential surfaces, and they are a system of confocal hyperbolas in 
every plane containing the rod. 

258. The line of force through any point is perpendicular to 
the equipotential snrface through that point. 

The work done on unit mass by the attracting forces is /c. SV, where 
SY is the alteration in the potential in the displacement considered. 
Now let P and Q be two neighbouring points on an equipotential 
surface. In going from P to Q the change of potential is zero, and 
consequently the work done is zero. Let 8s be the length of the 
straight line joining P and Q. Now the mean force along PQ is 


== 0 absolutely . • , 

* • * . (i) 

Hence, when 8s is infinitely small, 


dY 


K-j- =0 

ds 

•••■(*) 


that is, the force along a tangent to the equipotential surface is zero. 
This is true for any tangent line to the surface. Since, then, the attrac- 
tion has no component along any line in the equipotential surface, 
the resultant attraction must act along the normal to the surface. 
Thus the line of force through P is normal to the equipotential surface 
through P. 

259. If two very near equipotential surfaces be drawn, the 
force at any point between them is inversely proportional to the 
normal distance between the surfaces at that point. 

Let 8V be the difference of potential on the two surfaces, F the 
resultant force at any point P between the surfaces, 8n the length of 
the line of force through P intercepted by the surfaces. 

Then the work done on unit mass as it is moved from the surface of 
lower to the surface of higher potential is /cSV. But if the mass be 
moved along the line of force through P, this work is also F8«. Hence 

F8/Z = k8Y f i) 

and therefore ^ ^ ‘ 

But 8V is the same for all positions of P, because it is the difference 
of potential between two equipotential surfaces. Hence at different 

. I 

points F c< 

Thus, if a series of equipotential surfaces be drawn, by merely com- 
paring the closeness of the surfaces at different points we can make a 
comparison between the attraction at these points; the closer the 
surfaces the greater the attraction. 
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260. The force at different points of the same filament varies 
inversely as the area of the normal section of the filament. 

Let P and Q be two points on the same filament, F and F the forces 
at these points, a and <r' the areas of the normal sections at P and Q. 

Then applying Gauss’s theorem to the closed surface formed by 
the normal sections at P and Q and the filament between these sections 
we get 

Yc - FV = o 

which proves the theorem. 

The signs are different because the forces act one along the inward, 
and the other along the outward, normal. 

261. Two eijuipotential surfaces at different potentials cannot 
intersect. 

If two such surfaces did intersect there would be two different 
potentials at the line of intersection. But this is impossible because 
the potential at any point is a single-valued function of the co-ordinates 
of the position. Ib is clearly not possible for the potential of a single 
m 

particle fn^ namely — s to have two different values at the same point 

It follows, therefore, that the potential of any number of particles can 
only have one value at any point. Hence two different equipotential 
surfaces cannot meet, 

262. If a closed equipotential surface contains no mass, the 
potential inside the surface is constant and equal to its value at the 
surface. 

If the potential is not constant within the given surface, then there 
is a ^stem of closed non-intersecting equipotential surfaces within 
the given surface. Let Q be a point on any one of these surfaces. 
Now it is clear that, since the equipotential surface at which the potential 
is greater than at Q lies entirely inside or entirely outside the surface 
through Q, the force at this latter surface is everywhere along the 
inward normal or everywhere along the outward normal, for the direc- 
tion of the force is towards the surface of greater potential. That is, 
the component force N along the inward normal to the surface through 
Q has everywhere the same sign. But by Gauss’s theorem 

/N^S = o (i) 

the integral being taken over this surface. Now since N has always 
the same sign, and dS cannot be negative, the only way in which (i) 
can be satisfied is by N being zero all over the surface. But the 
normal component to an equipotential surface is the resultant force. 
It follows, therefore, that there is no force inside the given surface. 
Hence no work could be done on a particle moving about in the 
mterior of the surface \ that is, the work function, and consequently the 
potential, is constant inside the surface. 

The preceding argument verifies what we have already proved by 
direct calculation of the attraction, namely, that the force inside a 
hollow sphere is zero. 
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The result proved in this article is very useful in electrostatics. 
When a hollow conductor is charged with electricity the outer surface of 
the conductor is an equipotential surface, and the charge is on this 
surface. The electric charge, therefore, exerts no force inside the con- 
ductor, and the potential throughout the interior is equal to that at the 
surface. 

263 . Mutual Potential. — It may be proved by the method of Art. 
240 that the work done by the mutual attraction of two particles as 
they move from an infinite distance apart to a distance r apart is 


K 


r 


(I) 


and this is the same whether only one particle or both particles move. 
The potential energy of the two particles may, therefore, be taken as 


m-ifna 
/c — ~ 

r 


(2) 


But for the same reasons as we called ~ the potential of nty we shall call 

■ the Mutual Potential of the two particles. 

Now if three particles ^3, are at distances ^12, ^25, ^31, apart 

{the suffixes indicate which particles the distances refer to), the work 
done by their mutual attractions in coming from an infinite distance 
apart is 

^ '12 ^23 ^31 / 

For, the work done in bringing and into position and leaving mg 

at infinity is 

kM (4) 

^12 

and the work done on by the other two particles as is brought 
from infinity is the sum of the works done by each particle separately, 
namely, 

+ ^ 

^13 ^28 

Thus the expression (3) is the total work done. 

We shall call the expression 

^12 3^23 ^31 ^ ' 

the mutual potential of the three particles. 

Now the potential at the position of due to and W3, is 

= (7) 

^12 ^18 

Hence = » + » (8) 

'•12^X8 ' ^ 
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Consequently, if V2 and V3 are defined similarly to Vj, we get 


"f" ^2^2 "f“ ~ (9) 

Writing DNm for the expression on the left of equation (9), we may 
write the value of the mutual potential of the three particles thus 

W = \SNm (10) 

The preceding investigation can be extended to any number of 
particles and equation (10) will be true in all cases. V, it must be 
noticed, is the potential at m of all the particles except m. We shall 
show in the next article that it makes no difference if we take V as the 
potential of all the particles not excluding m. To make the result 
apply to a continuous body, let dm be any element of mass, V the 
potential of the whole body at that element, then the mutual potential is 

W = ^JVdm (ii) 

264 , The potential of a particle of mass m at distance r from the 
particle is 



It seems that, if w^e put r *= o in this, w^e get an infinite value for V. 
But this arises from our assuming that a finite mass can occupy a point 
in space, which is clearly absurd. If m is a finite mass it does not 
occupy a point, but a finite region of space. We can only get the true 
potential of any body, however small, by regarding it as made up of 
infinitely small particles and summing the potentials of all the particles. 
We shall find the potential of a sphere of radius r at its centre, and 
show that the limiting value of this potential when r = o is zero. 

‘ Let the sphere be divided into thin concentric shells and let x and 
x + dx be the radii of the inner and outer surfaces of one of these 
shells. If p is the density, the potential of this shell at its centre is 


ATTX^dx 

p — - — = 4 ^pxdx 


(») 


The potential of the solid sphere is therefore 

V = 4 np I xix ~ 2Trp}9 ..... (3) 

J 0 

This is a finite quantity for all values of r, and it vanishes when r 
vanishes. 

It follows that the potential of any finite body at a point inside its 
mass is always finite. For, a sphere with its centre at the point can 
always be taken which shall extend beyond the boundary of the body, 
and since the potential of the sphere is finite that of the body must also 
be finite. Moreover, the potential of an infinitely small body with a 
finite density is infinitely small. Since the potential of an infinitely 
small portion dm of a finite body is infinitely small at any point, it is 
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clear that the potential at the position of dm^ due to all the mass except 
dm^ is the same as the potential of the whole, including d7n. Hence, 
in equation (i i) of the last article, V is the potential of the whole body 
at the position of dm, 

265. Mutual Potential of a Solid Sphere. — We must first find the 
potential in a solid sphere at a distance r from the centre. 

I,et p be the density and a the radius. Suppose the sphere divided 
into thin spherical shells, and let x and dx be the internal and 
external radii of one of these shells. 

If the given point is outside the shell of radius the potential at 
that point is the same as if the shell were concentrated into a particle 
at its centre. This being true for all shells to which the point is 
external, the potential of the solid sphere of radius r (that is, the sphere 
whose surface contains the given point) is 


r 






When the point lies inside the shell the potential at the point is the 
same as at the centre. The mass of the shell is ^Trpx^dx, and its 
potential at the centre is /^Trpxdx. Hence, the potential of the hollow 
sphere with radii r and a is 


j ^rrpxdx = 2 tTp{a^ — r*) 


(*) 


The whole potential at the given point is the sum of the expressions 
in (i) and (2), namely, 


V = 27rp(a2 — |r2) 


(3) 


It is worth while to get this potential in another way. 

If F is the attraction at a point inside the sphere at distance r from 


the centre, we know that 

F= (4) 

dY 

But also (5) 

Therefore V= — firprS + C (6) 

Now, the potential at the centre of the sphere, obtained ty putting 
r = o in (2), is 2 'rrpaK Hence C = 27Tpa^, Therefore 

V = + 27rpa^ ( 7 ) 

which agrees with (3). 

The mutual potential is 


(S) 
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The mass at distance r from the centre is the shell ^'npr^dr. This 
is the dm in (8). Hence 

W = 2'jTp{a^ — \r^)4iTpr'^dr 
o 

= _ X^5) 


= |§77-2p2«5 


(9) 


If M is the total mass of the sphere, this can be written 



^2 

a 


. . <io) 


We can arrive at this result by direct calculation of the work done in 
bringing the mass from infinity. 

Let us suppose that at first the mass was in the form of a uniform 
spherical shell of infinite radius. The mutual potential of such a shell 
would be zero, because there is no finite mass in a finite space. Now 
suppose the sphere is formed gradually by attracting from infinity one 
thin shell at a time. When the sphere has grown to a radius r, the 
potential at its surface is The work done in bringing a mass m 

from infinity to the surface of this sphere will therefore be K^nprh/i, 
Hence the work done in bringing up the next shell of mass 47Tpr^dr is 


^KTTpr^ . 4'npr^dr s=s ^Krfi^r^dr . . . . (i i) 


Thus the whole work done in bringing the sphere together is 

^KTT^p^f r^dr sss ^KTT^p^a^ (12) 

J 0 

Since the work is also kW, this gives the same value for W as in (9). 

266. Mutual Attraction between Two Parts of the Same Body. 
— ^The problem of finding the mutual attraction between two parts of 
the same body is, in all except a few simple 
cases, too difficult to be included in this 
book. The following theorem will be useful 
in many cases. 

T'A? attraction betiifcen two parts of tJie 
same body is the same as the attraction of the 
whole on 07ie part. 

If the two parts be denoted by A and B, 
the attraction of the whole on B is the attrac- 
tion of A on B, together with the attraction 
of B on itself. But, obviously, the resultant 
attraction of any body on itself is zero. 
Hence the theorem follows. 

As an example we will find the attraction between two portions of a 
solid sphere divided by any plane. 

Let p be the density and a the radius of the sphere. Let CD be 
the intersection of the dividing plane with the plane of the paper, OE 
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the radius perpendicular to the dividing plane. Let OF = ON = 
OP = r. The attraction at P fs along PO, and its magnitude is %K 7 rpr ; 
the component of this parallel to EO is ^larpx. Thus the component 
attraction parallel to EO at every point in the plane through N perpen- 
dicular to EO is the same. Since the resultant attraction is along EO, 
the attraction on the whole disc between x and x + dx is 

^KTTpx . •iTp(a^ — x^)dx == hT^KpKx{a^ — x^)dx . . (i) 

Hence the mutual attraction is 

|7r2Kp2j«(a2— a:2ya.-==^2;fp2(a2_^2)* .... (a) 


EXAMPLES ON CHAPTER XI 


r. Let AB be a thin uniform rod, and C a point without it. Show that 
the potential of AB at C depends only on the angles of the triangle ABC and 
on the density of AB per unit length. 

Let O be a point within a triangle ABC, and let DEF be the triangle 
formed by joining the feet of the perpendiculars dropped from O on the 
sides of the triangle ABC. Suppose that the sides of the triangles represent 
uniform rods, all of the same density per unit length. Show that the sum of 
the potentials of AB, BC, CA, at O, and the sum of the potentials of DE, 
EF, FD, at O, are equal. 

[The potential of AB at C, required in the first part of the question, is 


P 


, /cosec A + cot A\ 1 

B - cotB; j 


2. Investigate the attraction of a thin homogeneous circular plate of 
radius at a point which is at a perpendicular distance c from the centre of 
the plate. Remark upon the cases 
• (j) a infinite, c finite. 

(ii) a finite, ^ infinitesimal. 


[In both cases F = 2'jrKp, as for an infinite plate.] 

3. Two thin circular discs with radii a and d, and masses M and m, have 
a common symmetrical axis, and the distance between their planes is very 
small compared with the larger radius a. Show that the attraction of either 
on the other is approximately 


4. Show that the attraction between a thin circular ring, of radius a and 
mass M, and a thin rod of mass m and length / lying along the axis of the 
ring, is 

_ 1) 

* 'Ti rz/ 

wh^e ri and are the distances of the ends of the rod from the circumference 
01 the ring. 

5* Prove that, if the earth were homogeneous throughout, the decrease in 
gravitational attraction as one rose through a certain height in a balloon 
would be approximately twice the decrease as one descended an equal depth 
a London JB.sl 
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6. A thick shell of uniform density is bounded by spherical surfaces 

which are not concentric : prove that the attraction in the internal cavity is 
uniform in magnitude and direction. London BSc. 

[If d is the distance between the centres, the attraction is ^Knpd 
parallel to the line joining the centre of the inner, to the centre of 
the outer, surface.] 

7. If the density at distance r from the centre of a sphere of radius a is 

pand n being constants, find the attraction and potential at 
the same distance. 

8. Find the potential of a solid homogeneous sphere of mass M inside 
and outside its mass. 

If the mass remains unaltered but its density, instead of being uniform, 
varies as the distance from the centre, show that the potential is unaltered 
at external points, but that, at an internal point at distance r from the centre, 
it is diminished by 

KM(a - r)^(a 2r) 6 a^ 

London B,Sc. 

9. Define the potential of a given mass at a given point. Also define an 
cquipotential surface. 

If the attracting mass consists of dwo equal particles at A and B, 
separated by a distance the surface will be formed by the revolution of a 
curve about AB : find the equation to this curve. 

Certain of the cquipotential surfaces will consist of a pair of ovals, one 
round A and the other round B. Find the condition for oval curves. 

[If r and ^ are the distances of a point from A and B, one form of the 
equation to the cquipotential surfaces is ^ ^ « (a constant). 

The condition for a pair of ovals is /« ]> 4.] 

10. A quantity of matter, attracting according to the law of nature, is 
uniformly distributed on the circwimfevcr.ce of a circle- Prove that the chord 
of contact of tangents drawn from an external point divides the mass into 
two parts having equal potentials at the point. 

II* If a solid sphere is cut by a plane show that the component, per- 
pendicular to the plane, of the attraction of the whole sphere is the same on 
every unit mass in the plane section of the sphere. 

Prove that the attraction between a portion of a solid sphere bounded by 
two parallel circular sections of radii y and {y + dy') and the rest of the 
sphere is ^Kn^p^y^dy^ p being the density of the sphere. 

[If X and (x + dx) are the distances of the planes from the centre, 
note that = --xdx.] 

12. A uniform solid sphere of mass M and radius a is cut in two by a 
diametral plane- Show that the resultant attraction between the two 
halves is 

London B.Sc. 

[Use the result for the attraction on a disc in the preceding question.] 
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13. If M denotes the mass and a the radius of a solid homogeneous 
sphere, prove that the attraction between two portions of it divided by a 
plane section of radius / is 

16 * 

14. If half the mass of the earth were concentrated in an infinitely thin 

uniform external crust, the other half being symmetrically distributed through- 
out the interior, show that at the centre of a relatively small circular gap in 
the crust the intensity of gravity would be less than its actual value by one- 
fourth. London B.Sc.^ Honours. 

15* Show that a uniform thin spherical shell exerts no attraction on a 
particle inside the shell. 

Show that the attraction at the centre, of any portion cut off by a plane, is 
proportional to the area of the section. London B.Sa 

16. Show that the attraction between the two halves of a spherical shell 
of surface density o- and radius r is 2X7r2(rV2. 

Show also that the attraction between two portions divided by a small 
circle of radius x is 

17. A spherical conductor, made up of two hemispheres, is electrified to 
potential V ; show that the two halves repel each other with a force JV*. 

London Inter, Sci,^ Honours. 

1 8. Let AB be a diameter of a spherical shell of uniform surface density. 
Show how to draw a plane at right angles to AB which will divide the surface 
into two parts such that their attractions on the mass just surrounding A 
shall be equal. 

[The plane cuts AB at C such that AC = JAB.] 

19. Find the potential at any point of the axis of a thin hemispherical 
shell. Show from the result that the resultant attraction at points on the axis 
is always towards the pole of the hemisphere ; and verify that the attractions 
on the two sides differ by 47rKO-, where cr denotes the surface density. 

London Biter. Aris.^ Honours. 

[At distance .ar from the centre of the sphere the potentials are 


2ncra 

X 


{a/x^ 4- + (jr - a)} 


the upper sign applying to the concave side, and the lower to the 
convex side of the shell, a denotes the radius.] 

20. A uniform spherical shell of radius a and mass <r per unit area is 
divided into two portions by a circle of radius r. Show that either portion 
would attract unit mass at the centre of the circular section with a force 


21. If the axis of x be taken along the axis of a disc of radius a and density 
or per unit area, show that the force exerted on unit mass at the origin by 
the disc, whose centre is at x, in the positive direction along the ;f-axis, is 

27 rjccrj^ ^ upper or lower sign being taken according as 

X is positive or negative. Thence, or otherwise, prove that the attraction 
of a solid cylinder at a point on its axis inside the cylinder and distant d 
from the nearer end is 

27rKp(/ - 2^/ — V(/ — ^2 -I- 4- \/<i2 4- ^2} 

/ being the length, r the radius, and p the density. 
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22. A right cone of semi-vertical angle a and length h attracts a particle at 
its vertex. Prove that the force of attraction is proportional to the length of 
the axis. 

Find an expression for the attraction at any point of the axis. 

o \ a 4 “ ^ cos a -h 

2TTKp{h — {d -- p) cos2 « - / sm2 a cos a log i -f - r 5 - 

( "T" cos a) 3 

for a point at distance/ above the vertex, d is the distance of 
the point from the rim of the base.] 

23. If a cone of any form cuts a number of parallel planes, all of which are 
covered with the same uniform distribution of matter, (t per unit area, show 
that the attraction, at the vertex of the cone, of the portion of each plane 
included in the cone, is the same ; and prove that the component of this 
attraction perpendicular to the planes is xcro) where a> is the solid angle of 
the cone. 

24. Prove that the component, perpendicular to the base, of the attraction 
at the vertex of a frustum of a cone (of any form) bounded by a plane 
parallel to the base, is equal to the density, in gravitational units, multiplied 
by the height of the frustum and the solid angle of the cone. 

London Inter. Arts^ Honours. 

[If the density is expressed in gravitational units the gravitation 
constant is unity.] 

25. Show that the attraction of an indefinitely long thin strip of matter of 
breadth a and superficial density p, at any point P, resolved perpendicular to 
the plane of the strip, is 2xp^, where 0 is the angle between the planes 
through P and the edges of the strip. London S.Sc,, Honours. 

26. Show that the attraction of an infinitely long prism, whose section is 
an isosceles triangle, at the vertex of a section infinitely distant from both 
ends, is 2 KpM, where A is the height of the section, B being the angle 
between the equal sides, and p the density of the prism. 

27. An infinitely long prism of density p has a rectangular section with 
sides a and d. Show that the attraction at the mid-point of one of the sides 
of length d of a section infinitely distant from both ends, is 

4 Kp(^ad — ”log^ sin ^ 

where 9 = tan-l 

2 a 

What does this become when ^ becomes infinite ? 

l 2 nKpa.} 

28. A hole, bounded by the circle a, is cut in a uniform lamina of 
uniform surface density cr whose edge is bounded by the curve r ^ he ; 
prove that the attraction at the origin is Trycr, where y is the constant of 
gravitation. 

Prove that if the edge of the lamina is r = and the edge of the hole 
is r = ^(^)j where is a constant, the attraction at the origin is zero. 

London BSc. 

29. From a circular plate of radius a circular hole of radius ^2 is cut, 
the circles having a common tangent. Show that the attraction of the 

remainder at the point of contact of the common tangent is 2xp log p being 
the mass per unit area. 
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_ 30. From a uniform triangular plate of height k a triangular piece oi 
height p is cut away by a line parallel to the base. Show that the attraction of 

h 

the rest at the vertex of the triangle is 2Kp sin a log- acting along the bisector 

p 

of the vertical angle, 2a being the magnitude of this angle. 

31. Prove that the attraction of a rectangular lamina with sides 2a and 
2^, at a point distant x from the lamina and on the line perpendicular to its 
plane through its middle point, is 


4Kp sin 


v'(;r2 + a2)(x2 + ^ 2 ) 


32, Show that the work done in collecting the particles of a body from 
infinity is the integral ifV/im taken throughout the body, V being the 
potential at the position occupied by 

A sphere of radius a has a total mass M, and its density is proportional 
to the distance from the centre. Prove that the work gained in redistributing 
the mass (the radius still remaining a) so that the density is uniform is 



London B.Sc,y Honours Maths, 

33. Define (i) potential, (ii) tubes of force, and prove the fundamental 
property of a tube of force. 

If the lines of force are circles whose centres are at a fixed point 0 and 
whose planes pass through a fixed line OA, compare the intensity of force a1 
two points in free space which lie on the same line of force. 

{London Applied Maths, subsidiary to Honours Physics) 

[If P and Q are on one line of force 

Force at P _ sin AOQ 1 
Force at Q ^ sin AOP -J 
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KINEMATICS 

367. In accordance with the definition of speed in Chapter I., a particle 
which has moved through s feet in / seconds along any path whatever, 
ds 

has a speed We may call this the velocity of the body if we re- 
member that it is really only the magnitude of the velocity, and that 
something more is needed to fix the velocity, namely, the direction of 
the motion. 

A velocity, like any other vector, can be resolved into two com- 
ponents parallel to any two lines in its plane, or into three components 
parallel to any three lines in space. If mutually perpendicular axes 
OX, OY, OZ, be taken, and the co-ordinates of a moving particle are 
a:, z, at any instant the components of its velocity parallel to these 
dx dy dz 

three axes are magnitude of the resultant velocity is 

easily seen from a figure to be 

v=VK$)'+(l)'+(ITI- •••(■) 

dz 

If the motion is confined to the plane XOY, then = o, and 
therefore 


^=VKST+(IT} (») 


For a particle moving in three dimensions the component accelera- 

. d^x d^y d^z _ i • . i 

tions are and The resultant acceleration is, therefore, 
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This is not obtained as might have been expected at first — by 
differentiating the velocity V with respect to time. For that differential 
coefficient will only give the rate of increase of the speed, and it was 
pointed out in Art. 27 that the velocity of a particle may be changing 
while the speed remains constant. The rate of increase of the speed, 

that is, , will only be equal to the acceleration when the particle is 

travelling in a straight line. In all other cases it will be less than the 
resultant acceleration. 

268. Components of Velocity and Acceleration in any Direction. 
—Since we shall have very little occasion to refer to motion in three 
dimensions, we shall suppose that the motion is confined to the xy 
plane. Let u and v be the components of the velocity of the particle 
parallel to the axes at time Then 

dv 

(i) 

The component velocity parallel to a line inclined at B to the axis 
of X is equal to the sum of the components of u and v parallel to this 
line- The velocity is, therefore, 

^^cos^ + ^'sin^rr^cos^-h^sin^ ... ( 2 ) 

Similarly, the component acceleration parallel to the same line is 

• — • (3) 


d^x n , d^y , 

cos 5 + -^ sin » 


If the given line along which the acceleration is required is parallel 
to the velocity, it is easy to see that 


cos ^ = - 


sin 0 == - 


(4) 


Hence, the component acceleration along the line of motion is 
u d^y r 

Since ^ ^ and ^ this acceleration may be written thus, 


(5) 


^ 1 

( du 


\ dt 


But since the speed is 
we get on differentiating 


-f 


V = + v^) 




( 6 ) 


(7) 



dSf I / 

du d7j\ 


di ~ 


y/- 

/ 

/ At- 


(8) 


- V 


clu 

di 
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which is the same expression as in (6). Hence, the component accelera- 
tion along the line of motion is the rate of increase of the speed. 

The acceleration has generally another 
y. component perpendicular to the direction • 

/ of motion. We shall show what this is a 

little further on (Art. 272). 

/ J 269. Inclined Axes. — It will some- 

^ / times be convenient to use co-ordinate 

/ / axes which are not perpendicular to 

/ / each other. Let the axes OX, OY, be 

/ / inclined at an angle cu, and let u and v 

^ be the component velocities parallel to 

Q ^ — * 5( these axes. From the figure it is clear 

^ ‘ V 2 = -J- 2/2 + 2UV cos CO (l) 

Also, the angle 6 ^ which V makes with OX, is given by 

. ^ V , sin CO j . 

sin a = sm co = ,t o - , — s-n ^ • • (2) 

V aJ + 2/24. 22^v cos co) ' ' 

The component velocities and acceleration are derived from the 
co-ordinates (or displacements) in exactly the same way as when the 
axes are at right angles. Thus 


And the component accelerations are 

du ^ 

j dv d^y ’ 

= J 

270. Bate of Change of any Vector. — Let OP, OQ, in Fig. 144, 
represent a varying vector at times / and dl), the magnitudes at 


O 

P 


0 

Fig. 144. 

these instants being V and (V + dV) respectively, and let the angle 
between ^them be dcj), as shown in the figure. The component of the 

vector OQ along OP is OQ cos d<f>, and consequently the increase of 
this component in the interval dt is 
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OQ cos — OP = (V + cos d(j) — V 

= dV cos d^ — V(i — cos d<f>) 

Therefore the rate of increase of this component is 
lim dY cos d(f>—Y(i --cos dA) .. ,,dV^. ^^d<l> i— cos dA 

di^o Ti - = 


because 


di 


dt 


’ dt 


dj> 

(I) 


I — cos d^ 

d^ 


d^ (d^ 


4 


which has clearly a limit zero when d(f> is zero, and the limit of cos dif> 
is I. So the rate of increase of the vector V in its own direction is 
dV 

merely . This is easy to remember since it is exactly the same as 

if the vector had no rotation. For example, the acceleration of a par- 

dV 

tide moving along a straight line with velocity V is , and what we 
have just found is that the component acceleration in the direction of V 
is still ^ even if the path is curved, and even if the path is not in one 
plane. 

Again, the component of OQ in the direction perpendicular to V 
and in the plane OPQ is OQ sin dcj), and, since this component was 
zero at time /, the rate of increase of this component is 

lim (V + dV) sin d<l> lim V + dV sin d(j> d^ 
dt^Q dt ^dt^o V ' d^ 'dt 

w 


This component rate of increase of V is in that direction perpendicular 

to V in which the arrow head of the vector OP is travelling due to the 
rotation of the vector, the other end of the vector always passing through 
O. That is, we imagine a plane drawn perpendicular to the vector 
OP through the point P, and as the vector rotates with the end *0 fixed, 
the line of the vector (produced if necessary) cuts this plane in a line, 
curved or straight. Then the last component is along the tangent to 
this curved or straight line at P. 

If the vector remains in one plane there are only two possible 
directions perpendicular to V that the component ( 2 ) could have. 
The rule we have just given makes it clear in which of these two direc- 
tions V is increasing. 

Observe that the component rate of increase of V perpendicular 
to itself is the product of V and the angular velocity of V. 

The total rate of increase of V is, of course, the resultant of the two 
vectors in (i) and ( 2 ). 

It is useful to remark that all the arguments in this article apply 
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equally well to a vector which does not pass through a fixed point. 
The rate of increase of a vector depends only on its successive mag- 
nitudes and directions and not on its lines of action. 

271. Tangential and Normal Accelerations. — We shall use the 
result in the last article to find the component accelerations^ along and 
normal to the velocity, of a particle describing a plane curve. 

Let V denote the velocity when the particle is at a point P of its 
path and let ip denote the angle which V makes with a fixed line OX 
in the plane of motion. Now we can apply directly the results of the 
last article. Thus, since the rate of increase of the vector V is its 




acceleration, the component accelerations in the direction of V and 
perpendicular to V are respectively 

tangential acceleration = 


normal acceleration 


dt • 


This latter component is in the plane of motion and towards the 
centre of curvature of the path at P, the point indicated by C in 
Fig. 145. We can put the latter component in a different, and more 
usual (but not always more useful) form. Thus suppose ds is the 
length of arc described by the particle in time dt^ so that ds and dxjs 
are corresponding increments, then 

dt ~~ ds * dt ds P. 


where R is the radius of cuiv^ature of the path at the point P. Probably 
the simplest way of defining radius of curvature is by the expression 
ds 

^ ; but if any other definition be taken it can be proved that it amounts 
to the same thing. Consequently, the normal acceleration is 

^ di- -B.' 
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and its direction is along the radius of curvature towards the centre 
of curvature. 

If the path is a circle of radius r then the radius of curvature is 
r at every point of the path, and the two component accelerations are 
along the tangent and along the inward-drawn radius. 

If the velocity V is constant in magnitude there is still an accelera- 
tion provided that the path is not straight, and this acceleration is 
entirely perpendicular to the velocity. 

272 . Radial and Transverse Velocities and Accelerations. — Our 
object here is to express the velocities and accelerations of a particle 
moving in one plane in terms of its polar co-ordinates r and 0. 

Let P be the position of the particle at any instant, and let OP be 
denoted by 0 being the fixed pole. Then the cliange of the vector 

OP in any interval of time is the displacement of the particle in that 

interval, and consequently the rate of change of OP is the velocity of P. 
Then, by Art. 270, the components of the velocity along and perpen- 
dicular to OP are 

radial velocity = ^ say, 
transverse velocity = = & say, 


this latter component being in the direction PQ in Fig. 145 (a). 
To get the components of acceleration we need only find, .by the same 
method, the rate of change of the two vectors u and v. Now the com 
ponent rates of increase of u are 

^ along OP, and along PQ. 

Also the component rates of increase of v are 

^ along PQ, and along PO. 


Thus the total components of acceleration are 
g - z;|along OT and J 


On substituting for u and v in these we get : 

radial acceleration ^ 

, 1 d f d 0 \ . dr d 9 

transverse acceleration 

dW dr dd 

^ dt di 



If 6 does not vary, that is, if the particle is travelling along the 
straight line OP, then the transverse acceleration is zero and the 
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radial acceleration is just , which is obviously right for straight-line 
motion. 

Again, if B is varying and r is constant, that is, for motion in a 
circle with the pole as centre, then the radial acceleration reduces 

to ? which is equal to — This component acceleration 

is normal to the path and is precisely the same as the normal com- 
ponent in the last article. Thus we see that the two terms in the radial 
acceleration are merely the sum of the two terms we should get, (i) by 
treating d as constant, and (2) by treating r as constant. 

There is no simple or intuitive rule for the transverse acceleration ; 
but we shall later find that it can be expressed easily in terms of 
moment of momentum. 

-- 273 , Accelerations in a Rotating Plane. — ^We shall not deal with 
the general problem of accelerations of a particle relative to moving 
axes, but we shall consider one or two simple cases. 

Suppose a particle moves in a plane which rotates with a given 
angular velocity — not necessarily constant — about a fixed line in the 

plane. We want to express the 
true accelerations in terms of 
the accelerations relative to the 
rotating plane and the angular 
velocity of the plane. 

Let the fixed axis be taken as 
j^-axis, and let the ^-axis be per- 
pendicular to this and in the moving 
plane. OX is taken in the plane 
of the paper, and OY is perpen- 
dicular to the plane of the paper. 
Let P denote the particle, and F 
its plan on the plane of the paper. 
P' and P are, of course, represented 
by the same point in the figure. The distance of P above the plane of 
the paper, that is, the length of FP', is y ; and OF = x. 

The acceleration of P parallel to OY is clearly — because this is 

not affected by the rotation. 

The acceleration of P parallel to the plane of the paper is the same 
thing as the acceleration of its plan P'. Now, by Art, 271, the compo- 
nent acceleration of P' along OX is 



d^x d^x - . . 

~ ~ ~ 


where ai is written for the angular velocity of the plane XOY. 

The acceleration of P' perpendicular to OX and in the plane of the 
paper is, by the same article, 




(2) 
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If the plane were not rotating, the component accelerations parallel 
to OY and OX would be merely 

T/S ^ (3) 

and the only difference in these components when the plane rotates is 
that the second acceleration is diminished by which is the accelera- 
tion due to the rotation alone without any other motion. There is, in 
addition, the acceleration (12) 
perpendicular to the rotating 
plane. 

274 - Axes rotating about 
an Axis Perpendicular to 
their Plane. — Suppose the 
axes OX, OY, to which the 
position of a moving particle 
is referred, are rotating about 
an axis through O perpen- 
dicular to their plane with a 
constant angular velocity co. 

To find the true acceleration 
parallel to the instantaneous 
positions of the axes. 

Let a pair of perpendicular 
axes OX', OY', be taken fixed in space and in the plane of the rotating 
axes, and let the co-ordinates of the particle referred to these axes be 
y. Then 

y =:y cos ^ -I- ^ sin 0 (x) 



di - dt ^ 


‘ y sin 0 , o) + sin 6 X cos 6 . co 
at 


dy 


d^y - ^ 

: ^ cos o — 2^ sin . CO — jv cos ^ . 0)2 

d^jc doc I 

+ sin Q + 2— cos 6 .cti — x&\a.Q 
di^ dt j 


(*) 


(3) 


„ dy , 

Now IS the true acceleration parallel to OY'. Hence by taking 

OY' along OX and OY in turn, we shall get the true accelerations 

parallel to these lines. Thus putting ^ - in (3), we find 

2 

acceleration along OX = -3^ - — 2Co~ = -- - jrct>2 — 20iV . ^4) 

at^ at dt 

and putting 6 =: o, 

acceleration along OY = _yco 2 -f- 2 co^ = • (5) 

where u and v are component velocities relative to the rotating axes. 
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375* Accelerations and Velocities relative to Axes which move in 
their Plane without rctatlng-. 

Let fixed axes G'l'’', O' be taken parallel to the moving axes OX, 
OY. Let the co-ordinates of O relative to the fixed axes be -37, and 
let the co-ordinates of the moving particle relative to the fixed and 
moving axes respectively be y) and (x^ y). Then 

y = y) + j 

Differentiating these twice in succession, 


II 

+ 

• ■ • (3) 

II 

+ 

... (4) 

11 

• 

« 

• * • (5) 

d^y dh) d^y 

' • • * 

... (6) 


The quantities on the left of equations (3) and (4) are true velocities 
of the moving particle parallel to the axes, and the quantities on the 
left of (5) and (6) are true accelerations of the moving particle. Our 
equations tell us that the velocity of the naoving particle is the resultant 
of the velocity of O relative to the fixed axes and the velocity of 
the particle relative to the moving axes. Likewise the true acceleration 
of the moving particle is the resultant of the acceleration of O and the 
acceleration of the particle relative to the moving axes. 

276, As an example of relative motion, suppose a wheel rolls at a 
uniform rate on a level surface and in one plane. To find the velocity 

and acceleration of a point on its 
rim. 

Let r be the radius and <0 the 
angular velocity of the wheel. 
The velocity and acceleration of 
P are required. Let the line of 
motion of the centre be taken as 
the axis of and a line through 
the centre perpendicular to this 
as the axis of y. The velocity of 
O is clearly /m, for in one second 
Fig. 148. the wheel turns through o> radians, 

and, since there is no sliding, 
the wheel moves forward rw. Now the velocity of P relative to the 
moving axes is also rco, and its direction is perpendicular to OP. 
Hence the true velocity of P is the resultant of rw in a horizontal 
direction, and r(o perpendicular to OP, that is, along the tangent. This 



• (i) 
. (2) 
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resultant makes equal angles with the horizontal and the tangent at P, 
and consequently it makes equal angles with the lines MN and OP, 
which are respectively perpendicular to the horizontal and the tangent 
at P, Hence the line of the resultant passes through the end N of the 
vertical diameter. Also, since the tangent at P makes an angle Q with 
the horizontal^ the magnitude of the resultant velocity is 

i;a).cos - = MP .o> . . . . . . (i) 

The preceding could easily have been proved by making use of the 
fact that M is the instantaneous centre of rotation of the wheel. 

The acceleration of the point P is the acceleration of P relative to 
the axes through 0 combined with the acceleration of O. But the 
acceleration of O is zero. Hence the 
acceleration of P is just the same as if 
the wheel rotated without moving forward. 

Its acceleration is therefore roy^ along PO. 

277. Acceleration of the Point of 
Contact of a Circle rolling on a Fixed 
Circle. 

Let O and C be the centres, r and R 
the radii, of the rolling and fixed circles 
respectively. Let A be /he point of 
contact of the rolling circle with the 
fixed circle. OY, OX, are a pair of axes 
which move with 0, but keep their direc- 
tions always parallel to the original 
position of OC and the tangent to the 
circles at A. That is, the directions of 
the axes remain fixed while their inter- 
section O describes a circle of radius 
(R + r). 

The point A describes a circle 
relative to the moving axes OX, OY, 
and the point O describes a circle in space. If cu is the angular velocity 
of the rolling body, the component accelerations of A relative to the 


moving axes are 

parallel to OX (i) 

at ' 

and roy^ parallel to OY (2) 

We have now to find the angular velocity of CO. Suppose that after 
an interval 8/, B comes in contact with D. Then, on account of 
rolling, 

rS6 = V8(f> (3) 


But when B comes in co.itact -with D, the ladius BO will lie along CD. 
That is, OB will have turned beyond the vertical by an amount 3<f>, 
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Hence the rolling circle will have turned through + 8(f> from the first 
position. But in 8/ this circle will turn through oSl Hence 

86 + 8(f> == coSf (4) 

From (3) and (4) we get 


Whence 


(R + r)8<f> = ra)8f 
d<f> ray 


(s) 

( 6 ) 


This is the angular velocity of CO. Hence the accelerations of 
O are 

^ ^ parallel to OX ... (7) 

and — (R + '■)(^) = parallel to OY . (8) 


Adding the accelerations of O and of A relative to the moving axes, 
we find that the true component accelerations of A are 


do) 


dt 



= o parallel to OX 


(9) 


and parallel to OY . . (lo) 

If the fixed and rolling curves are not circles, the results just 
obtained will be still true, provided we put the radii of curvature of the 
two curves at the point of contact instead of the radii of the circles 
For it can be shown that every step in the argument leading to equations 
(9) and (10) would apply equally well to any two curves if radii of curva- 
ture were substituted for the radii of the Cycles. 

278. A circle of raditts r rotates about ^^anieter with constant angular 
velocity <o, and a particle moves at a ufiiform rate round the circle. To 
find the acceleration of the particle. 

Let the axis of rotation be taken as axis of and a perpendicular 
diameter as axis of just as in Art. 273. 

Let n be the angular velocity of the particle in the plane of the circle. 
If the plane were not rotating, the accelerations parallel to the axes OX, 
OY would be merely the components of the normal acceleration rn^ 
This gives components 

and (i) 

parallel to OX and OY respectively. 

Owing to the rotation the acceleration parallel to OX is diminished 
by xoy^. Hence the whole acceleration parallel to OX is 


—x(n^ 4- co2) ( 2 ) 

There is also an acceleration perpendicular to the plane whose 
magnitude is 

\ d , ^ , dx 

'li 


“ * = 20 )- 
X dr ' 


(3) 
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If t is measured from the instant when the particle was on the A^-axis, 
we have, for positive rotation, 


Therefore 


X — r cos nt 
y = r sin nt 
dx 




= ^nr sin nt ^ ; 


Hence the three accelerations parallel to OX, O Y, and perpendicular 
to the plane, are respectively, 

— + and — .... (6) 

279. Acceleration of the end of a string unwinding from a convex 
curve. 

A string is unwound from a convex curve and held tight during the 
process. To find expressions for the accelera- 
tions along and perpendicular to the string. 

It is clear that during unwinding the string 
is always tangent to the curve. If, therefore, 

P and Q are two neighbouring points on the 

curve described by the end of the string, the 

angle 8^ between the tangents at P and Q, \ 

being equal to the angle between the normals 1 

at P and Q, is equal to the angle between the /^P\ I 

lines of the string at P and Q. Hence, if z/ is / \ / 

the velocity at P, the tangential acceleration is / \ } 


and the normal acceleration is 

ds dd) d<l> 

2 / 2 ^ = ^ — . —L, — 

ds dt ds dt 


Fig. 150. 


If Vp is the tangent at p to the curve on which the string is wrapped, 
and if the length of Yp is /, the velocity of P is 


This makes the expressions for the tangential and normal accelerations 
become 

(4) 

respectively. 

280. The Hodograph. — If vectors be supposed to be drawn from a 
fixed point to represent the velocities, at every point of its path, of a 
particle describing a plane curve, the ends of these vectors will lie on 
a curve, and this curve is called the hodograph of the moving point. 

The end of the vector representing the velocity at any point P of 
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the path of the moving particle is called the point on the hodograph 
corresponding to P. 

The important property of the hodograph is that the velocity of the 
corresponding point is the acceleration of the particle. This we shall 
now prove. 

Let P and Q be two very near points on the path of a moving 

particle ; Op and Oq represent the velocities at P and Q. The points / 
and q are therefore on the hodograph, with O as pole. Let be the 
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interval of time from P to Q. Now the velocity at Q is greater than 
the velocity at P by the vector 

— O/ = pq 

that is, the velocity added in the interval 8 f is represented in magni- 
tude and direction by pq. Since acceleration is increase of velocity 
per second, the acceleration of the particle is the vector 

which is the velocity of the corresponding point in the hodograph. 
Thus the magnitude and direction of the acceleration of the moving 
particle are the same as the magnitude and direction of the velocity of 
the corresponding point in the hodograph, provided, of course, that 
unit velocity is represented in the hodograph by unit length. 

From what we have just proved it follows that the tangential and 
normal accelerations of the moving particle are the same as the radial 
and transverse velocities of the corresponding point in the hodograph. 
Thus the radial velocity in the hodograph is 

dv 
at 


(0 
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and the transverse velocity in the hodograph is 

dih ds z/2 

V— = V— — = — 

dt ds dt p 


( 2 ) 


where ds and p refer to the path of the particle. 

Example. — ^The hodograph of a particle describing a circle of 
radius r with constant speed is another circle of radius Also the 
corresponding point in the hodograph moves with uniform speed. 

Since the two circles are described in the same time 


speed in hodograph radius of hodograph v 
V ^ r r 

Hence the speed in the hodograph is and this speed is the normal 

acceleration of the particle in its path. 

281. Hodograph of the motion of the end of a string unwinding 
from a circle. 

A string is unwound from a circle and the free part is kept tight. 
The hodograph depends, of course, on the rate of unwinding. Let us 




suppose, in the first instance, that the straight portion of the string turns 
with constant angular velocity. 

If a is the radius of the circle and co the angular velocity of the 
straight piece of string, the velocity of the end when a length aQ has 
been unwound is aQ . co. Thus the velocity at Q is PQ . cu, and the direc- 
tion of this velocity is perpendicular to PQ, that is, parallel to CP, 
Hence O/, which represents the velocity at Q, is parallel to CP. The 
polar equation of the hodograph is therefore 

r = ao>Q^ 

a “ spiral of Archimedes.” 

If, instead of taking the angular velocity of the string constant, we 
had taken the linear velocity of the end constant, the hodograph would 
have been a circle with pole O at the centre. Indeed, whatever path 
a particle describes, if it moves with uniform speed the hodograph of 
its motion is a circle. 
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882. From the equations of the path of a particle and the 
hodograph of its motion to find its acceleration. 

The velocity at any point P of the path is given at once by the 
radius vector of the hodograph which is parallel to the tangent at P, 
Then the component acceleration of the particle along the inward normal 
^2 

at P is — , where p is the radius of curvature at P, 
p 

Again, if dtp be the angle between the tangents at P and at a point 
ds further along the curve, the acceleration along the tangent is 

dv ^dv dtp ds ^dv X 

di dip ds dt“^ dtp p ^ • • • . . (i) 

But V and tp are the polar co-ordinates, r and 6, of the point of the 
hodograph corresponding to P. We may therefore write for the tan- 
gential acceleration, 

dv V dr r dr ^ ^ 



p being the radius of curvature at the point in the path of the particle 
corresponding to the point (r, Q) in the hodograph. 

The student will probably find it less confusing not to use the 
symbols r and d at all, but to call the polar co-ordinates in the hodo- 
graph V and 0. 

Example. — Suppose the particle describes the catenary s = c tan 0, 
and su ppose that the equation of the hodograph is r = a^sec 6^ or 
V = aVsec0. 

Then the normal acceleration is 


„ ds (fi sec 0 (fi 

— ^ ^ ^ — cos 1 

p dip c sec2 ip c 


The tangential acceleration is 

Z ~ L_ 

*“ 2 p‘dip^ ^ 2 C sed 


sin 0 sec^ 0 = ^ sin 0 


EXAMPLES ON CHAPTER XII 

1 . A rod AB moves in any manner whatever. If a and p denote the com- 
ponent velocities (or accelerations) of A and B parallel to any axis, show 
that the component velocity (or acceleration) of any point P on the rod, 

parallel to the same axis, is ^ where a and b denote the lengths of AP 

and BP. 

2 . A rod moves with its ends sliding on rectangular axes OX, OY. If 

x^y, are the co-ordinates at any instant of a point P on the rod, and if the 
angular velocity w of the rod is constant, show that the component accelera- 
tions of P are and Thence show that the resultant acceleration 

is OP . a>2 towards O. 



CHAPTER XIII 


NEWTOJSrS LAWS OF FORCE AND RECTILINEAR 

MOTION 

288. Newton’s Laws. — In the last chapter we dealt with velocity 
and acceleration merely as rates of change of geometrical quantities. 
Velocity is the rate of displacement, and acceleration is the rate of 
increase of velocity. The theorems proved in the last chapter are 
therefore purely geometrical ones and have nothing to do with the 
cause of motion. The main problem in dynamics is to find the motion 
and displacement of a body caused by given forces, and for this 
problem we need a connecting link between force and motion. This 
link is supplied by Newton’s second law of force. The science of 
dynamics is built on an experimental basis which is summed up in 
Newton’s three laws of force. These laws have been given previously 
in this book, but we shall state them again here. 

Law I . — Every body contimes in a state of rest or of miifor^n motion 
in a straight line unless it is compelled by forces to change that state. 

Law II , — Change of momentu?n is proportional to the force producing 
that change^ and is in the direction of the force. 

Law III . — To every action there is an equal and opposite reaction. 

284.^ The first law tells us that^ if no forces act on a body, it 
retains its velocity unaltered in magnitude and direction ; or, if it is at 
rest, it will remain at rest. This law is really implied in the second 
law. 

The momentum of a particle is the product of its mass and its 
velocity. Momentum must be treated as a vector with the same 
direction as the velocity. In finding the change of momentum we 
must find the difference by vector rules. We must take “ change of 
momentum ” in the second law with Newton’s meaning, namely, rate 
of change of momentum. ” Then the law states that the rate of change 
of momentum of a body is proportional to the force producing it. To 
avoid having to define here what the momentum of a finite body is, 
we shall take a particle as our body. 

Thus, if V denotes the velocity of a particle of mass m acted on by 
a force F, the law states that, 

rate of change of viv oc F ; 
that is, ?n x (rate of change of oc F ; 

or m X (acceleration) oc F • , , . , (i) 
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It must be remembered that this statement applies to all cases, and 
does not in the least depend upon the relative directions of the velocity 
and the force. If the hodograph of the moving particle be drawn, the 
force at any point of its path is therefore parallel to the tangent at the 
corresponding point of the hodograph. 

If we writeyfor the acceleration, equation (i) can be written 

F = 0/y (a) 

where C is some constant. As we pointed out in Chapter I., the 
most convenient unit of force for dynamics is the one obtained by 
making C = i. When the units of mass, length, and time, are fixed, 
equation ( 2 ), together with the assumption that C — i, fixes the unit of 
force also. Then the fundamental equation in dynamics becomes 

F = (3) 

Since the vectors F and equal, their components parallel to 

any axes will be equal. If then jc, 5 , are the co-ordinates of the 
particle referred to any three axes in space, and X, Y, Z, are the com- 
ponents of F parallel to these axes, we get, on equating the components 
of F and 7nfy 


(4) 


If the motion is confined to the xy plane the last of these equations 
is unnecessary j and if the motion is along one straight line, taken as 
:*r-axis, only the first equation is needed. 

285. The statement made in the third law is that when a body A 
exerts a force on another body B, then B exerts on A a force of equal 
magnitude in the opposite direction along the same straight line. 
Either of these forces is called an and the other is called the 

corresponding reaction. 

This law is strictly true when the forces considered are really action 
and reaction. It is very common, however, to assume that the actions 
of two bodies A and B on a third connecting body C are action and 
reaction. Thus, when a horse drags a barge by means of a rope it is 
often assumed, and stated, that the reaction of the boat on the horse 
is the pull of the boat on the rope. But actually there are no direct 
actions between the horse and the barge. The horse pulls at the rope 
(or more correctly, at its collar), and the reaction to this pull is the pull 
of the rope (or its collar) on the horse. The pull of the boat on the rope 
is the reaction to the pull of the rope on the boat. Whether the backward 
pull of the boat on the rope is equal and opposite to the forward pull 
of the horse on the rope depends on the other forces acting on the rope 
as well as on its mass and acceleration. Generally the directions of the 


^x ) 

^ = / 

V - 1 

„ I 
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pulls at the ends of the rope are not even the same. It is true that 
there is not much error in regarding the actions of the horse and the 
boat on the rope as equal and opposite, but there is some error, 
whereas Newton’s law is absolutely accurate so far as we can test it 
experimentally. 

There are other cases of forces transmitted from one body to 
another where the connecting link is not so obvious as in the case of the 
horse and the boat. Such are electric, magnetic, and gravitation 
forces. Before we can say with certainty that die action of the earth 
on the moon, and the action of the moon on the earth, are the action 
and reaction of Newton’s third law, we must be sure that the action is a 
direct one. If some intervening body or medium transmits the force 
from one to the other, the actions and reactions are the forces between 
each body and this medium. The force which accelerates the moon is 
the action of the medium, and the reaction of the moon is its action on 
the medium. Newton’s third law cannot be taken to mean that the 
action transmitted through a medium from one body to another is equal 
and opposite to the action transmitted from the second to the first. Yet 
this is usually assumed for gravitation forces, and this assumption leads 
to results which are in accord with observations. Whether this means 
that the action takes place without the aid of a medium (an idea which, 
for some strange reason, many scientists of the present day seem to 
imagine is self-contradictory), or whether there is a medium whofee 
density is infinitely small, and some of whose elastic properties are 
infinitely great, we have at present no means of deciding. 

286. D’Alembert’s Principle. — If several forces act on a particle of 
mass m and produce an acceleration /the equation of motion is 

(i) 

where 27F denotes the sum of all the forces, obtained, of course, by 
vector addition. 

On transferring z»/to the other side, we get 

ZF - mf^ • • 

This equation tells us that the sum of all the forces minus the vector 
mf is zero. If we regard a force, the equation can be in- 

terpreted to mean that the sum of all the forces, including — is 
zero; that is, the forces are in equilibrium. Consequently, all the 
theorems that have been proved concerning a system of forces in 
equilibrium acting on a particle can be applied to a particle moving with 
acceleration /if we regard —mf 2 .s one of the forces. The quantity mf 
is called the elective force acting on the particle. 

The principle just stated is called d’Alembert’s principle. It is a 
very simple deduction from the laws of force, and is a device used to 
enable us to apply statical rules to dynamical problems when it is con- 
venient to do so. An extremely useful case to which it is applied is 
that of a particle describing a circle with uniform speed. If a> is the 
angular velocity of the radius through the particle, and r the radius of 
the circle it describes, we have shown that it has an acceleration ra>2 
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towards the centre of the circle. By d’Alemberts principle the forces 
acting on the particle, together with the reversed effective force, namely, 
mroj^ acting along the outward- drawn radius, are in equilibrium. In 
consequence of the frequency with which circular motion is treated as a 
statical problem by adding the outward force mrco^, this quantity has 
acquired the name Cenirifugal Force!' This centrifugal force is a 
useful fiction, but the student should remember that it is not an actual 
force on the particle ; it is equal to a force invented to make a statical 
problem with a great resemblance to the dynamical one. 

287. Energy Equation. — A dynamical problem is completely solved 
when the co-ordinates of the body are expressed in terms of the time. 
When the forces are given, the starting-point is the differential equations 
of motion in any of their forms. If the forces acting on a particle are 
expressed in terms of time, w^e have only to integrate twice each of the 
equations 


dP‘ 


d^ 


= Z 


(i) 


and the problem will be solved. Generally, however, the forces are 
known functions of the co-ordinates and not of the time, so that the 
equations are not solved by simple integrations. But it is usually 
possible to find one integral of the equations of motion, as we shall now 
show. The equation is called the Energy Equation. 

Unless the contrary is stated, it will be assumed that the co-ordinate 
axes are perpendicular to each other. 

dx 

Multiplying the first of equations (i) all through by , we get 


dx 

PI — 

dt di^ 



dx 


Let u be written for ^ on the left-hand side. 


dt dt 


(2) 

Then this equation is 

(3) 


Integrating with respect to 

\7m^ = ^'^dx -f C 

= (work done by force X; -|- C . . . . (4) 

We can get two similar equations from the other two equations in 
(i). Adding the three results obtained, 

+ w^) = JXdx -t- jYdy + jZdz -f A . (5) 


where 
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If U is the resultant velocity, equation (5) can be written 

= (work done by all the forces) + A . . (6) 

If Uo is the velocity at the beginning of any displacement, and U 
the velocity at the end, the equation (6) can be expressed thus : 

= work done during the displacement . (7) 

lor it is clear that the constant A is 

If we know the path by which a particle travels and the force at 
every point of the path, equation (7) will give U, or rather the increase 
in But when the forces have a potential function (Statics, 

Art. 135), it is not necessary to know the path. For denoting the 
potential function by V, we have 

— V == work done from same standard position 

= fXIx+ fldy + jZdz • . (8) 

If Vo and V are the values of the potential function at the beginning 
and end of any displacement, then 

-V + Vo (9) 

This is, of course, the equation obtained by integrating three such 
equations as (3) between limits and adding the results. 

288 . The quantity is called the Kinetic Energy of the particle 
m moving with velocity U. It is the equivalent of the w^ork done on 
the particle from rest. If the particle starts from rest and ends at rest, 
the total w^ork done on it is zero \ that is, equal amounts of positive 
and negative work have been done on the particle. 

The kinetic energy of a particle is its energy due to motion, and 
this energy can be converted back into work by allowing it to push 
some other body forward until the particle is brought to rest. The 
quantity V is the energy due to position. This can also be converted 
into work by allowing the particle to change its position while it acts 
on some other body. 

In many problems in dynamics it is much easier to start with the 
energy equation in any of its forms, (6), (7) or (9), than to start with 
the equations of motion. Besides, the energy equation is better than 
the equations of motion because it is an integral of those equations, 
and is therefore one step nearer the solution. 

Example i. — The energy equation of a body projected from the 
earth’s surface with a velocity Uq in any direction is 

= ^mgh 

where h is the height above the surface when the velocity is U* This 
equation applies only so long as h is small compared with the earth’s 
radius. 

Example 2. — The attraction between the sun of mass M and a planet 
of mass m is at distance r. The potential function is therefore 
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— Assuming the sun to be always at rest, and the planet to 

have a velocity U at distance the energy equation is 

+ a constant 

- Islni 

or U* — = a constant. 

Example 3. — The energy equation of a body under an attractive force 
hr^ r being its distance from the fixed point towards which the force 
acts is 

\in\S^ + s= a constant, 

because the work done in the displacement from o to ^ is The 

above energy equation is correct whether the body moves along a 
straight line or along a curve. 

289. Motion in a Straight Line under a Uniform Force. — ^We will 
find the velocity and displacement of a particle of mass m moving in a 
straight line under a constant force F. If x is the displacement of the 
particle from some fixed point on the line / seconds after some given 
instant, the equation of motion is 





• • (i) 

Tnerefore 

dx F 

“ = = 

• • (2) 

and 

F 

* = i-/® + + ^0 • • 

’ • (3) 


Xq and Wq being the values of x and 71 when / = o. 

Let X be measured from the point where the particle was when f 
was zero. Then Xq = o, and (3) becomes 

+ V (4) 

By eliminating / from (2) and (4), we get 

F 

7£*^ 2 — X » m • • • t 

771 

This could have been obtained at once from the energy equation, 
which is 

\mt^ — \m 7 i^ = F^ • (6) 

Equation (6) can very easily be verified in this case, for 

d^x ^dti ^du dx ^ du 
dF dt dx dt ^ dx * * * 


• . ( 7 ) 
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Hence, substituting in (i) for — we set 

dx ® 


mti^ = F 
dx 


. ( 8 ) 


from which we get, on integrating with respect to Xy 
\i?m^ — = ¥x 

290. The results in the last article can be applied to a body falling 
freely near the eaith’s surface, and to a ^ 

body sliding down a smooth inclined plane, 
if we neglect the resistance of the air. In 
the former case F = and therefore 

F F 

— = In the latter case — = ^ sin a, 
fn m 

where a is the inclination of the plane to 
the horizontal, as we will now show. 

The only forces acting on the body 
are its weight mg and the normal reaction 

of the plane. Measuring x down the plane, and resolving in this 
direction, 

(i) 



which is the same equation as (i) in the last article, with mg^m a for F* 
When the particle has moved through a distance x down the plane, 
its vertical descent is x sin a, which we shall call h. Then equation (5) 
of the last article takes the form 

- „ ^sina _ 

= 2 ^ -- X -2gh {2) 


This could have been obtained directly from the energy equation, 
for the only force doing work in the motion is the weight, and in a fall 
of h feet the work done is mghy whatever be the direction of motion. 
Hence— 

=s 77igh • (3) 

which agrees with (2). 

When a body falls from rest through a vertical distance hy its velocity 
is given by the equation 

(4) 

For this reason the velocity V 2^^ is called the velocity due to the 
height (or rather, to the fall) h. 

We will consider another case of constant acceleration. 

Let CA and CB be two planes inclined at a and j3 to the horizontal, 
C being the top of both planes. Masses Wi, Wg, slide on CA, CB 
respectively, and are connected by a string passing over a frictionless 
pulley at C. 
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Suppose jLti, are the coefficients of friction on the planes, and 

suppose /“is the acceleration of mi along CA and of along BC. Let 
T be the tension in the string, R the normal reaction of the plane CA 
on nil* Assuming that the velocity of mi is in the same direction as /, 
the friction will act along AC. 

Resolving perpendicular to CA and along CA for mi, we get 

R = ^nig cos a (5) 

and niif = sin a — /t^R — T 

= ^i^(sin a — Pi cos a) — T . . , (6) 

The corresponding equation for the particle friction on which 

acts along CB, is 

— JW2^(sin j 3 + /^ cos ^) - T . , (7) 

Eliminating T from (6) and (7), 

{mi + mig{^m a pi cos a)— W2^(sin P + P2 cos j8) (8) 

which gives a constant value for /. If this value of /is negative, the 
particles will finally come to rest. Then they may remain at rest or they 
may begin to move in the opposite direction. In the latter case the 
new acceleration in the opposite direction can be obtained by reversing 
the signs of sin a and sin jS in (8). If this new expression for the accele- 
ration is negative also, then clearly no motion is possible, for a body 
cannot begin to move in any direction unless it has a positive accelera* 
tion in that direction. We have here, then, a criterion whether the 
bodies can start from rest or not. If the expression on the right of (8) 
is negative as it stands, and also when sin a and sin j 3 have their signs 
changed, then they wdll remain at rest when once they are at rest But 
if either of the two expressions is positive, the motion will begin and 
continue in the direction of the corresponding acceleration. 

The equation will remain equally true if C is the bottom of either 
of the planes, provided the other plane is on the lower side of that 
plane, and provided the expression for T, obtained by substituting the 
value of / in either (6) or (7), never becomes negative, 

291 . Power is the rate of doing work. The practical unit of power 
is a horse-power (written H.P.), which is 33,000 foot-lbs. per minute, or 
550 foot-lbs; per second, or 550^* foot-poundals per second. The 
theoretical unit of power in dynamics is a foot-poundal per second. 

The energy equation for a particle of mass m acted on by a con- 
stant force F is 

='Fx (r) 

Since the right-hand side is the work done from the point where 
ss o, we shall get the power on difif erentiating with respect to /. Thus 

du dx 

= = <*> 

We may express this equation thus — 

rate of increase of kinetic energy = power . . • (3) 
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The relation expressed in ( 3 ) is a general one for all cases of motion 
along curved paths and under variable forces. For suppose a particle 
moves along any curve. Let ds be an element of arc of the curve, 
ds 

V the velocity and T the component force acting on the particle 

along the tangent in the direction in which ds is positive. Then 
resolving along the tangent, 


dv 




= T . 


(4) 


Multiplying by v throughout, 


that is, 


dv _ ^ds 
mv- = Tv^T- . 

= power 


. • (5) 

• . ( 6 ) 


because Tds is the work done in the interval dt corresponding to the 

ds 

displacement ds, and therefore T^ is the rate at which the forces do 
work. 

If V is constant, the power of all the forces acting on the body is 
zero. Thus when a railway train has got up full speed the power of 
the forces on the train is zero. That does not mean that the power of 
the force exerted by the engine is zero. But the power of the engine^s 
force and the frictional forces is zero. The frictional forces act con- 
trary to the motion, and therefore they do negative work and have 
negative power. The power of the engine’s force is positive and 
balances the negative power of the frictions^ including the air resistance, 

292, Simple Harmonic Motion. — A body moves in a straight line 
so that its acceleration is towards a fixed point O in the line and pro- 
portional to its distance from that point. To find the velocity and 
displacement. 

This kind of motion is called simple harmonic motion. 

Let X be the displacement from the fixed point O, and let the 
acceleration be kx towards O. The acceleration in the direction in 

d^x 

which X increases, that is, away from O when x is positive, is Hence 


d^x 

dfl 


-kx 


(*) 


This equation is correct whether x is positive or negative. For 
when X is negative the right-hand side is positive, which means that 

d^x ■ • • 

the acceleration is in the direcdon of increasing x, and this is right 

because on the negative side of O the acceleration is towards O and 
consequently positive. 

When the acceleration is a function of x as in (i), we must either 
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use the energy equation as the starting-point, or obtain the equivalent 
equation by writing 

du ^ d^x 
du 

Then (i) becomes ti— = —kx ......... (2) 


Integrating with respect to 

— -pjcS 4. A (3) 

Suppose 0 when x a. Putting these values in (2), 

o = A 

This gives A in terms of a. Now (3) can be written 

^ \k{d^ - ( 4 ) 

fj 'Y' 

Whence ~ = - o?) (5) 

and therefore 

Integrating with respect to 

= sin-i-^ (7) 

or X =: asm {tj kt + ]8) (8) 


This shows that the particle oscillates between the two points 
X a and or = The quantity a is called the amplitude of the 

motion, and the angle jS is called the phase angle. 

A complete oscillation is a displacement from one end of the path 
to the other end and back again. When the particle is at the end 


X ^aol its path, we have 

a sm{^Jkt (9) 

Therefore Ajkt 4- /3 a= ^ . 27 r (lo) 


where n is any integer. From (10) we get 

2r a 277 

^ ^ " IJ'k 71 X (o or I or 2 or 3 or 4, etc.) . (ii) 

The difference r between two successive values of / given by (xi), 
that is, the time taken by the particle to make a complete oscillation, is 


r 


277 

a/k 


(12) 


This does not depend on the amplitude a. Whether the particle 
makes large or small oscillations, provided (1} is the accurate equation 
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of niotioH) the time of oscillation depends only on k% In future] as 
soon as the student obtains an equation of motion of the type 

d^B 

(X 3 ) 


he should know that it denotes oscillatory motion with a period 



provided - is positive. If - is negative the motion is not oscillatory. 
The velocity, obtained by differentiating (8), is 
dec 

— tjka cos {ijkt + P) (15) 


This gives the velocity in terms of and (4) gives the velocity in 
terms of x. 

293. Other Forms of the Eesult for Simple Harmonic Motion. — 
On integrating equation (6) of the last article we were quite at liberty 

to take cos“i ^ instead of sin"“i Then the equation corresponding 

to (8) would have been , 

jc = a: cos + jS) (i) 


That this is a solution of the original differential equation is easily 
seen on differentiating twice and substituting in the equation. Thus 
from (z) 


d^x 

dt^ 


’-ka cos {/Jkt + jS) 


= ^kx 


{*> 


which is the differential equation (i) of the last article whose solution 
was required. 

Again, taking the solution obtained in the last article and 
expanding sin (^kt + jS), we have 


X ^ a dn {a/ kt + P) ( 3 ) 

= a cos j8 sin aJ kt + a sin jS cos kt 


Now we may write C for a cos jS and D for a sin jS, thus replacing 
two constants by two other constants. Then we get 

.ap = C sin Ajkt + D cos • • • • • (4) 

This form of solution is sometimes more convenient to use than 
those in (i) or (3) of this article, but all three solutions are equivalent, 
and any one form can be changed into any other. 
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In the same way as we have shown that (i) is a solution of the 
differential equation 


dt^ 


= --hx 


( 5 ) 


we may show that (4) is also a solution. And since (4) contains two 
ir dependent constants it must be the general solution. For the 
: I sc.iv.ior of a differential equation of the second order is any 
solution of the equation which contains two independent constants. 
Now (4) is a solution of (5), as can be shown by differentiating, and it 
contains two independent constants ; therefore it is the general solution. 

394 . — There is a simple geometrical way of representing simple 
harmonic motion. Suppose the equation for the displacement is 

X'=- a cos {ct (i) 

Let a circle of radius ^ be described with centre O cutting the line 
of motion in A and A'. Let M be the position of the particle at time 

and let P be a point on the circle such 
that PM is perpendicular to AA', and let 
the angle AOP = Then 

OM = = rtj cos {et + j8) (2) 

But also OM = a cos ^ , (3) 

Hence 0 = ^ + jS + 2;^7r . (4) 

where n is some integer. 

Differentiating (4) with respect to 

dO , , 

Fig. 154. '77 ' • • 'S) 



Thus OP rotates with constant angular velocity radians per second, 
and M is the projection of P on the line of motion. 

295 . When a particle oscillates about a position of stable equi- 
librium the motion is nearly always approximately simple harmonic 
Assuming Hooke’s law to be correct, a body oscillates at the lower end 
of an elastic string with exactly simple harmonic motion. In all cases 
when a body oscillates under elastic forces the motion is approximately 
simple harmonic. 

Example i. — A particle is attached to the middle of a uniform elastic 
siring which is stretched between two pomts A Cfid B on a smooth horizontal 
table. If the particle is pulled to some point in the line AB and tJmi let go^ 
to find the subsequent motion, assuming that both strings were tight when 
the particle was let go. 

Let AB = and let 2/ denote the unstretched length of the string. 
Let X be the displacement of the particle from O, the mid-point of 
AB, at any instant. Let the tension in each half of the string be 
the product of k and the extension, and let m be the mass of the 
particle. 
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The extensions of the two halves of the string are {a — x - I) and 
(a + X — T)-, the tension s are therefore k{a — x — I) and k{a-\-x— 1 ). 
The force acting on the panicle is therefore 2kx towards O, the 
difference of the tensions. Hence the equation of motion is 

d^x 

(I) 


The motion is therefore simple harmonic with a period 





Example 2. — A particle is attacked to the midpoint of a vertical 
string- The particle oscillates horizontally while the ends are pi evented 
from moving horizontally and the tension kept constant To find the ti7ne 
of a small oscillation. 

Let A and B be the ends of the strings and P the position of the 
particle, T is the tension in the string, and x the horizontal 
displacement of P. 

The force acting on P is 


OP X 

= 41- nearly 


(0 


where I is the length of the string. 

The equation of motion is therefore 

d’^x T 



Hence the motion is simple harmonic, and the period is 




(3) 



The conditions assumed in this example are very nearly realised 
when a string is tied to the two points A and B. The tension is, how* 
ever, slightly increased when P is displaced from 0 . The best kind 
of string is one which stretches considerably under tension, for then 
a slight increase in length will scarcely affect the tension. 

The conditions are also nearly realised by fastening one end of an 
inextensible string at A, and attaching a weight at the lower end, the 
string passing through a small ring at B so as to prevent horizontal 
motion. The weight is attached, of course, below B. The mass 
attached must be much greater than m, 

396. A particle suspended at the end of an elastic string or 
spiral spring. 

Let X be the extension of the string at any instant, and kx the 
corresponding tension. There are now two forces acting on the 
particle in the line of motion, namely, the tension of the string and 
the weight of the particle. 
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The equation of motion is 



d\x 

= mg—kx . , 

• • ■ • . (i) 

Therefore 

d^x kl VI g\ 

(*) 

N’ow putting 

vise 

2 = X . . . 

( 3 ) 

we get 

d^z d^x 

* • • • 

<4) 

and therefore equation (2) becomes 



d^z k 

* * • 

(s) 


This gives simple harmonic oscillations with period 



On examining (4) it is obvious that z is the downward displacement 

yyict 

©f the particle measured from the point where that is, from the 

point where kx^ the tension, is equal to the weight. But this is the 
position of equilibrium of the particle. Hence the particle executes 
simple harmonic oscillations about the equilibrium position. 

Equation (i) is the correct equation of motion of the particle only 
so long as the string remains stretched. If the oscillations are so large 
that the string is sometimes slack, the correct form of the equation of 
motion while the string is slack is 

= <7) 


since the string has no influence on the motion provided its mass is 
negligible, as we have assumed in the problem. 

It follows from the preceding that if the equation of motion of a 
particle is of the form 


d^x 


-c^x+f 


( 8 ) 


the motion has exactly the same character as if the constant f were 
absent, but the mean position of the particle is displaced, in the 

positive direction, a distance ~ from the position it would occupy if 

/were zero. The solution of the equation is 

x^'~ + A. cos + B sin (9) 


the constants A and B being determined by the initial conditions. 
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297, A Numerical Example. — When a mass weighwg' 4 ounces is 
at rest supported by a certain elastic strings the extension of the string is 
4 inches. If the mass is raised 2 inches froyn its equilibrium position and 
then let go^ to find the time of oscillation and the displacement t seconds after 
the start. 

Taking the tension of the string to be given by 

T = . , . , ^ 

vre find that, since T = ~ poundals when ^ ^ foot, 

'^ = 4? (3) 

The equation of motion is therefore 


= (3) 

d^x 

Consequently 3 ^^ = - 3 ^(* - 5) .... (4) 

The solution of this equation is 

a; = i+ Acos V3i^+ BsinV^. • . <5) 


Now by the conditions of the problem 

X 

dx 
Jt 

But from (5) 

dx ■— — • 

^ = Vsg-i - A sin ^/3g^ + B cos • • ■ (?) 

To make this zero when / = o we must have B = o. Then the first 
of the conditions (6) gives 

6 = I + A . , . (8) 

Hence A=: — J 

Thus finally ^ | ^ cos s/s^t • (9) 



and the time of oscillation is which is about 0*62 of a second. 

In equation (9) is, of course, expressed in feet. 

298. Attraction varying inversely as the Square of the Distance 
from a Fixed Point. — Since the attraction varies inversely as the square 
of the distance, the acceleration towards the fixed point varies in the 
same way. Hence the differential equation of motion takes the form 


d^x __ h 
d^ 


(0 


when X is positive. 
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Hx he I^x 

Writing and Uj^ for in (i), we get 


Integrating 


hi k 

^ dx’~~ x^ 

• • ‘ (*) 

= . . . 

• • • • (3) 


Now suppose the body is falling inwards, that is, towards the 
attracting centre, and suppose a was the value of x when u was zero. 
With this condition (3) becomes 


Therefore 





• (4) 

‘ (s) 


The negative value of the root is taken because we have assumed 


Jx , 

— to be negative 
at 

in supposing that the particle was 

falling towards the 

centre of attraction. 


From (5) we get 



/2k dt / ^ 

V V 


Therefore 

tsj \\/ 

^ a J ^ a X 


Put 

x^ a cos2 0 • . . . 

.... ( 6 } 

Then 

dx^ — 2^ sin 6 cos Odd 

and 

/ X cos 0 

a- x~ Sind 

.... (7; 

Therefore 

\/—i + C = af 2 cos2 Odd 
^ a 



= a J(i -f- cos 2d)d9 
= a (6 sin 26) 

• . * . (8) 


As Q varies from o to the distance x varies fiom a to o. We are 
2 

at liberty to let 0 vary from o to — ^ to get the same variation of x. 

but then we should have to take a negative sign on the right-hand side 
of (7) so as to make that side give the positive root of the left. In 
this case the signs would be reversed on the right of (8) ; but since 0 
would now be a negative angle the result would be the same as before* 
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If / is measured from the instant when then the constant C 

must be zero, since 6 and t have to vanish simultaneously. The time /| 
taken by the body to fall from ^ ^ to = o is therefore given by 


sin tt) 


Hence 


U = 


Tta 

2 

Tta 




(9) 


2 a/ 2k 

For outward motion the constant G in (3) may be either positive 
or negative. Consequently we may write 


Then, since the outward velocity is positive, 


(10) 


dx 

It 


and therefore 


: , /2k /a ± X 

= +VT'V-i- 


Now take x=^ a sin^ 0 , ox x ss a sinh^ z, according as the lower at 
the upper sign is correct for the motion we are dealing with. 

Taking the negative sign, 

+ C=s aj2 sin® 0 d0 

^ a 

=s a J(i — cos 2d)d9 
= a(d — ^ sin 26) . (ill 


If we take the upper sign we get 


\^/^t + C = af 2 sinh® z dz 
^ a 

sss (^/(cosh 2Z — x)dz 
= sinh 2Z — z) 

= iz(sinh z cosh z — z) 

, V ^ 

= V x{x + a) a log^ 


* (la) 


The constant C will be zero if ^ = o when / = o. Equation (lo) 
shows that the lower sign applies to the case where the body comes to 
rest at a distance a from the centre of attraction. After that the body 
begins to fall inwards. But the positive sign applies to the case where 
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the velocity is never zero and the velocity at infinity is finite. In the 

first case the maximum value of 6 is and therefore the maximum 

2 

value of the side of (ii) is Since C will be zero in 

this equation if d erodes the number of seconds since jp was zero, it 
follows that the time taken in travelling from the centre of force to rest 
at distance a is 

which is the same as in (9), the time for the reversed motion, as we 
should expect. In equation (12), however, there is no limit to and 
therefore no limit to /. 

299 . If the body has fallen inwards from a very great distance, 
that is, if a is very large compared with x in equation (4) of the last 

article, we may neglect Then 


Therefore 


dx 

It 




— 


(i) 


and consequently as — sTzkt + C 


The velocity \/~ is called the velocity due to a fall from infinity. 


If a body were attracted by the sun from a very great distance, and its 
velocity were zero (or very small) at that distance, then its velocity at 
distance x from the sun’s centre would be the velocity given in (i). 
This is, of course, only true on the assumption that the sim is the only 
attracting body. Actually the planets would also have some influence 
on the velocity. 

If the motion is away from, instead of towards, the attracting centre, 
the positive value of the root must be taken in (i). In this case the 
body has not fallen from rest at infinity, but it is projected outwards 
with a velocity which will carry it to infinity and leave it at rest there. 
To put it in another way, we may say that a body projected from the 


attracting centre with a velocity greater than 



will never return, 


for its velocity will carry it to an infinite distance; and a body pro- 
jected with a velocity less than the above will come to rest at some 
finite distance, and, neglecting the attraction of other bodies, the 
projected body will return to the body from which it was projected. 

300 Bodies projected from the Surface of the Earth.— The 
earth’s attraction on a body of mass m 2X z. distance x from its 

centre is where r is the radius of the earth. Its acceleration is 
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*•2 

thus The velocity at x which would be just sufficient to carry 

the body to infinity, that is, out of the earth’s influence, is 

(.) 


Putting r for x in this, we get the velocity with which a body must 
be projected from the earth’s surface so that it shall never return. This 
velocity is 


, /2 X 32 X ^60 

r = V 2 ^ = V iy6oX 3 


= 6*93 miles per sec. 


(z) 


Thus a body projected from the earth’s surface with a velocity of 7 
miles per second will never return to the earth. But this velocity 
would not carry the body out of the solar system, because the sun’s 
attraction would be too great. We shall now calculate the velocity 
necessary to carry a body from the earth’s surface out of the solar 
system. 

301 . We will find the velocity with which a body must be projected 
from the earth’s surface to carry it out of the influence of the earth’s 
and sun’s attractions, assummg the earth to be at rest This will not, 
it is true, be the same as when we allow for the earth’s orbital motion, 
but it will not be much different if the direction of projection is per- 
pendicular to the earth’s direction of motion. 

If X and R denote the distances of the body from the earth’s and 
sun’s centres, its potential energy is 



where E and S denote the earth’s and sun’s masses, m the mass of the 
body, and k the constant of gravitation. 

The energy equation is therefore 

Si} “ ^ constant 

To make the velocity zero when x and R are infinite the constant 
must be zero. Thus, if r denotes the radius of the earth, the velocity 
at the earths surface which will carry a body to infinity is given by 



Now S= 328,oooE approximately, and R « 92 million miles, 
r =s 4000 miles. Consequently 

Sr 

ER = 
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Therefore u = \J 2k^(i + i4‘3)^ 

= 6-93 X miles per sec., by (2) of the last article, 

= 27 miles per sec. nearly. 

^ 802 . We will work a numerical example to illustrate the formulae 
giving the time for the inverse square law of attraction. 

Two similar spheres^ each of mass 2000 lbs. and radius one foot are 
placed with their centres ^ feet apart If they are acted on by no forc^ but 
their mutual gravitational attractions^ how long will they he before comine 
into contact t * 

Since there is the same force acting on each sphere, they will meet 
halfway. Let be the distance of each sphere from the fixed point 
which IS always midway between them. Then 2x is their distance apart, 

and the force acting on each is where k is the constant of gravi- 
tation and m the mass of one sphere. 

The equation of motion of either sphere ig 

d^x 

or 

dt ^ 4 3:8 

To get the relation between x and t we have to put o for C, x for a 
and — for k, m equations (6) and (8) of Art. 298. Then 

/ 2Km 

V — i = 3 (^ + i sin 20) 

4*3 

When the spheres come in contact ic =s i, and therefore 0 = 0*9553, 
3 sin 2^ ss: 2 V 2. Consequently 


K?n^ 

K7n 


\/ 


= 3(0-9553) + Vz 


= 4*280 

By equation (2), Art. 239, the value of k when force is measured in 

poundals is ^ — 5. Therefore 

9-4 X 108 

o /6 X 9*4 X 108 

/ = 4‘28\/ seconds 

V 2000 

^ 2 hours nearly 



CHAPTER XIV 


MOTION IN TWO DIMENSIONS 


803. The equations of motion of a particle of mass m at the point 
whose co-ordinates (.», ^), referred to any axes in the plane of its 
motion, are 




(■) 


The axes need not be at right angles to each other. The equations 
(r) are true for oblique axes provided the forces X and Y are the com- 
ponents parallel to these axes. 

In order to find the path described by the particle x and^ must be 
found from equations (i). If X and Y are given functions of /, then 
X and y will be found in terms of /, and the equation of the path will be 
obtained by eliminating / from the equations for and y, 

304. Motion under Gravity. — ^Let the axis OY be taken vertically 
and downwards, and the axis OX horizontal. The equations of motion 
are then 

d^y 

0 ) 




o 


(») 


Let u Bx\d v denote the horizontal and vertical components of thfi 
velocity. Then 


dy 

- = . . . . 

. • • (3) 

dx 

• • • (4) 

— = js; = constant , . . 
at 


Vq denoting the value of v when o* 
lutegrating these equations again, 

+ V + J'O 

if = uf + Xq . . . 


(5) 

i^) 
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If the origin be taken at the position of the particle when / = o, then 
Hence 

( 7 ) 

tit (8) 

Eliminating / from these equations, we get, as the equation of the path, 


y = 

2U^ u 


This can be written 


fC-' +?)-('+?)' 

Now the equation 4^(y + jS) = (:*r + y )2 (i i 

is the equation of a parabola with vertical axis and concavity downwards, 
and vertex sd.y = — j 3 , = — y. Also the latus rectum is 4a. Hence 

2tF 

the equation (10) gives a parabola whose latus rectum is — and whose 
vertex isat^-— , j- 

305 . If the particle is projected above the horizontal, Vq wnll be a 
negative quantity. If we denote — z'o ^7 then 1) is the upward com- 
ponent of the velocity of projection. Then the co-ordinates of the 

/u^ — 

vertex of the parabola are J ' Since the vertex of the parabola 

is the highest point reached by the particle, this highest point is at a height 

— above the level of the point of projection.' This result can, of 

course, be obtained by ignoring altogether the horizontal motion and 
assuming that the particle is projected vertically upwards with 
velocity t/. 

To find where the particle meets the ^c-axis on its downward motion, 
puty = o in (9). This gives 


X = o, or x=s 


2mfo 2UV 


This second result is called the range on the horizontal plane through 
the point of projection. The solution x o merely means that the 
particle starts from the origin. 

If ztq is positive, that is, if the particle is projected below the hori- 
zontal, the range on the horizontal plane through O is negative (supposing 
u positive). But the particle never does meet this horizontal plane 
after projection in this case. But supposing the path continued back- 
wards, the parabola of which (9) is the equation does meet OX again, 
and it is this point that (12) gives us in this case. The equations give 
us the path not only after projection, but also that path continued 
backwards, just as if the particle had not started at the point of pro- 
jection, but had arrived there with the velocity of projection after 



MOTION IN TWO DIMENSIONS 


travellitjg from an infinite distance. Sometimes, in solving questions on 
motion of a particle under gravity, we get negative values of / in our 
solutions. A negative value of / refers to some point on the parabola 
produced backwards from the point where the particle was when / was 
zero. 

306. In order to prove general properties of the path of a projectile 
the simplest method is to assume Vq = o . For there is a point on the 
path of every projectile (produced backwards if necessary) at which the 
vertical velocity is zero. Then the equation connecting x and y 
becomes 


The origin is now at the vertex. The directrix of this parabola is 
at a distance — above the vertex, and the focus is at the same distance 
below the vertex. 

The kinetic energy of the particle when it is at the vertex is \mt^. 
Also the kinetic energy due to a fall from the directrix to the vertex, a 

7/2 ' 7/2 V 

distance ^ is mg[^ Thus the kinetic energy at the vertex 

is that due to a fall from the directrix. If V is the resultant velocity at 
distance^ below the vertex, the energy equation gives 


— \nm^ = mgy (14) 


Hence 




= work done on the particle in a 

fall from the directrix . . (15) 

If we are given only the equation of the path of a projectile, this last 
result will enable us to find the velocity at any point of the path. 

307. Range on an Inclined Plane. — Let the axis of y be taken 
vertical and downwards, and the axis of x along the inclined plane. 
Then all the equations up to (10) in Art. 304 will apply to this case. 
For, if the vertical acceleration g be resolved along OX and OY, there 
is no component along OX, because OY is vertical. The equation of 
the path, referred to these oblique axes, is therefore 

y = (i) 


To find the range on the inclined plane we have only to put == o, 
and the value of x which is not zero is the range. Thus the range is 

2UVn . 

X— = , ...... (2) 


exactly as for the range on a horizontal plane. The difference is, of 
course, that u and 2/ are not the same components as when OX is 
horizontal 



288 MECHANICS OF PARTICLES AND RIGID BODIES 


We will put our result in a more convenient form for calculation. 

Let the inclined plane make an angle a with the horizontal. Let 
Vq be the resultant velocity of projection, 
and suppose it makes an angle j 3 with 
the horizontal. 

Prom the figure it is clear that 

<^os j 3 
° cos a 



cos a 

Hence the range on the plane 

_ 2 COS p sin ~ a) 

^ g cos2 a 


( 3 ) 

( 4 ) 


( 5 ) 


308 . From equation (2) or from equation (5) of Art. 307, it is easy 
to show that there are two different directions of projection with a 
given velocity Vq for the same range on the plane, and one of these 
directions makes the same angle with the vertical as the other makes 
with the plane. 

Putting y for — a), the angle which Vq makes with the plane, the 
range is 

cosj^ (,) . 

® ^ cos2 a ’ 

Now a body projected with a velocity Vq at an angle y with the 
vertical would have a range 

2V 2 cos (90° - y) sin (90° - y - a) 

° g cos^ a 


_ o sin V cos (y + a) 

■^2Vo a _ 


= 2Vn 


g" cos^ a 

sin y cos j8 
g cos2 a 


( 6 ) 


which is the same range as in (5). 

It is convenient to remember that the two directions giving the same 
range make equal angles with the bisector of the angle between the 
plane and the vertical. 

309 , Maximum Eange on any Plane. — From Fig. 156 it is clear 
that 

Vq^ = 2^2 2,^2 _[_ sin a 

= + 2uv’(i + sin a) . • • (r) 


= 


Vo2 - 

I + sin a 


(2) 


Hence 
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(3) 


( 4 ) 


llie range on the inclined plane is thus 

Vp 2 - (« - ^/)2 

^(i 4- sin a) 

If the velocity Vq is given and the inclination o fixed, this range will 
be greatest for diflferent directions of projection when {u — 7/)^ is least ; 
that is, when « = This makes the direction of Vq bisect the angle 
between the axes. Also the value of the maximum range is 

+ sin a) 

For a horizontal plane it is only necessary to put a = o. 

310. To find the direction of projection of a particle with a 
given velocity in order that it may pass through a given point. 

Let the co-ordinates of the point be (/, q\ and suppose a is the 
inclination of the direction of projection below the horizontal. V is the 
velocity of projection. Then 

= V sin a, = V cos a * (i) 

Hence equation (9), Art. 304, becomes, in terms of Y and a, 

^ 

2V2 cos2 a 


-x^ 4* oc tan a 


= + xtm a . 

Since the point (/>, q) has to lie on this curve, we get 


(2) 


q = -^2^^ + ^ .... (3) 

V 2 

Writing b for — (which is merely a length), this can be transformed 
S 

into 

. 2^ ^ , 2bq f V 

tan2 a + tan a + X — t^==o . . . . ( 4) 

which is a quadratic equation for tan a. There are two directions of 
projection as we have already found in Art. 308. 

Example. — A gun can fire a projectile cd x2oo feet per second. In 
what direction must it be pointed if ike projectile is to hit the top of a building 
100 feet high at a distance of 10,000 feet? 

Here 

/t 200^2 

h = - — ——feet = 45,000 feet 
p = 10,000, = — xoo 


The equation for tan a is therefore 

tan® a -f- 9 tan a + I + 0*09 ;= o 
whence tan a = -8*877 or -0*123 


L 
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The angle of elevation is thus 

-o = 83° 34', or 7“ o', nearly. 

311. Circular Motion with Uniform Speed. — ^When a body describes 

a circle of radius r with uniform speed it has an acceleration ~ along 

the radius by Art. 272. If o) is the angular velocity of the radius 
through the particle, the acceleration can be written since v = rcu. 

If the particle makes n revolutions per second, the angular velocity 
is 27m radians per second. Hence the acceleration can also be expressed 
as The three expressions for the acceleration are 


— = roy^ = 


Suppose a light rod is free to turn about a smooth vertical axis, and 
Suppose it carries a particle of mass m at the end. Let the tension in 
the rod when it rotates with angular velocity to radians per sec. be T. 
Then considering the motion of the particle, we get, by resolving along 
the inward-drawn radius, 

T = mrto^ * (2) 

In addition to this tension there is, of course, a shearing force and a 
bending moment in the rod due to the w^eight of the partide, and these 
stresses are not affected by the rotation. 

312. Conical Pendulum. — A heavy particle is attached by a light 
string of length / to a fixed point. The particle describes a horizontal 
circle with the string at an angle a to the vertical. 
k To find the time of a revolution. 

j The particle describes a drcle of radius 

/ / sin cu If CO be the angular velocity of the radius 

through the particle, and T the tension of the 
j string in poundals, we find, by resolving along 

I the radius, 

f zw/ sin a . co2 = T sin a . . (i) 

— ^ and by resolving vertically, since there is no 

y"'"! J vertical acceleration, 

— T cos a = o . . . (2) 


Fig. 157. 


Eliminating T from (i) and (2) 
mg = cos a 


whence 




I cos a 


where h is the height of the cone described by the string. 
The time for one revolution is 


277 /ft 

— = 27rA,y - 

CO V ^ 


n/J ■ 


(s) 
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2gt 


If a is very small, this is nearly 



and it will be shown later that this is the time for a complete oscillation 
when the same body swings through a small arc in one plane. 

The equations are just the same for a locomotive on a railway 
curve as for the conical pendulum. But in this case T is the resultant 
thrust of the rails on the engine. If we write v for the speed of the 
train instead of I sin a . ni, equation (i) becomes 

. 

— = T sm a 
r 

where r denotes the radius of the curve. This equation, together with 
( 2 ), gives 

tan a = — 
rg 

which gives the angle which the resultant action of the rails on the 
engine makes with the vertical. Unless the track is banked up at the 
angle a with the horizontal, the reaction of the engine on the rails will 
have a component side thrust on the rails. 

Suppose the outer rail is raised above the inner rail, the sleepers 
being inclined at jS to the horizontaL Then the lateral thrust of the 
engine on the rails towards the outside of the curve is equal to the 
component of —T up the slope of the sleepers Let S denote thfe 
thrust. Then 

S = T sin (a — jff) 

sin a cos 6 — cos a sin fl 
e C C 

cos a 

= w(^cos/!-sin 

where W is written for the weight of the engine. 

313. Satellite describing a Circular Orbit about its Primary. — 
When any body revolves round a much larger body under the gravita- 
tional attraction of the larger body, the smaller body is called a satellite 
to the laiger, and this latter is called the primary of the satellite. There 
are many examples of satellites in the solar system. All the planets are 
satellites to the sun j the moon is a satellite to the earth. Jupiter has 
four large satellites and several smaller ones, Saturn has eight, Mars 
two, Uranus four. Since all these bodies are nearly spherical, they 
attract, and are attracted, like particles at their centres. In investigat- 
ing their motions we may, therefore, treat them as particles. We shall 
assume that the primary remains fixed while the satellite describes a 
circular orbit. We shall prove later that the larger body does not 
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remain quite fixed, and it is known from observation that the orbits are 
nearly circular ellipses. 

If m is the mass of the satellite, M that of the primary, r the distance 
between them, and k the constant of gravitation, the force acting on the 

smaller body is - • towards the larger body, that is, along the radius 

of its circular orbit. < The acceleration in the same direction is 
where co is the angular velocity. Hence the dynamical equation is 




Kyitn 


(0 


whence 



• . . {2) 


If T is the period of revolution 



If there are several satellites to the same primary, M is the same for 
each satellite. Consequently, for these satellites 

oc ^ . • (4) 


This relation between r and r is a direct consequence of the law of 
attraction. That is, if the attraction had varied as any other function 

of r but the equation (4) would not have been true. Now it is 

known from observation of the planets that (4) is true for their motion 
about their primary the sun. Conversely, it follows from (4) that the 
force of attraction does vary inversely as the square of the distance, 
as we will now prove. 

314. It is easy to prove from (4) that the force varies inversely as 
r® if we assume the orbits circular. We will give the proof on account 
of its importance. 

r2 = (5) 


Therefore 

Hence 


0)2 

« 47r2 I 


( 6 ) 


ec 


I 


(7) 


and the left-hand side of (7) is equal to the force on the satellite.^ 

315. Oomparison between the Masses of Two Primaries. — 
Equation (3), Art. 313, combined with observations on the motions 
of the satellites of different bodies, enables us to find the ratio of the 
masses of these bodies. From this equation we get 

4772 r® 
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If Ml, M2, aire the masses of two bodies, ^i, the distances of a 
satellite to each body from its primary, ri, the periods of these 
satellites, then 


II 

1-1 

rj® 

ri® • • • • 

... (a) 



■ • • • (3) 


Hence 




Example. — To compare the masses of the sun and earthy we may take 
ike sun and earth as one system and the earth and 77 ioon as tiu others 

Then Mi is the earth’s mass, the sun’s mass, 

Tx = moon’s distance from earth = 240,000 miles, 

^2 = earth’s distance from sun = 92,000,000 miles, 
ri = moon’s period = 27^ days, 
r2 = earth’s period = 36 5I days. 

Hence ^ ^ Y 

== 315,000 about. • (5) 

This is not very accurate, because the sun’s and moon’s distances 
which we have used contain errors. The following is a more accurate 
calculation ; — 

As the result of observations it is found that the earth subtends 
angles 57’ 3" and 8*82" at the moon’s and sun’s mean distances respec- 
tively. Then it follows that 

. 8*82" . 57^ 3” 

2^2 sin — — = earth’s diameter = 2ri sin — 


Whence 


nearly 


This value of the ratio gives, by (4), 

Ivl 

= 327.000 about (7) 

316 . As one more illustration w^e will work out the following 
example ; — 

At what distance from the earth would a second satellite he if it 
revolved m exactly one year t 

Let r be its distance. Then, using the moon for comparison, 
equation (4), Art. 313, gives 



Therefore r = 1,350,000 miles . , - , • (2) 



294 MECIIAN/CS OF PARTICLES AND RIGID BODIES 

317* Motion in a Vertical Circle. — particle P is describing the 

whole or part of a vertical circle of 
radius I at the end of a light string 
or rod attached to the centre. To 
find the tension in the string and 
the angular velocity of the particle in 
any position. 

Let B be the angle which the 
string or rod mates with vertical at 
any instant. The velocity of the 
dO 

particle is Let o) denote the 

angular velocity of the particle in the 
lowest position. The work done on 
the particle from the lowest position 
up to B is — / cos B). Equating 

this to the gain in kinetic energy, 



Hence 


Fig. 158. 

— cos B) • , 
— 2^/(1 - cos 6 ) . 


U) 

(^) 


This gives the angular velocity in terms of co and B, 
Now, the acceleration along PO is • Hence 

= T — cos 6 

T = mg cos 6 + w/( 

= — mg{2 


Thus 


df/ 

3 cos 0) by (2) 


(3) 


(4) 


If OP is a rigid rod the particle will describe the complete 

dB 
dt 

therefore, if it is positive for this value of it will be positive for all 
values of 0- Hence, the condition that the particle should describe the 
complete circle is that the right-hand side of (2) should be positive when 
0 = -77. This gives 

w/co2 > 4;//^, U. > four times w^eight of particle . . (5) 

With this condition we find that, in the lowest position, where 

T > 4w^-f mg, i.e, > ^mg (o; 

If, ho^vever, OP is a flexible string, the condition that the particle 
should describe the complete circle is that T should be always positive. 


circle provided ^ is never zero. Now 


n,2 

j is least when 0 = tt, and 
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A negative value for T would mean a thrust, and a string cannot supply 
a thrust Now T is least at the top, where 5 = rr, and this least value 
must be positive. That is, 

tnlol^ > • • ( 7 ) 

With this condition we j&nd that, at the lowest position, 

T > t??ig • . ( 8 ) 

It should be noticed that in all cases the tension in the highest 
position is less than that in the lowest position by 6mg, This follows 
directly from equation ( 4 ). 

If the angular velocity at the lowest point is too small to satisfy con- 
dition ( 7 ), then the particle cannot continue on the circle beyond the 

. 

point at which T becomes zero. But it may happen that ^ becomes 

zero before T becomes zero. In the latter case the particle will return 
along the lower part of the circle, and will, in fact, oscillate about the 
lowest position. But if T vanishes before the velocity vanishes, then 
the particle leaves the circle and describes a portion of a parabola until 
the string becomes tight again. 

dd 

The critical case in which T and vanish at the same point is the 

case when the string comes to rest in the horizontal position. For 

dd 

equation ( 3 ) shows that, if T and — are zero at the same time, cos 6 

must be zero, that is, 9 must be a right angle. If the string swings 
above the horizontal position, then, unless the condition ( 7 ) is satisfied, 
the particle will leave the circle. 

If a particle slides on the outside of a smooth circular cylinder 
only an outward thrust is possible. If R is the value of this thrust, we 
must put — R for T in the preceding eqxiations for motion in a vertical 
circle. As long as the particle is on the circle E. must be positive, 
and when the equations give a negative value of R, we know that this 
means that the particle has left the cylinder. Thus, if the particle starts 
with a negligible velocity in the highest position, equation ( 2 ) gives 


/co2 = (9) 

Hence = 4^ — — cos 6) = 2 g(i -f cos 6) . . (lo) 

and — R = cos 9 -|- 2 mg ( i + cos 6) 

s= mg (2 -f- 3 cos 0 ) (i i) 


R is zero where cos 0 = — |, and below this point it is negative. 
Consequently the particle will leave the cylinder at this point and begin 
to describe a parabola in space. 

318. Motion on any Smooth Curve under Gravity. — ^When a 
particle slides along a smooth curve under the action of any forces 
whatever, the constraining curve exerts a force perpendicular to the motion 
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at every instant. Consequently this force does no work. In writing 
down the energy equation we do not need, therefore, to take any 
account of the action of the curve. 

When the particle is in equilibrium the normal action of the curve is 
just enough to balance the external forces. The positions of equilibrium 
are therefore those in which the sum of the components of the external 
forces along the tangent to the curve is zero. If gravity is the only 
external force, the equilibrium positions are those points on the curve 
where the tangents are horizontal. 

Suppose the particle is sliding along a smooth curve under the action 
of gravity only. If the velocity is at a height y above some fixed 


horizontal plane, the energy equation is 

C (l) 

or — K (2) 


Thus the velocity depends only on the height of the particle and the 
initial velocity, which is involved in A. 

Suppose a particle is started from rest at P on the smooth curve in 
Fig, 159. It will not come to rest again till it reaches Q, the next point 



Fig. 159. 


at the same height as P. If we measure y upwards from the horizontal 
plane through P, the energy equation takes the form 

2;2 4. 2^v = o (3) 

Since y is negative at all points between P and Q, the equation shows 
that is positive in this region, and therefore the particle cannot come 
to rest before reaching Q. After the particle has come to rest at Q, it will 
fall back till it reaches P again, and then it will begin its career anew. 
With no air resistance and no friction the particle would go on for ever 
oscillating between P and Q. Since the speed is the same at the same 
point of the curve in whichever direction the particle is travelling, the 
time taken to go from P to Q is the same as that from Q to P. This 
time is not easy to calculate as a rule. 

319 . We will give here an expression for the time taken by a 
particle to slide along a smooth curve in a vertical plane. 

Let the equation of the curve referred to rectangular axes OX, OY, 
(the latter being vertical and positive downwards) be 

* = F0') . . (i) 
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makes f(V) = g- If ever reaches V it can certainly never ex<;^!Pd 
this value. For when 2 / = V the right-hand side of (i) is zero, 
consequently n ceases to increase. ^ 

If the body .starts with a downward velocity greater than V the 

right-hand side of (i) is negative. Consequently ^ is negative and u 

is decreasing, and this will go on until f{u) = that is, until :=Y b.s 
before. Thus, whatever be the initial downward velocity the final 
velocity approaches V, which is found from the equation 


/(V)^g . ( 3 ) 


Since increases with 11 there can only be one solution of ( 2 ). 
The velocity V is called the terminal velocity for the body. 

322. There are many examples of bodies having a terminal 
v’elocity. One of the most familiar is that of falling snow-flakes. 
These never reach the ground with a velocity greater than a few feet 
per second although they may have fallen from a height of several 
thousand feet. The same thing can be observed in the falling of any 
light body. If a small feather is dropped from a height of eight feet, it 
is easy enough to see that it has practically a uniform velocity for the 
last four or five feet of its fall 

323. It is obvious that the resistance cannot depend on the 
material of a body. It can only depend on its size and shape as 
well as its velocity. Hence, if two bodies of the same size and shape 
but different weights are allowed to fall they will not have the same 
terminal velocity. If F(«/) denotes the whole resistance on each body 
at velocity //, the resistances per unit mass are 


Fjn) 

mi 


and 


m2 


(x) 


respectively, where mi and m 2 are the masses of the two bodies. The 
terminal velocities in the two cases are given by 


= * • 


. . ( 3 ) 


and for the sort of resistance we have been considering this gives the 
greater terminal velocity to the greater mass. For this reason a lead 
ball will fall much quicker than a wooden one of the same size, and a 
solid ball quicker than a hollow one of the same material and size. 

' 324. Influence of Size of Body on Terminal Velocity. — The in- 

?fluence of size on the terminal velocity of a body is very important 
Let us consider the motion of a sphere since, on account of symmetry, 
a sphere may be treated as a particle. It may be assumed that the air 
resistance is proportional to the area presented to the air, which area is 
proportional to the square of the radius of the sphere. But the weight 
of a sphere of given material is proportional to the cube of t he radius. 
Hence the weight and the resistance may be represented by and 
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respectively, k being a constant for the same material. These two 
forces are equal when « = V, the terminal velocity. Thus 


F(V) = kr 


But since F(«) increases with it follows from (i) that the greater ris 
the greater will be the value of V. Small values of r give small values of 
V, and that is the reason why small specks of any kind of matter can 
hang in the air in the form of dust with very little velocity relative to 
the air. Their terminal velocities are extremely small, and they are 
acquired in a very short time, so that the slightest air current carries the 
particles with it. 

325. Expression for Resistance with Negative Velocities. — If 
the resistance per unit mass is/(^/) when « is positive, the magnitude of 
the resistance when n is negative is /(“«). But since reversing the 
velocity reverses the direction of the resistance the expression for the 
resistance in the positive direction when u is negative is —/{ — 21), Thus 
the equation of motion when the downward velocity « is positive is 




and when is negative 




These two equations will be the same in particular cases, namely, 
when 

/(-“) = -/(«) (3) 

in which case /(u) is called an odd function of u. The relation (3) is 
true for any function containing only odd powers of u; but if there are 
any even powers in /(u) it will not be true, and in that case a different 
equation must be used for upward and downward motion. 

326. Resistance proportional to Velocity — If the only force besides 
the resistance is gravity, the equation of motion is 

^^ 7 . /V 



k being a constant, and n the velocity taken positive downwards. 

Equation (i) remains unaltered for upward motion provided we 
regard an upward velocity as negative. When u is negative the 
force --ku on unit mass is a positive force, that is, a downward force, 
and that is quite correct because the resistance is contrary to the 
motion. 


From (i) we get 


g ku dt 


= 


that is. 


7/ log. {£-kii)= -k 


log, {£- ku^= —kt 4 - log, C 


Hence 
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the constant of integration being written log^ C for convenience of 
notation merely. 

From (4) we get kti - 

IX m * • 

Writing for u in this equation and integrating again, 

ix=gf+je->=‘ +1) (6) 


If X is the displacement measured from the instant when / = o, we 
find, on putting x and / zero in (6), 



— § 

• • • ( 7 ) 

Hence 

c 

kx = gf ^ —(i — e-^) . . . 

... (8) 


Equation (5) shows that =: when / == 00 . This gives the 
velocity which we have called the terminal velocity, and it agrees with 
the result arrived at by general reasoning in Art. 321. Writing V for 

jT 

the terminal velocity equation (8) takes the form 


or 


je* Yf 

fyc = - Cj[i - rv) 

dt = V^ — b(i — «~f) ( 


(9) 

10) 


where B is written for the constant C^-. 
lx 

If — = o when / = o, we find, by differentiating (10) and putting 


in these values, that B = — In this case, therefore, 

V2/ 

X = Yt ^ e Y J . . , , . (ti) 

Thus suppose the terminal velocity is 8 feet per second, then the 
displacement from resr is 


and 


= 8/ — 2(1 — (12) 

^ = 8-8^-« (13) 


At the end of half a second from the start the velocity is 6*92 feet per 
second, and at the end of two seconds it is 7 '99 7 feet per second. 
Thus the velocity rapidly approaches its terminal value 8. 

If the initial downward velocity was greater than the terminal 

velocity the constant C which occurs in (5) must be negative* 

This shows that ti is always greater than V, but quickly approaches this 
^alue as before. 
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327. Resistance proportional to the Square of the Velocity. — For 

downward motion the equation is — 

du 




Writing V for the terminal velocity \/^ (Art. 321), we get, on 


removing k from (i), 




rr \ dtl g 

Integrating with respect to /, 


Therefore 


from which 


^ = ^2^ + a constant (4) 

V -hu ^ 

• fs) 


2 fft ^ 

u _ ke^ "" I „ e ^ 

Y'^ M ^ €! 1^* * * 

Ke^ + X Jke^ + 


CIX 

Writing for n and integrating, we find 

-t; V f V 

- = -log,Uv4.^ v; + _iog^B 

= -log,BU^v + ^ t; (7) 

o 

V 

The constant of integration is written ~ log« B in (7) for convenience. 

When / is very great <?“ v is very small, and in this case (6) shows 

that » = V nearly, which verifies that^^/ -is the terminal velocity. 

If 7/ =s o when / = o, (5) shows that A = i. If also x ss o when 
Of (7) shows that B = i. Then 

V 2^ •• * • * * • * • \ 0 ) 

e'^ + 1 

and - = _ log^ + « '^J 


= -log, cosh ^ 


. * . (9) 
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Suppose the termiuel velodly is ,,, p„ 

_ e“‘ _ X 



When^ = 3 secs, this gives « == 0-46'. V - 8S-., w 

and when / = 12 secs. „ _ ^ P®r sec., 

tx/u eu , ■ . == ^^5 feet per sec. 

Whe. Usevelocy,. uega.iv. (ue. up^.^, ^ 

du ^ 

57 =^+'^«" = :^(V2+«2) . . . /„v 

Hence, on integrating, 


^ . 1 ^ 

V V 


i(^-A) 


and therefore 


V ~ ~ A) . . . 


V V ' ' 

Integrating again to get the downward displacement 4: 

\T ' * 


X V 

“ V = P cos l(f - A) + X log^ B 


= Jlog^Bcos^(;‘-A) 


. \ -r/ 

“* m"£ £^"5^.”?“" ?f ‘ uflet *is 
proportional to the VelooJ^^L^t u”3'?be 'th**d**“”“j*” 

the velocity, its components parallel to and is proportional to 

to the components of the velocity That io P^"P°'^f'c°al 

resistances are ir/ and /§zi respectfvely. and vertical 

The equations of motion are therefore, for unit mass, 


dv 

-^=g-kv 

du 

^37 = -hi , 





Equation (i) is of exactly the same type as fi) in Art Tf • 

.. g. c. 


■'-S'- 

Again, from (2) 


(3) 
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Therefore log^ log^ Uq . . . . . . , (5) 

where is the initial horizontal velocity. 

dx 

Equation (5) gives « = — = (6) 


whence = tf-**) . ..... (7) 

Uts 

the constant — being added so as to make o when / = o. 

Equation (7) shows that the horizontal displacement can never 

exceed • Also from (6) the horizontal velocity rapidly approaches 

zero unless k is an extremely small quantity. 

It should be noticed, also, that the horizontal and the vertical motion 
are quite independent. The vertical velocity and displacement can be 
determined completely from the initial vertical velocity without any 
reference to the horizontal velocity. 

Since the vertical velocity quickly approaches the terminal velocity 

I , and the horizontal velocity as quickly approaches zero, it follows that 


after a short time the body is moving nearly vertically with a velocity 
In fact, the path has a vertical asymptote at a distance ^ from the 


Btartmg-point. We shall denote -j by a. 

Eliminating t from (3) and (7), we get the equation to the path 
„ _ ^ ^ 




am 


(«) 


The constant C depends on the initial vertical velocity; or it can be 

dy 

determined from the direction of projection by equating ^ when x 

to the tangent of the angle of projection below the horizontal. 

329 . Downward Vertical Motion with Resistance proportional to 
the n*^ Power of the Velocity.— We cannot find the displacement in 
this case, but we can express the time in terms of the velocity by an 
infinite series which is not very bad to manage. 

The equation for unit mass is 


du , 


. (0 


The terminal velocity V is the value of u which makes the resistance 
equal to Thus 


V" =\ 


(*) 



CHAPTER XVI 

SMALL OSCILLATIONS OF A PARTICLE 


380. The Simple Pendulum. — We have already worked out some 
examples on the oscillation of particles assuming the motion to be 
rectilinear. We are now going to investigate oscillations allowing for 
motion in two dimensions. 

We shall first work out the motion in a particular but important 
case, namely, that of a simple pendulum. A simple pendulum is a 
heavy particle swinging in one plane at the end of a light string or rod. 
An ideal simple pendulum does not exist, but a ball of lead with a 
diameter of about half an inch swinging at the end of a light string 
about a yard long is very nearly an ideal pendulum. 

When the string makes an angle 6 with the vertical the velocity of 
. dd 

the particle is ^ being the length of the string. If m is the mass 
of the particle, the equation obtained by resolving along the tangent is 

(i) 


Now we are dealing with small oscillations, so that we may assume 
B to be always small. And for small angles the sine is very nearly 
equal to the radian measure of the angle. For example, sin 30® is 
o’sooo and the radian measure of 30® is 0*524, and 30° is a large angle 
for pendulum oscillations. 

Putting, therefore, 6 for sin 6 in (i), we get 

(2) 




f 


This type of equation has been solved in Art. 292, and its solution 
can be written 

= asin(^A^li + P) • • . . • • (s) 


where o and /S are constants of intepation. 
The time for a complete oscillation is 


r — 



(4) 


The constant a is the amplitude of 9 . Thus the string swings from an 
angle a on one side to a on the other side of the vertical. 

By observing r for a simple pendulum and measuring / the equation 
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(4) will give g. There are more accurate methods of finding g than by 
the simple pendulum, but a very good value can be obtained by this 
means. The error need not be more than 0*5 per cent, if the oscilla- 
tions are small — not more than 10°, say, from the vertical. To get r the 
time for fifty or a hundred oscillations should be observed. Then g is 
calculated from the formula 




4'rr2/ 


• (5) 


331. Integration of the Aeeurate Equation for a Simple Pen- 
dulum. — The accurate relation between / and B at any instant can only 
be expressed in terms of elliptic integrals. Nevertheless, the period of 
a complete oscillation can be expressed in an infinite series of powers 

of sin ~ , which series always converges fairly rapidly. 


Multiplying both sides of equation (i) of last article by 

fnl dt ’ 


^dt ' dfi 


-Asinef 

I di 


(0 



Integrating with respect to 

( dB jT - 

b) + ^ (3) 


dB 


If a is the amplitude for 0 , that is, the value of B when = o, we 

at ' 


find that C = — 2^ cos a. Whence 
(dB^ 


Therefore 


= 2*^ 2 sinS - — 2 sin^ -) 
/\ 2 2/ 

S-iV-! 


. • (4) 

• . ( 5 ) 


The time taken by the pendulum from the lowest position to that 
where 6 = a is clearly a quarter of the complete period. Hence, 

denoting the complete period by t, and writing a for sin ^ for the 

sake of brevity, 

d 6 







. . ( 6 ) 
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Now putting 

.■6 ■ j. 

sin - = a sin tp , , 

2 

• ( 7 ) 

we find 

— sin 2 ^^ = izcos^ . . . , . 

• ( 8 ) 

and 

t 6 

^ cos = a cos ^ 

2 

. ( 9 ) 


Also the limits for ^ are o and ^ • Hence 




2 d<f> 

V(i sin2 



+ sin2 <f> + ^ sin^ ^ ■ 


This last step is performed by expanding (i — a* sin 
binomial theorem. 

Now it is proved in works on the integral calculus that 


(lo) 


by the 


Hence 



sin^ft <f)d<f> = 


(2n — i)(2n - 3) 
%n(2n — 2) . . 


■ > 3- 1 
4.2 2 



= 2v{t + pa 


22. 42^* + --7 


(11) 


(l2> 


The value of r given by the approximate method of the last article 
is just what we get by omitting all except the first term of the above 
series. 

In order to show the error in the approximate result, we give here 
the value of r when a = 10° and when a = 6 o®, 

Taking a ss 10®, then 


and 
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Taking a = 60*^, 

. a 1 
sin - = i 


and 




In the first case the error in taking only the first term is less than 
0*2 per cent., and in the second case, for so large an oscillation as 60° 
from the vertical, the error is only 7 per cent. 

332, Small Oscillations of a Particle about a Position of Stable 
Equilibrium on any Smooth Curve. — The particle P is constrained to 

move on the smooth curve BAB'. A, a 
point of minimum height on the curve, is 
a position of stable equilibrium. If the 
particle be slightly displaced from A it 
will fall back to A and then shoot 
beyond in consequence of the velocity 
acquired in falling. Then it will fall 
back again, and thus it will go on oscil- 
lating for ever if there is no friction. 

AT is the tangent at A and is hori- 
zontal, FT is the tangent at P, and PC 
is the normal at P meeting the normal at 
A in C. When the angle ^ between the normals at A and P is 
infinitely small, C becomes the centre of curvature of the curve at A, 
and AC becomes the radius of curvature. 

Denoting the arc AP by s it is clear that, for small values of 

s = AC . ijs nearly (i) 

If p is the radius of curvature at A, there is very little error in 
putting p for AC. Hence 

s = piff nearly (2) . 

The dynamical equation for the motion of P along the tangent at 



Pis 


m sini/f — mgijj nearly 

= nearly 


that is, 


^ = -Cf 
dt^ p 


(3) 

(4) 


for small oscillations. 

This is the same type of equation as the one for small oscillations of 
a simple pendulum (Art. 330, equation 2). The solution is 


f = A sin (\/- . ^ + jS) 


(5) 
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and the time of oscillation is 


r = 2-n^ e 


Thus the particle oscillates in the same time as a pendulum of 
length /}. The simple pendulum is included in the preceding as a 
particular case. 

Example i. — To find the ihne of oscillation of a particle about the 
lowest point of the smooth cun^e 

j == ^ sin 4^: ••••••..« (7) 

s being measured from the lowest point. 




The value of p at the lowest point of the curve, that is, the point 
where ^ = o, is 

p = 4^ 


Hence 


r = 27 r^ ^ ? (9) 


Example 2 , — To find the time of oscillation about the lowest point of 
the curve 

4^ = ^ ^ , , . , , ^10) 

the Y-axis being upwards. 

The formula for radius of curvature is 




From (10) 


dx^ 

dy_ __ X dfy_ _ i_ 

dx 2d dx^ 2a 


. . . (la) 


Cty m 

Putting X = o in the expression for ^ and substituting in (ii), we 
get the value of p at the lowest point. Thus 

p=2a. (13) 

Hence t = aTr^ /— . (14) 

^ i 

Example 3. — Find the period of oscillation about the minimum point 
of the curve 

t(fiy 2=5 2SI? — ^x^a — 2fixc^ 

Here 6^72 ^ = 6^:2 — Sxa — 36^2 

dx 

= 6(:v — ^d)(x + 2a) 
d^y 

6 a^ = 12X -- 6 a 


and 
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The minimum point is at x = 3 ^, and at this point 

dx^ a 


and therefore 




a 

5 


Consequently the period of oscillation is 277 ^^^ 


333. Isochronous Pendulum. — In the last article the time of a small 
oscillation of a particle on a smooth curve is calculated. But, just as 
for the circular pendulum, the time is generally only approximately 
correct, and for large oscillations it will depend on the amplitude. But 
there is one type of curve on which the oscillations are absolutely 
independent of amplitude. 

As in the last article, the equation of motion along the tangent is 


d^s . , 


(^) 


Now, if the intrinsic equation of the curve is 
s = / sin iff . . 

then the above equation of motion becomes 


~ 7 


. . (^) 


(3) 


and we know that this indicates oscillatory motion with a period 


T s= 



(4) 


This is exact for small or large oscillations. 

Equation ( 2 ) is the equation of a cycloid, and this cycloid is the 
curve described by a point on the circumference of a circle of radius 
which rolls on the lower side of a horizontal line. The oscillations on 
a cycloidal arc are called isochronous^ because the period is the same 
for large or small oscillations. 

33 I. The Equation of a Cycloid. — Let PCC' be a circle of radius a 

which rolls on the line 
QC. APM is the curve 
described by P in this 
motion. 

Since C is the in- 
stantaneous centre of 
rotation, the direction of 
motion of P is perpen- 
dicular to CP. Hence 
the tangent to the path 
of P is PC, which is perpendicular to CP* It is easy to prove from the 

figure that ip = y 
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The angular displacement of the circle from the position where OP 
was vertical is d. When the circle turns through an additional angle 
dd, the displacement of P is CP . dd^ because there is an instantaneous 


rotation about C. Thus the displacement of P is 
2a cos ^ dd = 4a cos 

^ 4a cos ilsdxfj (i) 

If ds is the length of the arc described by P in this small motion, 

ds = 4a cos (2) 

Hence s = 4a sin xjs (3) 


no constant being needed if s is measured from A, where ^ = o. 

The student will probably think that CP turns through and 

therefore that ds=: CP But CP must he supposed rigidly 

attached to the circle, and if one line turns through dd every other line 
turns through the same angle. Another way of looking at the question 
is this : the displacement of P is to the displacement of O as CP is to 
CO. But the displacement of O is clearly CO . dd. Hence the displace- 
ment of P is CP . dd* 

335 . Since perfectly smooth bodies do not exist, it would not be 
possible to realise the motion we have been investigating by allowing a 



Fig. 162. 

particle to slide on any body in the form of a cycloid. But there is a 
simple mechanical way of removing almost all frictional resistances 
except that of the air, and this we shall now explain. 

Suppose a particle P is carried by a light string of length /, the 
upper end of which is attached to M, the cusp of two similar cycloids 
whose equations are ^ = / sin ip. The particle oscillates in the plane 
of the cycloids, and during the motion the string is wrapped on each 
curve in turn. Under these circumstances P describes a cycloid 

M 
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exactly equal to each of the guiding curves. Let s\ i//, refer to the 
curve described by P ; s, t/f, to the curve MB, whose equation is 

y = /sm^. At M, where s is equal to /; that is, the arc 

BM = 4 the length of the string. Consequently 

PQ =r arc BQ = Ismijf (i) 

But since the motion of P is perpendicular to QP, we find that 

Hence PQ = / cos ( 2 ) 

When if/ increases by lip' the line PQ turns through the same angle dtfi 
as PT turns through, because these lines are at right angles. If dl is 
the arc described by P in this small motion, 

ds' = PQ ,dif/ = l cos xf/dtl/ * • • • - ( 3 ) 

Hence y = / sin ^ ( 4 ) 

is the equation of the curve described by P, provided / is measured 
from the lowest point A. And this is the same form of equation as 
that of each guiding curve. 

The pendulum formed in this way would oscillate in the same 
period for all possible amplitudes. 

336. General Method of dealing with Small Oscillations of 
a Particle about a Position of Stable Equilibrium. — Suppose a 
particle, acted on by known forces, is constrained to move along a 
given curve. If there are no frictional resistances the reaction of the 
constraining curve will be along the normal, and the external forces will 
generally depend only on the position of the particle. Let s denote 
the length of the curve measured from some fixed point on it. Assuming 
that there is no friction, there is a definite tangential force for each value 
of s. Let therefore /(.f) denote the tangential force on unit mass of the 
particle, the force being taken as positive when it is in the same direction 
as a positive increment of s and negative in the opposite direction. 
The dynamical equation for motion along the tangent is thus 



• 

• 

1 

If 

. . . (x) 

or 

• 

• 

II 

• • • • (*) 


Suppose that the point ^ is a position of equilibrium on the 
curve. Since the tangential force must be zero at a position of equi- 
librium, it follows that /(a) = o. We shall investigate the motion when 
the particle is slightly displaced from this equilibrium position. 

Write (a + z) for s. Then equation ( 2 ) becomes ' 
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Sincey(<a5) = o, the largest term on the right-hand side of equation (3) 
is ^f(p) as long as z is small. Neglecting the higher powers of 
equation (3) becomes 

^ ^ • • • . ‘ ♦ i (4) 


for small values of z. If f{a) is a negative quantity, this equation 
indicates oscillatory motion with a period 


Z'lr 

V -/'(«) 


(s) 


Denoting the tangential force on unit mass by T, we have 


T=A^) (6) 

dT 

Consequently f(s) — ........ (7) 


d^ 

Thus the coefficient of z in (4) is the value of ^ in the equilibrium 
position. 

It should be noticed on w^hat assumptions this solution depends. 
It has been assumed that the term containing the first power of z is 
much greater than all the terms containing the higher powers. To 
ensure that this should always hold we must not only know that z 
is small initially, but also that the velocity is small. For it is clear 
that if a particle were passing through an equilibrium position with a 
large velocity, the displacement z would be large before it came to rest^ 
and our assumption that the term containing z is greater than those 
containing the higher powers of z would probably be wrong. 

Nevertheless, if/'(^) is negative, small oscillations are possible under 
favourable conditions j and when small oscillations are possible about 
a position of equilibrium, that position must be one of stable equilibrium. 
But if fij^) is positive small oscillations are not possible, because in 
this case equation (4) has the form 


d^z 

df^ 


= c^z 


(S) 


and the solution of this equation is 

z = (9) 

This does not represent oscillatory motion, and, unless A is zero, 
which is very improbable in any actual motion, z becomes very large 
for large values of /. Before this stage is reached the equation (4) has 
ceased to be approximately correct, for the higher powers of z have 
become as important as the first power, 

337 . Since the equation (8) of the last article occurs rather often in 
dynamics, it is worth while to show that (9) is the solution. 
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(i) 


Putting z = 

we find by diiFerentiatiag twice that 


■ = 


d^u , dll . 


Hence the equation 


becomes 


or 


d^z 

( d'^u du ^ \ 
+ c^u J 


\di^ 


dt 

d^u 

dF^ 






. du 

+ “s = 


Integrating at once with respect to /, 

du ^ 

-- + 2cn = D 
dt 


-2^— = 


2C 


(2) 

(3) 

(4) 

(5; 

( 6 ) 

(7) 

( 8 ) 

(9) 


whence ^ ~ -rk 

du 2 CU — D 

Integrating with respect to u^ 

log^ E — = lOg^ {2CU — D) 

where log^ E is written for the constant of integration. 

The relation (7) can be transformed into 

£^-2ct 2= 2,cu — D . . . • . 

Thus s = 

- + Ee-'*) 

838. As an example to illustrate the method of Art. 336 we will 
take the following problem. 

A particle^ constrained to move on a fixed smooth curve, is acted on by 
a force towards a fixed point C which is not 
071 the curve, Asstmmg that the magnitude 
of the force depends only on the position of 
the particle, to find the time of a small 
oscillation about a positioii of stable equili^ 
brium. 

If O is a position of stable equilibrium 
and the force is an attraction towards C, it 
is clear that CO must be normal to the 
curve. 

Let P be the position of the particle 
at any instant, and let CP = r, CO = d, arc OP = .f. R is the force 
acting towards C per unit mass. 
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The equation for motion along the curve is 




— Rcos^ 


0 ) 


It may not be easy to express this tangential force — R cos ^ in terms 
of j, but it will be easy enoi^h to find its rate of increase with respect 
to J in the equilibrium position, and that is all we want. Thus 

/(r) = — Rcos^ (2) 

/'(f) = +RsinsS^-^cos^ • . • • (3) 


Now ^ ~ — d — 0 , 

2 


Hence 

ds ds ds 


(4) 


dB , \ ,dds , 1 

At O it is clear that — is and ^ ^ P 

ture at O. Also cos ^ = o at O. Hence 


being the radius of curva- 


/•(o) . -E(i+p . . ■ 

This is the quantity that corresponds tof(a) in Art. 336. 
period of a small oscillation is 



. . ( 5 ) 

Hence the 




where R and p are the force per unit mass and radius of curvature in 
the equilibrium position. 

If the curve is a straight line, then p = 00 and " “ case 


r 



. • ; • * » (7) 


If the force acting on the particle is always in the same direction 
we need only put ^ = 00 , and then the time becomes 


T = 



(8) 


This last result will apply to a particle on a smooth curve undei 
gravity if we put g for R. The expression for r then agrees with the 
one found in Art. 332. By means of (6) we can, however, find the 
time of oscillation of a pendulum, allowing for the fact that gravity 
does not act in parallel lines, but always towards a fixed point, namely. 
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the centre of the earth. If = the earth^s radius in feet, and I = length 
of pendulum also in feet, 




For any ordinary pendulum i is insignificant in comparison with i so 

a I 

that it is of no use taking account of it. 

A body sliding on a perfectly straight line touching the earth^s 
surface may be regarded as a pendulum of infinite length, and its 
theoretical time c: cscll . lici. is 

X ^ 76 o _X Isecs. = 85 mins. (10) 

^ g ^ 32 

This is exactly the same as the period of a satellite which would just 
graze the earth^s sxuface. 

339. A horizontal axis, which carries a light rod with a mass 
attached, is mounted on a vertical axis which rotates with constant 
ahgmiar velocity eo. In consequence of the mechanism and the 
motion, the mass is free to move along the circumference of a circle 
which rotates about its vertical diameter. The system constitutes, 
in fact, a pendulum in a rotating plane. We propose to find the 
period of oscillation about the posiiicn of stable equilibrium relative 
to the rotating plane* 

Let / be the length of the rod, and therefore the radius of the circle 
described by the particle. When the rod makes an angle with the 
vertical, the distance of the particle from the axis of rotation is I sin 0. 
By Art. 273 the acceleration of the particle is the same as if the plane 
of the circle did not rotate, except that there is an added acceleration 
/ sin ^ towards the vertical axis and perpendicular to it. The 
component of this added acceleration along the tangent to the circle 
is — / sin B cos Q . Hence, resolving along the tangent to the circle, 

— / sin Q cos Q , ci>2 j = — ;;2^sm 0 , • . (i) 

ct^s 

or — = /sindcos0 . ct>2 —^sinff . , . . (2) 

Now suppose the rod is placed at rest relative to the rotating plane 

• • » • 2 ^^ s 

at an angle a to the vertical. It will remain in that position if ^ 

is zero when 6 = a, that is, if the right-hand side of (2) is zero. Thus 
in the positions of relative equilibrium we must have 


sin a(/a>2 cos a — ^) = o . 


Wlience either 


sin a =s o 


or 
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Equation (4) gives two values of a, namely a = o and a = w. The 
second of these obviously does not correspond to a position of stable 
equilibrium, for the mass could not be stable at the top of the circle. 

We will now examine whether the lowest position is one of stable 
ecu'libriuir or not. 

When Q is small we may write $ for sin 6 and i for cos 6 . Also 
s = Id. Hence equation (2) becomes 

~ gB 

= {iofi -g)d (6) 

If g is greater than lafi the coefficient of 6 is negative, and the 
equation denotes oscillatory motion with a period 

^ = 

Thus, when g > the mass is in stable equilibrium in the lowest 

position ; and since cos a cannot be greater than unity, there is no 
solution of (s) in this case, and consequently no other position of stable 
equilibrium. 

But when /a>2 > equation (6) does not give oscillatory motion, and 
now the stable position is given by (5). Suppose now that a is the root 
of (5). Writing a + ar for 0 , and f{d) for the right-hand side of (2), that 
equation now becomes 



=f(a + s) =y{a) + zf{a) .... (8) 

for small values of z. 


Now, 


f{a) = /o)2 cos a sin a — ^ sin a . 
/{a) = /a)2(2 cos2 a — i) — ^cos a 

= 


kx)^ 


. ( 9 ) 

• (lo) 


The last line is obtained by substituting for cos a from (5). The 
coefficient of z in (8) is therefore 



which is negative because > g. Also /(a) = o because a satisfies 
(3). Consequently equation (8) becomes 


d^z _ 1^0}^ - 

~ P-ofi ^ 


(II) 


and this shows that js is a periodic function of t whose period is 


27TIcO 

aJ 


(la) 


r js= 
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Since the mass can oscillate about the position where cos a = -^> 

. . 

It follows that this is the position of stable equilibrium. 

If ^ = /a>2 the equations (4) and (5) give a common value of a, 
namely a = o, and this must clearly be the stable position. Moreover, 
both expressions (7) and (12) agree in giving an infinite time of oscilla- 
tion ; and both are wrong, as common sense tells us, for there must be 
a finite time of oscillation about a position of stable equilibrium. The 
results are wrong because they are deduced from an approximate equa- 
tion in which terms have been neglected which are important in this 
critical case. When ^ exactly, the first term in the expansion of 
/(a + z) which does not vanish is the term containing z^. If this is 
retained it can be shown that the period of a small oscillation varies 
inversely as the amplitude In fact, the period can be expressed in 
the form 



V(i - i sin2 4 ,) 


Us) 


The coefficient of in this expression will be found to agree 

with the accurate formula given in Art. 331 for the time of oscillation 
of a simple pendulum of length / swinging in a semicircular arc. 

Even the above value fbr r becomes infinite when w^e make /3 
infinitely small. To get a reasonable result for r when ~ is very 
small, but not zero, we ought to take account of the term containing 
in which case the time would depend on the amplitude. We are 
justified in neglecting all higher powers of z than the first in our 
differential equation only when the terms containing these higher 
powers are small compared with the term containing z, and this will 
not generally be true if the coefficient of z is itself small. 

340 . Forced Oscillations. — A particle which is free to move along 
a given curve is acted on by a periodic force along the tangent to its 
path when it is in the neighbourhood of a position of stable equilibrium. 
To determine the motion w’hen the displacement from the equilibrium 
position is small. 

The problem w^e are now investigating is one in which, in addition 
to the periodic force, other forces are brought into play similar to those 
we have dealt with in small oscillations. 

If the periodic force did not act, the equation of motion for small 
displacements w’^ould be of the form 




U) 


Let a sin pt be the periodic force on unit mass, 
of motion is 

d^s 


Then the equation 
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Since = — /2 sin pt 

it is obvious that, by a proper choice of H, 



y = H sin/Z . 

• ( 3 ) 

will satisfy (2). 

Substituting this value of s in (2), we get 
—p^R sin pt = -c-H sin pt + a sin pt , , 

. ( 4 ) 

which is satisfied identically if 



TT " 

^ ^2_^2 

■ (5) 

Hence 



. (6) 


is a particular solution of (2). But it is not the general solution, because 
the solution of a differential equation of the second order contains two 
arbitrary constants, and our present solution does not contain one such 
constant. 

We can get the general solution by putting 


s z + 




Then by differentiating 


d^s d^z p^a 
d^s 

Substituting for s and in (2), we get 

dH 


dt^ 




(7) 

( 8 ) 


(9) 


the terms containing sin pt having disappeared. 

Now, we know the general solution of (9) to be 

s = A sin -h jS) . » . . . . . (10) 
Consequently the general solution of (2) is 

j = A sin (ct + jS) + - o ^ ^2 * V • • (^^) 

The remarkable feature about this result is that the displacements 
due to the two forces — ^the restoring force and the periodic force — are 
independent of each other- The first term in (ii) is exactly the 
same as if no periodic force acted. The second term is the one due to 
the periodic force. The amplitude of the second term does, it is true, 
depend on the period of the natural vibration, because it involves but 
the period is the same as the period of the applied force. The oscilla- 
tions represented by the first and second terms are called the frei 
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oscillations and \h.tfo7'ced oscillations respectively. In any tactual motion 
the displacements due to the free and forced oscillations are superposed. 
The character of the motion is best expressed by saying that the particle 
has free or natural oscillations relative to a framework which moves 
with the forced oscillations. 

Another important point regarding the forced oscillations is that, if 
p <c, the displacement is in the same phase as the periodic force; that 
is, it has the same sign as the force, and reaches its maximum when the 
force reaches its maximum. But if / > the displacement is in the 
opposite phase to the force, for it passes through its minimum as 
the force passes through its maximum. Now the periods of the free 

and forced oscillations are ^ and respectively. The preceding 

statements may therefore be expressed in the following way : 

The forced displacement is in the same phase as the periodic force or 
in the opposite phase according as the period of the forced 
0 | oscillations is greater or less than that of the free oscilla- 
tions. 

The periodic force such as we have considered is most 
easily produced by oscillating the body to which the particle 
is attached. The next example will illustrate this. 

341. A particle is suspended at the e?id of an elastic string 
of negligible mass. The upper end of the string has a simple 
harmonic vesTical oscillation. To fi^id the motion of the 
particle, 

A I Let the tension in the siring be the product of k and 
the extension, and let the displacement (downward) of the 
upper end, O', of the string be ^ sin pt. Let OA be the 
164 . natural length of the string, sc the displacement of the particle 
from the fixed point A. 

The extension of the string ^ a sin pt). Hence the tension is 
k{x — a sin//), and the equation of motion is 


^ sin pt) 


= —h(^sc 


+ ha sin pt . 


(1) 


By putting _y = a* — the equation reduces to 

d-y h , ka . 

n 

The solution of this is, by the last article. 


, = V q sin pt 

dt^ nr m ^ 


m 


y = A sin (Vi t + ^ + ‘j— ^ sin pt , 

/2 

m ^ 


( 2 ) 


. (3) 
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Now ifr, ri, denote the periods of the free and forced oscillations 
lespectively, 

277 fm , , 

ri = — -,andr = 377-A^- , ... (4) 

Hence the forced oscillations in (3) may be written 


— a sin pt = — — -^a sin pt 

I — T" 


Thus, suppose the periods of the free and forced oscillations arc i 
second and 2 seconds, then the amplitude of the 
forced oscillations is %a. But if the periods are i 0 o' 
and i‘oi, the amplitude is about 50^, which is very I 

large compared with the amplitude of the motion A 

of O'. 

342. We will work another example of the same ! \ 
type. I \ 

The point of siipport of a simple pendulum has small [ \ 

horizontal oscillations given by a sin pt. To determine the | \ 

motion of the hob. j \p 

Let O be the mean position of the point of support, q""" | 

O' the position at time P the position of the particle. [ 

The particle P has the motion of O' plus the motion 

relative to O'. Now the acceleration of O' is Fig. 1O5. 


a sin pt) = ->~ap^ sm pt . . . * . (i) 

and the component of this perpendicular to O'P is 

— ap^ sin pt cos 9 (2) 

where $ is the angle which O'P makes with the vertical. 

The acceleration of P relative to O' has a component perpen* 

dicular to O'P. Hence, resolving perpendicular to O'P, 

d \ 

■- // COS 0 j = - sin . . . (3) 

Since d is supposed to be always small, we may put i for cos 6 and 6 
for sin d. Then equation (3) gives 


— =-‘^ + -- 3111 // . 


The solution of this is 


7 ‘ 

A sin ( is^jt + sin , V 
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The approximate horizontal displacement of the particle is 

£ 

* = 4- a sin//= /A + 4 ---^ — a sin // . (6) 

In terms of the periods of the free and forced oscillations r and 
this can be written 

a; = B sin + ^) + sin// ... (7) 

We will complete the solution for particular initial conditions. 
Suppose that the bob starts from rest when o. That is, = o and 

^ = o when t = o. Now, 
at 

5 = V^Bcos(Ay5/' + ^)+;-^^2«/cos// . (8) 

Putting o for x and t in (7), 


o = B sin j 3 


And putting o for — and t in (8), 


o=\/fBcosp + ;^^^ 


V g r{^ - 

r 

= ^ — 2 • 


From (9) and (i I ) tan = o, |8 = o (12) 


T» ^ 

B = -dr 


TJae final value of x is therefore 


7*2 


^^(sin// - ^ sin /y/ ff) . 


Suppose, for instance, r = 2 secs., = 3 secs., then 


Hence 


/g . 27 r 

— = 77 and / = — = |i 7 

oaf . 2'irf « . \ ^ . 

* = — (^sin — - I sin TT/J (15) 


But if r == 3 secs., = 2 secs., then 

4^/ . . s • 27 rA 

— "7 - I sin J , , ♦ 


X = 


. . (x6) 
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343. Forced Oscillations when the Period of the Applied Force is 
the same as that of the Free Oscillations.— The equation is now 

d^s 

— = -tSj + fl, sinrf (i) 

This cannot be solved by the method of Art. 340, because equation 
(4) of that article refuses to give a value of H when p and c are equal. 
We must seek some other kind of solution then. 

Without going into the general method of solving such equations as 
(r) we will show what the solution is in this particular case. The 
method may seem experimental to the student, but he should not feel 
dissatisfied at this, because we often have to be content if we can guess 
the solution of a differential equation. All integration is but judicious 
guessing based on a knowledge of previous differentiations. 

Let us put 

s cos ct (2) 

where 2/ is a function of /. 

Substituting in (i) from (2) we get, ' 

cos - ^c sm — c^u cos cf — chi cos ct+ a sin ct (3) 

, dhi du 

whence . cot ct-^- — ^c—- — a 

at^ ai 

A particular integral of this is clearly 

«=-f/ (5) 

The corresponding value of s is 

s^^-~tc:o%ct (6) 

This gives the forced oscillations. We have still to find the general 
solution giving the free oscillations. 

a 

On putting 5 = — —i cos ct z ( 

n (f) it will be found that the resulting equation for z is 

- 

^ ~ ^ w 

the solution of which is 

a = A sin (V/ + j8) (9) 

Therefore x = A sin [ct + cos ct (10) 

The second term in s represents a displacement with increasing 
amplitude, and the amplitude is very large wnen / is large. For small 
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values of / equation (lo) will give approximately correct values of the 
displacement, but for large values of i they will not even be approxi- 
mately correct, because, in most cases, the differential equation (i) is an 
appioximate equation obtained by assuming that the terms containing 
higher powers of j than the first are small compared with the term in 
When this ceases to be true the differential equation, and therefore the 
integral, are no longer of any use. Thus the equation is only applicable 
for small values of t. In order to discover what happens ^vhen t is 
large we should have to solve the exact equation of motion, and the 
form of this will be different for nearly every problem. 

344. Small Oscillations of a Particle assuming a Resistance pro- 
portional to the Velocity. — If we take the fluid resistance to the motion 
of a particle oscillating in air or in a liquid to be proportional to the 
velocity, the equation of motion for small displacements from the position 
of stable equilibrium is 


d^s 

di^ 


— c^s 



(t) 


or 


dt^ 


ds 


O 


• 0 ) 


This is a linear differential equation the solution of which can be 
wiitten down immediately by the rules given in works on differential 


equations. We shall, however, find the solution. 

Putting s = € (3) 

and substituting in (a), we get 



d ^2 / \ 

Whence Ts V ~ ^ ° 

-52 

If > — this is the familiar type of equation solved in Art. 292 
Writing for ^ shortness, the solution of (5) is 

s = A sin -f jS) (6) 

. 

Hence s = A6’ ^ sin -f jS) (7) 


This may be regarded as simple harmonic motion with decreasing 
amplitude but constant period. The time of a complete oscillation is 
twice the interval between two successive instants at which the velocity 
is zero. The velocity is given by 

^ sin + j3) + ^ cos {If + j3)| . . (8) 
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It is easy to see that the inteival between successive instants when 

7T . 

this is zero is Hence the time for a complete oscillation is 


27r _ 477 

T “ ^/ 4^2 


^ - ( 9 ) 


The curve showing the relation between s and ^is given in Fig. i 66 . 
It is clear that the oscillations die out slowly or quickly according as k 



is small or large. For if k is small the amplitude Ke diminishes 


slowly. 

If the solution of ( 5 ) is 

s = A/+B (lo) 

J-t 

and therefore ^ ^ ” (A/ + B) r) 

Whatever be the initial circumstances of the motion, s ultimately 
becomes zero, because ^ 

lim/r 2 ‘ = o (12) 

/= 00 


Moreover, s can only pass once through the value o, and this wi 
happen if A and B have opposite signs. This pnnot be calleci 
oscillatory motion ; the particle merely falls, in an infinite time, into 
the equilibrium position, and it may, under favourable circumstances, 
swing once through the equilibrium position. 

We have yet to consider the case where - — is negative. 
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Tlie solution of (s) is now, by Art. 336, 

a = + Be-P* .... ... ( 13 ) 


-Vt-"* 


Consequently s = (Ae^^ + ^ 

01 = 4 - (*4) 

^ /p_*y 

Now jS — - is negative, and therefore decreases as f increases, 

and becomes zero when / is infinite. Hence s approaches zeio as / 

jg 

approaches infinity. Also it is seen from (14) that unless -- is negative 

and greater than unity, s can never become zero for any finite value of 
4 Here again we do not get oscillations, but a gradual approach to 
the equilibrium position with just one possible passage through that 
position. 

345 . Forced Oscillations with a Eesistanoe proportional to the 
Velocity. — If the periodic force per unit mass is a sin //, the equation of 
motion is 

d^s ds 

— + c^s+k--^^asmj^^ . . . . (r) 

Since, on differentiating sines and cosines any number of times we 
get sines and cosines as a result, we assume, in order to get a particular 
integral of (i), 

r = G sin + H cos // (2) 

where G and H are constants which have to be determined so that 
(i) shall be satisfied identically. 

Substituting in (i) from (2), we get 

(-./2H +. + cm) cos // + (-^2 g - pm + c^G) sin pt 

= asmpt ^ - ( 3 ) 

This is satisfied if 


(^2^/2)h +/^-G = o I 


- ^ . ( 4 ) 


H = - 


(^2 _ ^2)2 4. 

pkd 


(^2 _ ^2)2 +^2^.2 


from which 


• • (s) 
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Thus a particular integral is 

-f-) cos/^} 

If now we put s = z + si 

in (i), we get 

(S + 4? + + (S' + 4) + ^'"0 = * 


( 6 ) 


( 7 ) 


But since Si satisfies (i) this equation reduces to 


df^ 



+ c^z = o 


( 8 ) 


which is the equation giving the free oscillations, and it has been solved 
in the last article. 

We may express si in a more convenient form than (6), and one 
which will exhibit the relation between the forced oscillations given by 
and the periodic force. 

Let a be an angle determined by 

^2 — p 2 

cos a - I .... (9) 


Then Si = -ji-y. - ■ , (cos a sin//' - sin o cos //) 

= ^|(f2_^2)2 4.^2;J2| (^O) 

The maximum and minimum values of the periodic force occur 

* 7 T 

when pt is an odd multiple of whereas the maximum and minimum 
values of the displacement due to the forced oscillations occur when 
(// - a) is an odd multiple of Thus the displacement lags behind 

a. 

the force by an interval of time — 

If ^2 > ^2 equations (9) show that a lies bet\^een - and tt, and when 
they show that a lies bet\^een o and thus the lag may be 

TT 

anything from zero to half the period of the applied force. 

The amplitude of the forced oscillations when a resistance acts pro- 
portional to the velocity is always finite, and is never even large if a 
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is not large. This motion is therefore of a distinctly different type 
from the motion when the resistance is absent, for, in the latter case 
we found that the amplitude of the forced oscillations became infinite 
when p became equal to c. When the resistance acts, equations (9) 

TT 

show that if p = c, then a = - and the forced oscillations are 
represented by 



Thus, if the period of the applied force is the same as that of the 
natural oscillations, the forced oscillations lag exactly a quarter of a 
period behind the applied force. 

The free oscillations are the same as when no periodic force acts, 
and these have been found in the last article. Whether these take the 
form given by { 7 ), or by (ii), or by ( 14 ) of that article, they disappear 
after a short time and leave only the forced oscillations. 

The motion of the pendulum of a clock is an example of forced 
oscillations. The mechanism is such that the applied force must have 
the same period as the time of swing of the pendulum. But the force 
is not, however, accurately represented by a single sine function. 
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If p is the perpendicular from the origin on the line of motion the 
moment of momentum is clearly mpv. Thus we have now three 
expressions for the moment of momentum about O, namely, 


mpv = m\ sM- — ^ = m r®— 

\ dt dt) dt 


^ ( 3 ) 


There is still another convenient way of looking at moment of 
mornentum. When the particle describes a small element ds of the arc 
of its path, the area of the small triangle with ds as base and the lines 
joining O to its ends as sides is \pds. Or again, if dB is the increment 
in B corresponding to ds^ the area of the triangle is \r^dB, Denoting 
this area by d?A, we have 


dK = \pds = . . , 

... ( 4 ) 

Therefore, on dividing by dt 



. • ( 5 ) 

Thus the moment of momentum can also be written 


d\ 

2Vl 

dt 

, . . . (6) 


where A denotes the area swept out by the radius vector from any 
given instant. 

348 . Equations of Motion in Polar Co-ordinates.-— Let R and T 
be the radial (outward) and transverse forces acting on the particle of 
mass tn. Using the expressions for acceleration in Art. 271, the 
equations of motion are 



• 

% 

ft 

II 

w 

1 

...(*) 

.//I. 

=T ... 

. . . (2) 

r 

di\ dt ) 

Multiplying both sides of (2) by 

r, we may write 


• 

• 

II 

. . • ( 3 ) 


The quantity in the bracket in (3) is the moment of momentum of the 
particle about the pole, and rT is the moment of the resultant force 
about the same point, since the moment of R about O is zero* Now 
since any point may be taken as pole, equation (3) shows that 


rate of increase of moment of 
momentum about any point 


= moment of forces about 

the same point . . . (4) 


Thib is a veiy important and useful equation, and particularly in 
dealing with central forces. It is worth while to give another proof. 
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The equations of motion in cartesian co-ordinates are 


d^x 


fji 


dF‘ 


X 


dfi 


Y 


• (5) 

• (6) 


Multiplying these by —y and x respectively and adding, we get 
d^y 


I d^y !i^x\ 


(7) 


Now the right-hand side of (7) is the moment, about the origin, of the 
force whose components are X and Y. It will be found on differentiatine 
that 


d( dy dx\ d^y d^x 


( 8 ) 


Hence the left-hand side of (7) is the rate of increase of 


( dv dx\ 


which is the moment of the momentum of the particle about the origin. 
Thus the quantities in equation (7) are exactly the same as those in the 
corresponding sides of equation (3). 

349. Particular Case of Central Forces. — If the force acting on 
the particle always passes through the pole, then T == 0, and equation 
(3) of the last article becomes 



YTience r^— = A a constant • (2) 


Thus for a central force through the origin, the moment of the velocity 
(which is the moment of momentum divided by ?n) is constant. 
That is. 


.d 6 dv dx dk. 

'■a = • 


(3) 


This tells us that the angular velocity 
varies inversely as the square of the radius 
vector and that the area swept out by 
the radius vector per second is constant and 
equal to \h, 

350. To find the path described by a 
particle under a central force which is a 
function of r only. 

Let the centre be taken as pole, and 
let the attraction per unit mass be P, Let 
be the angle between the tangent and 
the radius vector. To be quite definite, 


/ 
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^ is the angle between the outward-drawn radius 
direction of motion. 

Resolving along the tangent, 

vector and the 


dv — . dr 

^=-P»s^=-P- . 

. . . . (i) 

But 

dv dv ds dv 

dt ds dt ^ ds 

. . . . (2) 

Hence 

dv ^dr 

v~ = -P— ...... 

ds ds 

• • • . (3) 


Integrating with respect to s, 

-j?fds + C= -jvdr + C . . (4) 

Also, because the origin is at the centre of force, 

^ = A • • • ' (5) 

Substituting in (4) the value of v from (^5), we get 

+ ^ (^) 

This equation gives a relation between / and r for the curve described 
when P is given. Such a relation is an equation to the curve ; it is 
called the tangential-polar equation to the curve. It is not a very con- 
venient form of equation because it would be rather laborious drawing 
curves from tangential polar equations even if it could be done at all 
But we can easily deduce the ordinary polar equation from the 
tangential- polar equation. We shall show how this is done when we 
come to find the polar equation by using the polar equations of motion. 
For the present we give the tangential-polar equations of several well- 
known curves which are important in this subject. 

S61. Tangential-polar Equations. 

Ellipse with pole at centre, axes za, 2^, 

~ + ^2 _;.2 ( a ) 

Ellipse with pole at one focus, axes 2£Z, 2^, 



(y) 


The upper sign gives the branch of the curve nearer the pole, and the 
lower sign gives the other branch. 

A parabola may be regarded as an ellipse or hyperbola with infinite 
axes but finite latus rectum. The latus rectum is 2—. We can there- 
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fore get the equation of a parabola by writing / for the semi latus rectum 
and putting oo for a in either (j8) or (y) with the upper sign. 

Thus the equation of a parabola with pole at focus is 

hr ® 

Circle with pole at centre, 

> = (e) 

Circle of radius a with pole on circumference, 

♦•2 

^ = £ 

Equiangular spiral with pole at centre, the angle between the radius 
vector and the tangent being a, 

p = rsin a (rj) 

352. Orbits for Particular Laws of Force.— Suppose the attraction 
varies inversely as the cube of the distance. Then 

= i (■) 

Equation (6) of Art. 350 gives 

= (.) 

If C happens to be zero, this takes the form 

^ = ( 3 ) 

which is the equation of an equiangular spiral. By comparing with ('ly), 
Art 351, we see that 



If sin a = I, that is, if ^ the spiral becomes a circle. 

The spiral is not the general orbit for this law of force. It is only 
in the particular case when C = o that we get the spiral orbit. The 
character of the orbit in the general case will be more easily understood 
in polar co-ordinates, which we shall come to shortly. 

353. Attraction proportional to Distance from Centre. 

Here P = (i) 

I 

-.~=-lkr^ + C ( 2 ) 

Dividing by \k, we get 

I 2C 
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This is of the same form as equation (a). Art. 351. It is therefore 
the equation of an ellipse with pole at the centre. The semi-axes are 
given by 


- - 

k 

. . (4) 

+ 

k 

. • (5) 

which are obtained by a comparison with (a), Art. 351. 
From equations (4) and (5) we get 


fl2 = |{C+ V(C8- AA2)} . . . 

. . ( 6 ) 

A* = |{c - V(C2 - hm)\ . . . 

• • (7) 


It might appear from these equations that it would be possible for 
rt* and to be imaginary. For if is not greater than the 
expressions for and wiU be imaginary, and this would indicate 
that the orbit is some other curve than the ellipse with pole at the 
centre. But must of necessity be greater tha n for any rea^ 


orbit. For, from (3), 

= ( 8 ) 

Now p must be less than or equal to /*, and therefore 

or +2h^k . . . . • (9) 


It is obvious from (9) that C cannot be less than and there- 

fore the values of and ^ are real. 

Since the area described by the radius vector per second is 
and the whole area of the ellipse is 'uab^ the time taken to describe the 
whole ellipse is 

^ _ 2 'TTab _ 277 ^ ^ 

“ 1a “ 

The motion just investigated is called elliptic harmonic motion. It is, 
in fact, the resultant of two simple harmonic motions of equal period in 
intersecting lines, the mean positions for the two motions being the point 
of intersection. Also there is a difference of a quarter of a period 
between their phases, so that one displacement is a maximum when the 
other is zero. 

354. The Same Problem in Cartesian Co-ordinates.— The com- 
ponents of the attraction kr parallel to OX and OY, whether these 
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axes arc perpendicular or not, are and -^ky, 

equations of motion are 

Hence the 

d^x 

~ ~ 

. . (i) 

• 

• 

1 

II 

• • (®) 

The solutions of these equations can be written 


X ^ K cos ^/kt + B sin kt . ^ . 

• • (3) 

j' = G cos /Jkt + D sin * - • 

• ■ (4) 

After eliminating t we get 


(Dx - Br)2 + (G^ - AyY = ( AD - BG)^ 

- • (5) 


which is plainly the equation to an ellipse since it has the form for a 
central conic, and the terms containing x and j have no real factors, 
and this latter is the condition for an ellipse. 

Since equations (i) and (2) are true for all axes through the centre 
of force, we will choose the axes in a convenient position. 

Let C be the position of the particle at any instant, and let OC be 
taken as axis of x. Let OC = a. Let the axis of y be parallel to the 
tangent at C, and let the velocity at C be •v. With these conditions we 
get, measuring t from the instant when the particle was at C, 


dx 

Ti 

dy 

dt 


o 

V 


a 


when / =2 o 


>' = o 


Introducing these conditions in (3) and (4), we find 


( 6 ) 


Hence 


Thus 


B = o A = 



x = a cos jijkt 


V 

y = sin ^ kt 
^ + 1,2 - * • • • 



( 7 ) 

( 8 ) 
(9) 


This is the equation of an ellipse referred to conjugate diameters as 
axes, and the length of the semi-diameters are a and —jy If we write 

sj ^ 

b for the semi-diameter conjugate to a, then 

V = ^kh (10) 


This shows that the velocity at any point is proportional to the 
semi-diameter parallel to the velocity. This semi-diameter therefore 
represents the velocity on some scale. Consequently the s:ctual orbit 
of the particle is the hodograph of its motion. 
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356. Examples of Motion. 

Example x. — An ordinary pe7idulu7n^ whose motion is not confined to 
me vertical pla?ie, has approximately mtiple kar??i07?ic motion provided tin 
string always makes small angles 7m fh the vertical 

Let T be the tension in the string, 6 its inclination to the vertical at 
any instant, I its length ; and let r be 'the distance of the bob from the 
vertical through the point of suspension, z its distance above the 
lowest point. 

702 

Now, l{i — cos 0) = — nearly . * * . (i) 

8^ 6^ 

because cos 6 = t — (-] — I- etc (2) 

!2 H 


Since ^ is a small angle, we shall neglect all powers ofO beyond the 
first. With this approximation z is always taken as zero, and then the 
equation for vertical motion gives 

d^z 

T cos & — mg =r == o nearly . . * . (3) 
Hence, again putting i for cos 0, 

- nig (4) 

Now the horizontal force on the hob acts towards the vertical 
through the point of suspension, and its value is 


T sin 8 


fW ' 

T- = mgj^ nearly 


• • ( 5 ) 


Thus the horizontal force is proportional to the horizontal displace- 
ment from the equilibrium position. Consequently the horizontal 
motion is elliptic-harmonic. That is, the plan of the path of the particle 
is very nearly an ellipse. The time taken by the bob to describe the 
complete ellipse is 



just as for a simple pendulum of length /. 

The conical pendulum (see Art. 312) is included in the above. In 
this case the ellipse is a circle, and 8^ and therefore a, are constant, so 
that (3) is true exactly. 

Example 2. — The ends of an elastic string are attached to two points 
in the same vertical line, and a particle is attached to the mid-point of the 
string. 

If I is the length of the string, and T the tension in the vertical 
position, the force acting on the particle when it is displaced a distance 

r from the vertical is 2T-. Thus the motion is elliptic-harmonic, and 

if m is the mass of the particle, the period is 
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which is, of course, the same as when the particle oscillates in one 
vertical plane. 

Example 3. — A heavy partide is attached to the free end of alight rod 
with a uniform circular section^ a7id the other end of the rod is fixed 
vefiically. 

Neglecting the small amount of shear produced by the weight of the 
particle and of the rod, we find that, when the free end of the rod is 
displaced from the vertical, there is a constant shearing force all along 
the rod. If y denotes the displacement at distance x from the fixed end, 

== — E, a constant (8) 

dx^ 

Integrating this with the conditions that the bending moment is zero 

dy 

where x (the length of the rod), and and y are each zero where 


= 0 , we get 

Ely = F(^/a: 2 _ l^S) . . 

Putting r for the value ofy at the end where x = /, 

EIr=J/3F . , . 

whence F = .... 


(9) 

( 10 ) 

(11) 


This shearing force is the force exerted by the particle on the rod, 
pulling it away from the vertical. The reaction to this force is a force 
of equal magnitude exerted by the rod on the particle, pulling the 
particle towards the vertical. Since the force on the particle is pro- 
portional to the displacement r, the motion is elliptic-harmonic, and its 
period is 

/ml^ f 




since the force on unit mass is 


6EI 


(0 


366. The Inverse Square Law. — This is the law of gravitational 
attraction. In this case 

P = A 

,.2 • • • • 

and the energy equation, with ^ for v, gives 

i.S=-/p^. + c 


2 


k 

= - + c 

r 


( 2 ) 


where C is a positive or negative constant. 
Equation ( 2 ) can be written 


^ _ 2 2 C 
k r k 


(3) 
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If C is positive, this is the equation of a branch of an hyperbola 
referred to the nearer focus as pole. 

On comparing with (y), Art. 351, we find 


a k 


(4) 


I 

a k 


(s) 


The constants h and C can be found from the state of motion at 
.any instant, and then a and b can be determined from (4) and (5). 

If, however, C is zero, the path is a parabola, for the equation is the 
same as (8), Art. 351. By a comparison of (8) with (3) when C — o, 
we get 

^ ^ A 


If we are given the position and the direction of motion at any 



Fig. 168, 


instant of a body describing a parabolic path about a focus, it is very 
easy to construct the parabola. 

Let S be the focus, B the position of the particle, CBD the line of 
motion. Let C be a point such that SC = SB. Then SC is the axis 
of the parabola, and the vertex A is found by making SA equal to J/, 

I //2 

that is, 2 . • That SC is the axis follows from the fact that the tangent 

to a parabola makes equal angles with the axis and the focal distance. 
Putting for h again in the equation to the parabola, we get 

(7) 

In a circular orbit of radius r we can easily show by the method of 
Art. 313 that 



Thus for any given distance r from the attracting centre there is a 
definite parabolic velocity as well as a definite circular velocity, and 
the parabolic velocity is •v/z times the circular velocity at the 

N 
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same distance. A body which has the parabolic velocity at any point 
will describe a parabola whatever be its direction of motion. A 
similar statement is obviously not true for the circular velocity. In 
order that a body may describe a circle, it must have the circular 
velocity given by (8), and must be moving at right angles to the radius 
vector. 

A body describing a parabola goes to infinity, and when ^*=00 
equation (7) shows that z; = o. That is, a body describing a para- 
bola has just enough kinetic energy to carry it to infinity and none to 
spare. 

35 ?. Inverse Square Law eontinued. — If C is negative in (3) of 
the last article the equation is that of an ellipse. Put C' for — C, so 
tl^t C' is a positive quantity. Then a comparison with (j8). Art. 351, 


gives 

^2 h% I sC' 
a a k ’ * ' 

• . • 

• . (I) 

whence 

^2 /j 2 2C' iChP 

k ~ ‘ 

• • . 

• . (2) 


Equations (i) determine a and d when h and C' are known, but 
the ellipse will not be real unless a> that is, unless > o. In 
order to show that a real ellipse is certainly described if Q! is positive 
we need to show that e is real. 

Now 

. ^2 _ ^2 2 C '^2 

"" p — — W 


. h^( k h^\ 

k'^'^r pi 


which, is certainly positive since p <.r. 


_C h^\^, IN 

-V~b) +^J\p-?)> 


(3) 


r } 

Thus (3) shows that is 


positive and (2) shows that (i — is positive, and consequently an 
ellipse is not only a possible orbit but is the only possible orbit. 

We may express in another, and perhaps more interesting, form 
in terms of the kinetic energy and the potential. Thus let 


Then 





So, since 
we get 


= 2j>2e: and k = rV* 
C = V K, 


I — «f2 



jr2V2 


(V->K) 


y2V2 I 


V2_(V-2K)2}. 
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Therefore 


® ^ /2 ■ y2l ^ V / 


= C0S2 ^ -j-( I 


2K 

v* 


^ sin2 


where ^ denotes the angle between the velocity v and the radius vector f*, 
that iSj the angle shown in Fig. 167. Thus ^ is always positive and 
reduces to zero only when <j> = go"" and sK = V. These two con- 
ditions mean that the particle is ::erce::d:"ular to the radius 

vector and has just the correct velocity"" fir c'.urlar motion at that 
distance. 

Since \h is the area described per second by the radius vector from 
the attracting centre to the body in any orbit whatever, it follows that 
the time occupied by the body in travelling over any portion of its 
orbit is equal to the area of the sector bounded by that portion of the 
orbit and the radii vectores through the ends of it divided by \h. In 
short, if A is the area swept out by the radius vector in any time 
then 


A _2A 
h 


(3) 


If r is the time taken by a body to describe a complete ellipse, the 
equation (3) gives, since the whole area = 'irab^ 


27Tab 



27ri . 

= by (!) 


( 4 ) 


If several bodies describe elliptic orbits about the same attracting 
mass (assumed to be fixed), then ^ is the same for each body because 
it depends only on the attracting mass. Hence for each body 


72 


47r- 


= a constant 


(5) 


Since the time taken to describe an ellipse depends only on the 
major axis, it will be unaffected by making the minor axis as small as 
we please. Let, then, the minor axis become infinitely small. In this 
case the ellipse is infinitely thin with its foci at the ends. Thus a 
body falling in the centre of force along a straight line may be con* 
sidered to be describing an infinitely thin ellipse. Hence the time 
taken to fall from rest at a distance into the centre of force is half the 
periodic time in an ellipse of major axis namely, 

2 ' _ 7Td^ 

sj k 2 V 2k 

which agrees with the result in Art. 298. 
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358. Inverse Square Law continued. — I’he energy equation for 
the inverse square law is 


= ^ + C 


(i) 


and it has been shown that the orbit is an ellipse, a parabola, or an 
hyperbola, according as C is negative, zero, or positive. 
k 

Now -p is the work done by the attracting force in bringing unit 

mass from infinity to a distance r from the centre of attraction. The 
negative of this is the potential energy of unit mass at r due to the 
attraction. This makes the potential energy zero at infinity, and negative 
at all finite distances from the centre. If the force of attraction is the 

k 

gravitational attraction of a mass situated at the centre, then is the 

quantity which we called the rotential of the attracting mass, except 
that we changed its sign and .-e a constant factor for convenience. 
It follows that C is the total energy of unit mass of the attracted body, 
that is, the sum of its kinetic and potential energies, assuming that the 
potential energy is zero at infinity. The form of the orbit therefore 
depends on whether the total energy — which remains constant for any 
given body — is negative, zero, or positive. If the total energy is zero 
or positive, the body goes to infinity along a parabola or an hyperbola. 
But if the total energy is negative, the body cannot get to infinity, 

the place where the potential energy 
is zero, for this would require the 
kinetic energy to be negative, which is 

ciKl 



™pcssir) 

c.:-- 

^ w>.lC C.. 


‘ of an Elliptic 
Orbit with given Conditions. — Suppose 
a body is projected along the line 
PQ, in either direction, wuth a velocity 
V. Let S be the attracting centre, 
and let SP, the initial distance of 
the attracted body, be denoted by d. The condition for an ellpse 

k 

is that should be less than It simplifies the work con- 


siderably if we suppose |V2 expressed in terms of 


Let, therefore, 




The equation which gives an ellipse is 



k 

k I 


’ r 

2 * a 

••• a 0 m (l) 

I _ 

/2 


*-*«•*• ( 2 ) 

a ^ 

V?- 

■ 


Consequently 
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Putting the initial values of v and r in this, we get 

2 2 k 1 2. . 

d~ ^’'d'k ~ 2^^ ” 

d 

Thus 2 a = - ( 4 ) 

Now, by using two well-known properties of the ellipse, w-e can 
describe the orbit at once. These properties are 

(i) The sum of the focal distances of any point on the ellipse is 
equal to the major axis 2 a. 

( 3 ) The focal distances of any point on the ellipse make equal 
angles with the tangent at that point. 

Let I be the image of S in the tangent PQ. Join IP and produce 
to S', so that IS' = 2 a. Then S' is clearly the other focus ; for, by the 
construction, 

SP + PS' = IP + PS' = 2 a, 

and the angle SPB is equal to the angle S'PQ. 

Now that the two foci are known, and the length of the major axis, 
it is an easy matter to draw the ellipse. 

It should be noticed that a, and therefore the period r, depends 
only on d and n for a given attracting centre. Hence, if different 
bodies be »snt off from the same point with the same velocities but 
in different directions, their major axes and their periods will all be 
the same, because n depends only on the magnitude of V, and not 
on its direction. 

360. If n is greater than i the orbit is an hyperbola, and we get the 
major axis by changing the sign of the right-hand side of ( 4 ). To find 
S' in this case, we have to produce IP backwards and again make IS' 
equal to za. Any tangent to an hyperbola passes between the foci and 
makes equal angles with the focal distances. Also the diffei’encc of the 
focal distances is equal to the major axis. 

361. There are two necessary conditions for a circular orbit. These 
conditions are — (i) that the direction of projection must be perpendicular 
to SP y and ( 2 ) that PS' must be equal to SP, that is, a must be equal to 

k 

d. This last condition makes n equal to and therefore 

k 

If = I the orbit is a parabola, and = 2 — , twice the square of 

the circular velocity, as we have remarked before (Art. 356 ).^ 

362. Time occupied by a Body describing a Parabolic Orbit in 
travelling from one end of the Latus Rectum to the other. — The time 
occupied is the area cut off the parabola by the latus rectum divided 
by \h^ the area swept out by the radius vector in unit time. Now for 
a parabolic orbit 


I m k 
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and the equation of the parabola is 



(*) 


By comparing (i) and ( 2 ) we find 

/«2 = Ik 


(3) 


The area cut off a parabola by the latus rectum can easily be found 
by integration. Its value is 

A = F (4) 

Hence the required time is 


4 

\^ik 




(5) 


It is worth while to compare ( 3 ) with the corresponding equation 
i'or a circular orbit. In a circular orbit of radius a 


'^=1 («) 

and therefore 

^2 -- ^2^2 =1 ak . (7) 

Thus the rate of describing area in a parabolic orbit is the same as 
in a circular orbit the radius of which is equal to the semi latus rectum 
of the parabola. 

363. We will now work a few examples on the inverse square law. 
Example r. — The earth is at perihelmi very nearly at mid-winter for 
northern latitudes. If it were exactly at mid-winter the equinoxes would 
occur when the earth is at the ends of that lattis rectum which passes through 
the sun. Taking the eccentricity of its orbit as find the intervals between 
the equinoxes on this assumption. 

Let A denote the smaller area cut off the ellipse by the latus rectum 
through the sun. Then the time occupied in describing the portion of 
the orbit bounding this area being denoted by t^^ we get, since the 
radius vector describes area at a constant rate, 

one year area of ellipse ••*••• V 
A 

that is, ix — of a year ( 2 ) 


Now, since the eccentricity is small, the distance ea between the 
centre of the ellipse and the sun is very small, and consequently the 
area between the minor axis and the latus rectum may be regarded as 
a rectangle, whose sides are ea and 2 A The area of the rectangle is 
zeab^ and therefore 


A = \rTab — zeab , - 


. (3> 



CENTRAL FORCES 


357 


Henco 




^^Ttad — 2t'ab 
Trab 


5’ear 


= i(i-^)year (4) 

This differs from half a year by 3*8 days. This would be the interval 
from the autumn to the spring equinox. 

364. Taking the eccentricity of the orbit of Mercury to be 0*S, 
and its period of revolution as 88 days, find 

(1) the ratio of the least to the greatest velocity ; 

(2) its major axis in terms of that of the earth’s orbit ; 

(3) its velocity at one end of the minor axis, making use of 

the earth’s velocity. 

(i) Since J>v is constant, the velocity varies inversely as p. The 
perpendicular / has its greatest and least values when the planet is at 
aphelion and perihelion respectively (the ends of the major axis). 
These values of / are and a — ea. Hence the ratio of the least 

to the greatest velocity is 


a — ea \ — € _2 
ea I + e 3 

(2) If R is the radius of the earth’s orbit, then 

^ 88 

= 

and therefore ^ 


(i) 


(3) 


(3) When the planet is at the end of the minor axis its distance 
from the sun is a. The energy equation gives 





2tZ 


~ . • • * 

a 2a 2 a 


He„c. 

Now the velocity in the earth’s orbit (assumed circular) is 

f./A= ^ 9^ 5 X 10 _ jjjjjgg pgj. 

V R 365^ X 24 X 60 X 60 


. (4) 

• (S) 

• ( 6 ) 


Consequently 

— ^ — X i8‘S = 29-7 miles per sec. . , 

V 0-387 


V = 


. (7) 
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365 . A body is projected from the eartJIs surface with a velocity 
n hehig a number a7id R the eartEs radius : to find the major axis 
of the orbit relative to the earthy neglecting the attreution of other bodies. 
The attraction of the earth on unit mass at distance r is 

(i) 

Hence Uie energy equation of the projected body is 



^ r 2 a ^ 

Since v ^ nAf "Kg when r = R, this gives 


whence 


If ss: 2 this gives ^35 = 00 , and the orbit is therefore a parabola* 

Since is about 26,000 feet per second, n is usually a small 

quantity for any actual projectile at the earth’s surface. Thus taking 
the velocity of projection of a shot from a large gun as 2000 feet per 
second, we find « = Hence 

« = = |(^ • • • • (5) 

2 IGit * 

Thus the major axis of the orbit differs from the radius of the earth 
by {2a — R) = ^R =3 11*7 miles about. If the projectile is started in 
a horizontal direction, the other end of the major axis is therefore 117 
miles beyond the earth’s centre. 

366 . Given the Orbit, to find the Law of Attraction. — Suppose 
the tangential-polar equation of the orbit is known ; that is, p is known 
in terms of r. 

The energy equation gives 

1-2= w 


Differentiating with respect to r, 


p^ dr 


This gives P in terms of r, since the equation to the orbit enables us to 
express p in terms of r. 

Example i. — Conic about a focus. 

(3) 

Differentiating both sides with respect to r, 

/ dp 2 ^ . 

W) 
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Therefore 


If the orbit is the branch of an hyperbola farthest from the centre of 
force, the equation is 

i, - _2 ^ I if.\ 

r ' a 

/j2 I 

Thus 

Since a positive value of P denotes an attraction, a negative value 
must denote a repulsion. Hence for this orbit the law of force differs 
from the gravitation law only in being a repulsion instead of an 
attraction. 

Example 2. — Circle with pole on ciramiference. 

Here / = ^ (8) 


Therefore 


I cip ^ i r __ 

dr \r^) a ~ 


and consequently 


367. Orbits in Polar CO'Ordinates. — If the pole is at the centre 
of force the equations of motion for unit mass are 



1 

to 

II 

1 

• 

• 

. . . (l) 


d{ Jds 

di\ dt)~° • • • • 

... (2) 

and (a) gives 

II 

• • • (3) 


To get the differential equation of the orbit we must eliminate t 
from (i) and ( 3 ). This differential equation takes a simpler form if p 
be taken as the dependent variable instead of n Let, therefore, 


Equation ( 3 ) gives 


dd h 

dr dr du dB 
dt du dB dt 


I du du 


d( du\ dO d ( du\ „(Pu 

~dk ^‘^)~dt'd9\ 'de)~ ^'“'dB^ 



360 MECHANICS OF PARTICLES AND RIGID BODIES 
By means of (5) and (7), equation (i) can now be written 

/^2«3= -P (8) 

^02 + (9) 

This differential equation gives the orbit when P is known, and it 
gives P when the orbit is known. 

368. A first integral of equation (9) in the last article can always be 
found if we can integrate P with respect to 

da 

Multiplying both sides of (9) by we get 

d^u du ^ ^ . 

^0 ■ "^2 + 's 

Integrating this with respect to 0, 




= IE 


-du + C • 


This is simply a disguised form of energy equation, for it corresponds 
to equation (6), Art. 350. 

. From Fig. 170 

h p = rsln^ 



Therefore 


Fig. 170, 


L ^ cosec^ 6 

= ~(l + COt2 


Thus, equation (2) can be written 

I->=/i|-/'' + C=-/S* + C. . . <4) 

which is the same equation as (6), Art. 350. 

Since J is the velocity, it follow^s from (3) that the square of the 
velocity is 


1(ST+“i • 


. ■ (5) 
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This expression can be easily obtained directly. Foi the radial and 


transverse velocities are ^ 
at 

. dB 

and r^. Hence 


Z -2 = ('f?')" + , 
V// 

by ' ' 1 jfi \ 1 

• (6) 

But - - = hi€^ or 

at 

^ ////2 

• (7) 

and therefore 



0 / I , ^du 

/ it" 



+ , 

. ( 8 ) 


Equation (3) gives the relation necessary for transforming tangential- 
])olar equations into ordinary polar equations. 

369 . We will now return to equation (9) of Art. 367 and find the 
orbits for certain laws of force. 

Inverse cube law. 

Here P = ^ - . (i) 

The equation giving the orbit is 

dhi Y k 

^2 + - ;Av 2 - /,2" ‘ ■ (s) 



If ^ > I, the solution is (Art. 337) 

' +Be ^ 

k 

And if ^ < I, the solution is (Art. 292) 


• • ( 3 ) 

• • (4) 

• • ( 5 ) 


Since the equations of equiangular spirals have the forms 


r = (^) 

it is clear that, if A or B is zero, the orbit in (4) is one of these spiials. 

If B and A have opposite signs, and B is greater than A, there is a 
particular value of Q which makes u zero, and therefore r infinite. 
Whereas if B is less than A, u becomes infinite, and therefore r zero, 
when B becomes infinite. The general curve given by (4) has thus this 
property in common with the equiangular spiral, that it leads ultimately 
either to the centre of force or to infinity. 
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It is easy to see the character of the orbit determined by (5). 
Whatever be the initial circumstances of the motion, r will become 
infinite for the first value of B which makes the right-hand side zero. 
370. Inverse Square Law. 

^ = = (I) 

k 

~ 

This is similar to equation (8), Art. 296, and its solution is 

^ + ^ 3 ) 

Now the polar equation of a copic with eccentricity e and latus 
rectum 2/ is (see Appendix) 

«=“ = ^(i ±^COS0) (4) 


when the pole is taken at one focus and the major axis is the 
initial line. The upper or the lower sign in the bracket must be taken 
according as the direction of the initial line is towards, or away from, 
the point on the conic nearest to the pole. 

By comparing (3) and (4) we see that (3) represents a conic in 
which 

^ ^ ^ / \ 

^2 - / p 

^-±7 <«) 

and the initial line makes an angle j 3 with the major axis. If we shift 
the initial line back by an angle we must put d instead of the old 
(0 + j 3 ). Then the equation becomes 

; = ^ + Acosl? (7) 


The form of the conic depends on A. Thus the orbit is an ellipse, 
a parabola, or an hyperbola, according as the magnitude of A is less 

k . ■ * 

than, equal to, or greater than But in all cases the orbit is a conic. 

We have already obtained this result by means of the tangential-polar 
equation, but tangential-polar equations are rather unsatisfactory things. 
One never feels quite sure that the tangential-polar equation derived 
from one curve is not also the equation of some other curve. But the 
definiteness of the polar equation (7) removes all doubt whether the 
orbit can be anything but a conic. 
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371. Givea the 
giving P is 


Orbit, to find the Law of Porce. — The equation 


P = hhc^ 


Jdhi 

w 


+ 


«) 


(l) 


By means of the equation to the orbit can be expressed in terms 

of and therefore P can be expressed in terms of n, and that is the 
problem before us. 

We will find the law of force for the s) stem of curves. 

r” = cos ^i 9 . (2) 

Taking logs of both sides, ue get 

« r=—n log^ u = logg (t 4- log^ cos rS • . {3) 

Differentiating with respect to 0 , 

n dtt __ sin nQ 
n dB cos ?l 9 


or 


I dll 

n dd 


= tan ftd 


Differentiating again, 

I d^u 

Therefore, putting tan nB (sX 

- • + « sec2 nB 

u dB^ 

= (« 4- i) see® fiB — I 


^2n 

= (« + ^)^n-^ 


Hence 




P = // 


d^U 




<?2» 


. (4) 

. (5) 


(6) 




Thus P oc 


^2-'i+3 


for tliis curve. 


(7) 


Many well-known curves are included in the form (2), as is shown 
by the following list : — 

73 = I gives a circle with pole on circumference. 

;? = — 2 gives a rectangular hyperbola with pole at centre. 

.V = — ^ gives a parabola with pole at focus. 

« = — I gives a straight line. 

jc = ^ gives a cardioid with pole at cusp. 
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Equation ( 7 ) shows that for the straight line {71 = •— i) P is zero. 
This, of course, must be the case if the straight line does not pass 
through the pole. 

372. Let the equation of an orbit be 

r ^ a cos2 Q (i) 

Then « = - sec^ d (2) 

g| = i(6sec4 0 - 4 sec 2 0 ) 

=: -( 6 a^u^ — 4au) (3) 

c 

Therefore P = ^ 

(4) 

873. Time taken to describe an Arc of a Parabola by a body 

attracted towards the focus. — The equation to a parabola referred to 
focus as pole and the line towards the vertex as initial line is 

^ = I + COS0 . . . . * . (l) 



(3) 

(4) 
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No constant need be added if the time from the vertex (or peri- 
helion) is required. 

Now by equation (6), Art. 356, 

(5) 

Also, if d is the perihelion distance, 

l=-2d ( 6 ) 

Hence, substituting for h and / in (4), 

1 0 \ d 

-+ ijtan- .... (7) 

It is often convenient to have f expressed in terms of r. From (i) 

^ ^ 6 / 6 \ 

= d sec- - = £2^1 -i- tan^ ^ j . (8) 

(9) 


r = 


I + CoS 6 

2 cos2 - 


Thus 


tan2®=^--i 
2 d 


0 

Substituting in (7) for tan - 


/2{r — d) r + 2d 

“V k 3 


(10) 


374. Time taken to describe an Arc of an Ellipse under a Force 

towards One Focus. — The time can be obtained by integrating with 

respect to 0 , as was done for the parabolic orbit. But the integration 
is more troublesome in this case. 

We shall therefore use a different 
method. 

Let S be the point of attraction, 

P the position of the particle at 
time / after passing A, the peri- 
helion point. P' is the point on the 
auxiliary circle corresponding to P. 

Since \h is the area swept over by 
the radius vector in unit time, it 
follow's that 

2 (area of sector SAP) , . 

— I — <■> 

Now, if (.V, ji’) are the co-ordinates 
of a point on the ellipse referred 

to rectangular axes CA, CB, and if ^ denotes the eccentric angle of P, 

o * » • (2) 



. «- 

area MAP = 1 ydx 
J a co 3 (b 
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But X — sin ^'5 where ^ is the eccentric angle of the 

point (x^ y\ Then 

dx^ ^asin^'d(f>' , * - • - - (3) 

Hence area MAP == / ab sin^ 

J 0 

— COS 2 j>)djl 

= ^al>[<j> - 4 sin 2^) . . . . (4) 

'Fhus 

area SAP = \ab{^ - J sin 2(j>) + ^SM • MP 

= iab((jl> - sin ^ cos <^) + J(CM - CS)MP 
= iab((^ — sin ^ cos + ^(a cos - a^)b sin ^ 

= iab((^ — ^sin . . . . (5) 

Hence /= — <?sin(^)==>^~((^ — ^ sin(^) . , (6) 

since (7) 

To express 2^ in terms of Q we must find a relation between i and 6^ 
Thus, since MP and SP are the and r of the point P, 

^ sin ^ ^ = r sin 0 * (8) 

And by the equation of the ellipse 

/ _ ^(i - 

I -f ffCostf ~ I +<rcos0 ' • * * W 

Therefore (8) and (9) give 

_• j _ * —^) sin 9 f sin 9 

^ (i + e cos 9 ) ~ ^ ~ ^ F+TcoTd ’ ■ 

This gives the value of ^ corresponding to any value of 9 . If we 
put the value of ^ in (6) and substitute for /5 from (7), we get 

y ^ ^ I - sin 9 \ e>J\ - ^ sin 9 '\ , , 

VK V i+^cos^ /““i + ^co7^3 • 

When 9 increa^ses by a multiple of w, (f> increases by the same 
amount. Putting 9 = 2w, we get the result already given for the whole 
period, namely, 

a 

. 2W-* 

'"TX (”) 

Writing r for the whole period we may express the time for any 
value of 6 thus — ^ 

sin 0 es / 1 — sin 9 \ . . 

27 r\ I + <? cos 0 I + ^ cos d ) * 
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375 . A few examples will now be worked in illustration of the 
formulae. 

Example i. — If the perihelion distance of a cornet^ which describes a 
parabola about the sun, is equal to the eartUs mean distance from the sun, 
to find the time it takes to travel 60^ from perihelion. 

By equation (7), Art. 373, 

f = \/ ^(i tanS 30° + tan 30°) 

(.) 


But since d is the earth’s mean distance, 

^^\/j = I year (a) 

m, 1 . . 10^2 5 a / 6 

Therefore / = — — l— = ^ =0-150 year 

9V3‘27r 2j7r 

= 55 days nearly (3) 


Example 2. — If the perihelion distance of a comet describmg a parabola 
is 0*586 of the eartHs mean distance, to fi^id how long it takes to describe 
from perihelion and to find its distance from the sun then. 

Writing R for the earth’s distance from the sun, we get — 

tanS 40° + tan 40") 

= y' ^(9 5^ . )° (i-o 36) year 

27 r 

s= 0*1010 X 1*036 year = 0*1046 year 
= 38*2 days (4) 


To find the distance from the sun we must use the equation of the 
orbit 

I 

- = I + cos 5 (5) 

When 0 = 80° we get 


r 


I 

I + cos 80° 


= R nearly. 

ri 74 


. ( 6 ) 


Example 3. — The period of Halley s cofnet is observed to he about 75 
years, and its perihelion distance is 0*5 86R {the same distance as we took 
for the parabolic orbit in the last example), to find the time of describing 80^ 
from perihelion and the distance of the comet from the sun at that time. 
Since the eccentricity is not unity in this case the work is rather 
more laborious than for the parabolic orbit 
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B> comparing the period with that of the earth we get the ratio of a 
to R thus — 



Hence ^ = (7S)® = i778 (8) 

Now the perihelion distance is ^(i — tf). Consequently 
a{T. — = o‘586R 

or <?= --o’586— + I = 0-96704 . . , (9) 

Therefore == \/o* 06484 = 0*2546 * 0 « . • (10) 

When B = 80° 

/ ^7(1 — . o -D / \ 

^ I + ^ cos 80° ^ I + (o*967)(o*i736) ^ ^ ^ 

•ind by equation (13), Art, 374, 

t = sin-1 0-25 46 sin 8o° __ (o-967)(o-2546) sin8 o°^ 

27 rl I + (0-967 )(o- 1736) I + (o-967)(o-i736) 5 

= — isin“^ (0-2147) — (o'967o)(o-2I47)} 

277 

7 *5 

= —(0*00875) = O' 1044 

277 

= 38*1 days (12) 

376 . The close agreement between the results in the last two 
examples shows how difficult it is to distinguish between a parabolic 
orbit and a long elliptic one by means of observations made near a 
focus. Since a comet is visible to us only while it is in the neighbour- 
hood of the earth's orbit, it is easy to see then why the path of a comet 
is always assumed to be a parabola until very exact observations have 
proved that it is not one. 

377 . A Circular Orbit is always possible under a Central Force. 
— When a particle is acted on by a force towards a fixed point which 
is a function only of the distance from that point a circular orbit is 
always possible, the centre of the circle being at the point of attraction. 
For, if the body be started at distance a from the centre at right angles 
to the radius vector through that point with a velocity given by 



that f(f) denotes the attraction on unit mass at distance r) all 
the conditions for circular motion are satisfied, and consequently the 
orbit will be a circle of radius a. 
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That a circular orbit is always possible can easily be shown from 
the equations of motion. The equations are 



= -/W • (2) 

= ° ^ 3 ) 

dd 

These equations are dearly satisfied by ^ ^ where a and 

n are constants, provided only 

atfi=^f{a) • ( 4 ) 

which is the same condition as (i), because v == an when a is constant. 

The radius a may have any magnitude whatever provided v is 
determined from (i). 

378. Stability in a Circular Orbit. — But although a circle is a 
possible orbit when the initial conditions are exactly adjusted, it may 
happen that a slight deviation from these conditions will cause the 
particle to wander, after a lapse of time, far from the original circle. 
Or, on the other hand, a slight deviation may cause the particle to 
describe an orbit every point of w^hich is but slightly removed from the 
circular one. In the former case the circular orbit is said to be 
unstable, and in the latter case, stable. Our aim at present is to 
establish a criterion for determining whether, for any given law of 
force, a circular orbit is stable or unstable. In those cases where the 
equation to the orbit can be calculated for any possible initial con- 
ditions this criterion is, of course, unnecessary. For instance, in the 
case of the inverse square law of attraction we know that the orbit is 
a conic with the pole at one focus. It is, therefore, quite obvious, 
from considerations of continuity, that a body, starting under conditions 
differing only slightly from those necessary for circular motion, will 
describe a nearly circular ellipse, for this is the curve which comes next 
to the circle in the series of possible conics. But w’-e are unable to 
calculate the general orbit except for a few laws of force, and it is 
for the general case that our criterion is useful. 

879. Let us suppose that a particle is moving at one instant under 
conditions which very nearly agree with those necessary for circular 
motion, and that ever afterwards the particle is subject to no forces but 
the central one. Since P, the attraction on unit mass, is a function of 
we may write it in the form 

(1) 

Now the differential equation of the orbit is 



where h denotes, as usual, the constant moment of the velocity about 
the centre of attraction. 



370 MECHANICS OF PARTICLES AND RIGID BODIES 


Now let be a constant determined by the equation 

« = ;p-/(«) (3) 

The meaning of a is easily deduced from the fact that u ^ a satisfies 

equation (2). Thus ^ is the radius of the circular orbit which a particle 

could describe if it had the same h as the particle we are dealing with. 
Since the central orbit is not exactly circular, let us put 

u a (4) 

where x is at first small. We have now to discover under what 
conditions x will for ever remain small. 

Putting a -j-x for u in (2), we get 

h 

^ + « + = + (5) 

As long as x is small we can expand the right-hand side of (5) by 
TayloPs theorem and consider only the first power of x. Thus 

^ + « + ^ = + .... (6) 


Since a satisfies (3), this last equation gives 

I ^ si / \ ^ SU \ 

— + x = ^^x/{a)=j^^x/ia) . 


or 


d^x 


+ 




(7) 

( 8 ) 


^02 ‘ -C ' /{a) 1 

If the coefficient of x is positive in (8), this takes the familiar form 
(Art. 292) 

(9) 


d^x 2 


the solution of which is 

X = A cos {c 9 + P) (10) 

Hence, if A is small, as it generally would be with the initial con- 
ditions we have assumed, x is always small, and the orbit is therefore 
nearly circular. In this case the circular orbit is stable. 


Since r = - = — = - - -^ nearly .... (ii) 

u a A- X ^ 

we see that the motion may be regarded as a motion along the 

circle r == — , together with small oscillations in and out of this circle. 

But if the coefficient of x in (8) is positive, the equation has the 
form 



CENTRAL FORCES 


371 


the solution of which is, by Art. 337, 

X = (13) 


and thus is big when 6 is big (unless the initial conditions are so 
nicely adjusted that C is exactly zero) until the approximate equation 
(8) ceases to be valid. 

The condition, therefore, that a circular orbit should be stable is that 


I 


/Xf) 

A^) 


(14) 


should be positive, where - denotes the radius of the circle. AVhereas 
a 

if this quantity is negative the circular orbit is generally unstable, and 
if it is zero the above investigation gives us no information concerning 
stability. We should have to take account of higher powers of ^ in 
(8) to decide the question in the last case. 

380 . Stability for Particular Laws of Force. — If the attraction 
varies inversely as the nth. power of the distance, then — 


that is. 
Hence 


«y(w) = (1) 

/(«) = «"■* (2) 


* “ = I - (« - 2) = 3 - « . . . . (3) 


Thus a circular orbit with any radius is stable if n is less than 3. 
When « = 3 the method of the last article fails, but in this case we can 
solve the differential equation exactly. Here 

/(«) == » (4) 


On putting (a + x) for u in the differential equation, we get 

+ + ( 5 ) 


Now, since h has to be the same as for a circular orbit of radius 
equation (3) of the last article must be satisfied. That is, 


k 




. ( 6 ) 


This equation does not determine a as it does for every other law 
of force, but it gives h in terms of k* Putting i for p in (5), we get 


dhi 

dO^ ~ ® 


(7) 


Therefore 7/ = A 0 + B = A (6 + a) (S) 

This is a sort of spiral leading either towards the pole or towards 
infinity. Thus a circular orbit is unstable. The equation ( 8 ) ceases to 
hold, of course, when hS is large. 
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For the inverse square law of attraction 

f(ii) ==1 ... 


and therefore 
Hence 


f\a^ 

I - = I 

/(«) 


that is, if A is small, 


.r == A cos {§ + j8) 


?■ = i cos (0 + 

a 


( 9 ) 

(lo) 

(ir) 

(12) 


By comparing ith previous results we know that ^ is /, the semi 

lalus rectum. For example, the earth’s orbit, which is an ellipse with 
eccentricity can be very accurately represented by 


'' == “ cl) cos 0) (13) 


0 being measured from perihelion. 

This gives the correct value of r when 0 = 90°, but leaves slight 
errors at perihelion and aphelion. If we want the equation to give 
correct values of :rat pciihelion and aphelion w’e must replace /by^jL» 
the semi-major axis. Then 


r = ^i(i -■^cos0) (14) 

381. If the velocity of a particle, acted on by any system of con- 
servative forces, be suddenly reversed, the particle will retrace its 
orbit in the backward direction. 

We are supposing that the particle is moving in one direction with 
velocity and that its velocity is suddenly changed into v along the 
same line, but in the opposite direction. 

Since the forces are conservative they have a potential. Let V 
denote the potential at any point. 

To prove that the particle will retrace its path let us suppose that it 
is constrained to do so, and we shall show that there is no pressure on 
the constraining curv^e. We are to suppose that there is some arrange- 
ment, such as a smooth tube or wire, along the curve described by the 
particle in the free forward motion, so that when its velocity is reversed 
the particle is obliged to move along the same curve. 

The energy equation tells us that 


\mv^ -f V = const (i) 


And since, immediately after the reversal of the velocity, the energy 
is the same as before, it follows that the velocity at any point in the 
backward motion is the same as it was in the forward motion at the 
same point. Also, if N is the whole normal force on the particle and p 
the radius of curvature, 

7>2 

= N (2) 

9 

Since v and p are just the same as in the forward motion, N is there- 
fore the same. But the normal force in the backward motion is the 
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same as the normal force in the forward motion together with the 
pressure of the constraining curve. Hence the pressure of the curve is 
zero. That is, the particle will retrace its path without a constraining 
curve. 

382 . A point on a central orbit at which the tangent is per- 
pendicular to the radius vector from the centre of force is called an 
aj^se^ The corresponding distance from the centre is an apsidal distance. 
The angle between the radii to two successive apsides is an apsidal 
a?igle. 

We shall now prove that in any central orbit there are but two 
different apsidal distances and one apsidal a igle. 

If the direction of motion of a particle were suddenly changed at an 
apse, the speed being the same as before, the i article would retrace its 
path. But since the direction of motion at an apse is perpendicular to 
the radius vector, it is clear that the orbit desciibed in the backward 
motion would be the image in the apsidal distance of the orbit described 
in the forward motion. That is, the real orbit is symmetrical about 
any apsidal distance. Hence the two apsidal angles on each side of 
any apse are equal, and likewise the two apsidal distances on each side 
are equal. The apsidal distance of the apse we are considering is equal 
to the next but one on either side. Thus all apsidal angles are equal, 
and alternate apsidal distances are equal. 

The apsidal distances can be found by putting r for p in the 

tangential polar equation (6) of Art. 350; or by putting zero for ^ in 

equation (2) in Art. 368. When the orbit is a conic about a focus the 
apsidal angle is 180° and the apsidal distances are the two portions of 
the major axis, namely a{i — e) and a{t + e). 

In elliptic harmonic motion, where the centre of the ellipse is the 
point of attraction, the apsidal distances are the semi- axes and the 
apsidal angle is 90°. 

When the force varies inversely as the cube of r, there is not more 
than one apse whatever be the character of the orbit 

383 . Apsidal Angle in a nearly Circular Orbit. — ^With the same 
value of c as in equation (9), Art. 379, the radius vector in a nearly 
circular orbit is given by the equation 

^=:n=:a + A cos (c 9 + P) (i) 

At an apse r is either a maximum or a minimum, and therefore u is 
either a minimum or a maximum. At these points it is obvious that 

cos (r0 4- jS) = ± I (2) 

or + jS = / TT (3) 

where n is any integer. 

The apsidal angle is the difierence between two successive values of 
0 given by (3). If € denotes this angle we find 

7T 

€ = — 


(4) 
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For example, if the attraction is 




equation (3) of Art. 380 gives 


. = 3 - « (5) 

Hence the apsidal angle is 

€ = 

V3 - « 

Thus, as we already know, for the inverse square law, when « = 2 

C = ’»■ (7) 

and for an attraction proportional to the direct distance, when « = - 1, 

‘ = f (8) 

Suppose P = k(jj^ + ^ = k{tfi + .... (9) 


in a nearly circular orbit. Here 

/(«) + bui) = i-lrhu .... (lo) 

/(«) = b (ii) 

and therefore * “ ^ = 1":^? * * ’ ’ 

Hence the apsidal angle is 

€ = rr^ i + ab (13) 

In this case the apsidal angle depends on a as well as b. That is, if t 
is fixed, the apsidal angle is different for different radii. 


If ^ i then 

r6 

• 

• 

• 

II 

.... (14) 

II 



a- 

€ = 27 r , . . . 

. . ■ • (is) 


384 , A particle of mass M is aiiached to a light strings which passes 
through a small hole in a smooth horizontal table on which the particle lies. 
The lower end of the string is fastened to one end of a flexible chain of mass 
m per unit lengthy which lies on the floor just underneath the hole in the 
table. The lower end of the string is held firmly at the level of the floor ^ 
while M is made to move in a circle on the table. If the string is let go 
wMle M is moving^ to show that the particle always lies between two fixed 
circles in the subsequent motion. 

Let u be the radial component of the velocity of M at any instant, 
and V the transverse component. Then the upward velocity of the 
chain is clearly u. Let b be the radius of the circle which M was 
describing at the beginning, and r the distance of M from the hole at 
any instant. 
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The length of chain which has been raised off the floor is (r — b)^ 
the increase in the radius vector to ]M. The centre of gravity of this 
is at a height \{r — b)^ and therefore the work done in raising it is 

\{r - b) . mg{r - b) = ^mg{r - bf . . . . (i) 

The work done by the weight is the negative of this* 

The kinetic energy of the raised chain is 

^pi{r - b)u^ ( 2 ) 

Equating the gain in kinetic energy of the particle and the chain to 
the work done on these bodies, we get 

^ ^ — b)^ ( 3 ) 

where was the velocity of M in its circle. 

The tension in the connecting string clearly does no w’ork on the 
system, for it does positive work in moving the chain up, and an equal 
amount of negative work on the particle as it moves outwards. 

Since the force on M acts through a fixed point, the moment of 
momentum about this point is constant Hence 

tv — bv^ (4) 

Substituting for v in (3) and rearranging the terms, w'e get 

{M + m{r — h^\u^ = ““ ^2) "" “■ 

4*2 _ ^2 

s= — ‘pi 

= ^Mpo2-~ - mg(r - ^)|(r - b) . (5) 

If ever the whole of the chain lies on the floor, the term 
must be omitted from the left-hand side of (5), for this term arises 
from the kinetic energy of the chain, and this is clearly zero when all 
the chain is on the floor. 

The left-hand side of (5) can never be negative, and consequently 
the right-hand side must not be negative. Now, when r is less than 
the factor {r — b) on the right-hand side of (5) is negative, and the 
other factor is clearly positive for positive values of /*. Hence r cannot 
be less than b^ for tW would make the left-hand side negative. \Ve 
have now to show that there is an upper limit to r. When r is greater 
than b the factor (/- — ^) is positive, and of the two terms in the other 
factor, namely, 

= ... ( 6 ) 

and fng{r — /») (7) 

the first clearly decreases continually as r increases, and the second 
incieases continually. Since the second one (7) starts at zero when 
r = b, it is clear that there is a particular value of r which makes the 
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two expressions (6) and (7) equal. After this point (7) goes on in- 
creasing and (6) decreasing as r increases, and consequently their 
difference, the first factor on the right-hand side of (5), is negative. 
Hence r cannot be greater than the single positive root of the equation 

- ^) = 0 (8) 


Thus M is confined between two circles, the radius of the smaller 
being b, and that of the larger being the positive root of (8). 

The radius of the larger circle depends on the value of 


Mgo^ 

mg 


(9) 


Let this quantity be in a particular case. 

becomes 




Then the equation (8) 

(lo) 


This is satisfied by r = 

To solve equation (8) in the general case it will usually be found 
easiest to plot the two curves 

y=x-b ^ 

M7'o2 x-^b } (lo) 

and y — ^ J 


The value of x at the point of intersection is the value of r required. 

The tension in the string when the particle was describing the circle 
of radius b \\as 





In the particular example 


worked out 


b 




(12) 


that is, the tension of the string just before it was released was equal 
to the weight of a length of the chain. 

385. Energy Equation for a Particle attracted to several Centres 
of Force. — The general equation of energy for a particle may be expressed 

thus — • , ^ 

^ W (l) 

\^here W is the work done on the particle while its velocity changes 
from Vq tov. 

If the particle is attracted towards a fixed point with a force P, the 
work done in any displacement is 

- f'FIr (2) 

J 9*0 

w'here /q and ri are the distances of the particle fiom the centre of 
attraction at the beginning and end of the (displacement. If forces act 
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The line tjie particles makes angles with tne axes, trhosc 

cosines arc 


(j " P 

The equation of motion of parallel to OX is 



The corresponding equation fur is 


Adding (2) and (^3) 





o 


- • (i) 

- . (2) 

- . (3) 
. . (4) 


But it (vVj^*)are the co*oid:nalcs of the centre of mass of ^-2' 
have always 

+ m2,X*2 = ‘ . 15 ) 

Piflferentiating twice 




liquations (4) and (6) show that 

d\x 

1//*- ^ 

in the same way we can prove that 

d^y 

'd£^ “ ® 


* • (6; 

o . (7) 

* . ( 8 ) 


Thus the centre of mass has no acceleration, and consequently tins 
point has a constant velocity or is at rest. In either case we may regard 
the centre of mass as a fixed pohit in investigating the motion of each 
body, because acceleiativons relative to a point whicn has no acceleration 
are true accelerations, and the equations of motion involve only 
arceierations. The motion of the bodies relative to the centre of mass 
is therefore exactly the same, whether that point is at rest or moving 
with constant velocity. We shall therefore treat the centre of mass as 
a fixed point. 

It should be noticed that the results just proved do not depend on 
the magnitude of F. They are true for all values of F provided only 
the force on one paiticle is equal and opposite to the force on the other. 
Moreover, if instead of only two particles there had been any number 
of particles, each acting on the others and being acted on by them, we 
should have found, cr. adding all the equations for motion parallel to 
UX, that the forces a-d disappeared from the right-hand side 
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exactly as for two parlidts, and con&ecpuently the acceleration of the 
centre of mass of the system would have been zero just the same. 

389 . If tv^o masses hi, are at a distance p apart, the gravitation 
attraction between them is 


Let G be the pcsiti'r. zf the centre of mass, and let R, ?*, be the 
distances of the p ..hcL.'. f/o::. G. Then, from the property of centic 


of mass 

RM = (2) 

Also R-j-/' = p , • . ^2) 

From (2) and (3) 


■D _ / X 

^ M + ;//’ ' “ M + 


Regarding G as a fixed point, the attraction on ;// is a force towards 
this fixed point, the magnitude of which force is 


Mpi __ Mm M 2 

p2 - • (M + w)2 • • 


Thus the force acts towards the fixed point G, and varies inversely as 
the square of the distance from that point. Hence the orbit is a conic 
with G in one focus. 

The same is true for the other mass M. But this can also be seen 

from the known orbit of w. 
For M and 7 n are always 
on a line through G, and 

R in . - 

T ~ M’ ^ constant (0) 

W’hich shows that M de- 
scribes an orbit similar to 
Fig. 172. the one described by m 

with the point G as centre 
of similitude for the two oiLits. Fig. 172 shows how the two orbits 
are related. Since the dimensions of M’s orbit are to those of ;;/’s in 
the ratio m : M, it is clear that, for cases such as the earth and the 
sun, where 



earth’s mass __ i 
sun’s mass ”” 335000 


( 7 ) 


^ve may safely regard the sun as a fixed point. It is on account of 
the smallncjss of the sun’s orbit in comparison with the earth’s that we 
say the earth goes round the sun, whereas, to be quite accurate, the sun 
and earth revolve round their common centre of mass — except in so far 
as they are disturbed by other bodies. 

390 . It IS simpler to treat the motion of two bodies as a question of 
relative motion by regarding one of the bodies as fixed. Regarding M 
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as fixed, we find that the particle m describes an orbit relative to ^1 
exactly similar to its orbit relative to G. For 

INI -4“ . 

, a constant ( i ) 


9 ^ 
r 


M 


and the direction of p in space is the same as that of r. 
the motion of m relative to M is an ellipse with M in one .'v-us, r..: * 
size of this relative orbit is greiiter than the size of the orbit relative to 
G in the ratio (M -r ^n ) : M, 

391. The Relative Orbit. — Assuming G to be fixed, the equations 
of motion of m are 


d^r d&f M 



■ it) 

dfi ■ 

t « f 


d( \ 



• {-) 

dK dt) ■" ® ‘ • 

• • • 

• • 


M 


On putting for r its value ^ ^ p, these equations become 


__ M + m Al 


dt^ ^dft 


M 


m 


(3) 





The equations ( 3 ) and ( 4 ) have exactly the same form as the 
equations of motion of a particle attracted towards a fixed particle of 
mass (M -f fd). Thus the orbit of m relative to M is the same as if the 
attracting particle were fixed, and its mass were the sum of the masses. 

This is a very useful result, because observations are always made 
on relative orbits. It would not be an easy matter, for example, to 
measure the distance of the moon from the centre of mass of earth and 
moon, but there is no extraordinary difficulty in measuring its distance 
from the centre of the earth. 

In the last chapter it was shown that when the attraction towards a 
k 

fixed centre is ^ on unit mass, the period in an elliptic orbit is (Art 
357) 

2'na^ f . 

( 5 ) 

\ 

In this article k(M + ni) corresponds to k of these earlier ariicles 
Hence, if za is the major axis of the relative orbit, the period is 


r = 


3 

27ri7!* 


V /r(M 4- m) 

K being, in this case, the constant of gravitation. 


( 6 ) 



388 MECHANICS OF PARTICLES AND RIGID BODIES 


392 . Kepler’s Laws. — Before any theory of gravitation was known, 
and while yet astronomy was mingled with the absurd pretensions of 
astrology, John Kepler (born 1571, died 1630) deduced, from a very 
extensive series of observations on the motions of the planets, but 
chiefly of the planet Mars, the three fundamental laws of planetary 
motion. These deductions are all the more wonderful because Kepler 
himself was not entirely free from the charlatanry of the astrologer. 
And besides, he had some preconceived fantastic notions of his owm 
concerning the motions and distances of the planets, and these musf 
have hampered him considerably in trying to find the laws of planetary 
motion. Yet, in spite of all these drawbacks, he managed to raise 
astronomy to the rank of a science, and to prepare the way for Newton's 
discovery of the law of gravitation. 

Kepler’s three laws are — 

(1) Every pla 7 iet moves in an ellipse mth the su?i in one focus. 

(2) The line joining a plariet to the sun sweeps out equal areas in 
equal inten^als offline. 

(3) square of the period of each planet be divided by the cube of 
the major semi- axis of its orbit ^ the result is the same for every planet. 

The first law enables us to prove that the attraction on any planet 
varies inversely as the square of the distance of the planet from the sun. 

The second law is a simple statement of the fact represented in 
mathematical symbols by the equation 


a constant •«.,.•(!) 


But we know irom mechanical principles that 


dh. dt 


) 


= the moment of the forces about the origin- 


Hence Kepler’s second law tells us that the forces which keep the 
planets in their orbits have no moments about the sun’s centre, and 
therefore that they pass through that point. If observations were 
accurate enough to make this law indubitable, then the question whether 
the gravitation force is transmitted instantaneously would be settled. 

The third law leads to a proof that the attraction of the sun on unit 
mass of any planet would be the same at the same distance if we 
assume what is proved by the first law, namely, that the force varies 
inversely as the square of the distance. It is a statement of the relation 


r 


27r<3E*5 
+ m) 


« • (2; 


provided we neglect the mass of the planet in comparison with that of 
the sun. If hi is the sun’s mass we get, on squaiing both sides of (2) 
and neglecting jw, 


== 


kM 


(3) 
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rha result has been obtained by assuming the inverse square law of 
attraction towards the sun, and this necessarily follows from Kt-pler’s 
first and second laws The third law now tells us that the coefficient 
of in (3) is the same for all the planets. Thus k is the same constant 
for all the planets. 

393. Comparison of Masses of Bodies with Satellites. — The 
conclusions drawn from the hypothesis of universal cravriation have 
never been found to disagree with the resu’t^ of observation. Thus 
the attraction between the earth and the moon is su] ject to the same 
laws as that between the sun and the planets. Moreover, Kepler^s laws 
are true for the several satellites of a planet such as Jupiter or Saturn, 
provided the words “ sun ” and “ planets ” in Kepler's laws are replaced 
by “ planet ” and “ satellites ’’ respectively. 

The gravitation theory, combined with observations on periods of 
revolution and astronomical distances, gives us a means of comparing 
the mass of a planet which has a satellite with the mass of the sun. 

Let M and m denote the masses of the sun and any planet, r the 
period of revolution of the planet, and a the major semi-axis of the 
relative orbit. Let M' and ni* denote the masses of a planet and its 
satellite, t the period of revolution of the satellite, and its mean 
distance from the planet. (By “mean distance” in astronomy the 
major semi-axis of the relative orbit is meant.) 


Then 


k{M + m) 


(I) 


r'* = , 

fc(M' + m') 

From these equations 

M' -f- / T ^2 


. . (3) 

• ■ (3) 


In every case m is negligible compared wuth M, because the muss of 
the largest planet Jupiter is only about of the sun's mass. But 
there is sometimes good reason for retaining since, in the case of the 
moon, for instance, its mass is ^ of the earth’s mass (M'). 

Now, although it is a difficult matter to reduce astronomical dis- 
tances to terrestrial units, yet it is comparatively easy to find the ratios 

11 - * ^ 

of astronomical distances by observation. Consequently the ratio - 

is known with considerable accuracy in most cases. The distance of 
the moon from the earth is an important exception. It is easier to 
express this distance in terrestrial units than in astronomical units. 

The quantity ^ can be determined to almost any required degree of 
r 

accuracy. Hence equation (3) gives a ^ ery reliable value of the ratio 
of the masses. 

There is no reason why the planet tn should not be the same as 
but any other planet will serve as well. 
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Example . — The period of Juplo's revoluiioji abovt the sun is ii*86 
years ^ and the period of revolution of his fourth satellite is 1675 days. 
Also the distance d tween the planet and this satellite subtends an angle 
8' 25" at the swis centre. To find the ratio of fnpitei's 7nass to the suns 
mass. 

Here - = sin 8^25'' = 0*002446 

a 

i = 25&'6 

t' 1675 

Hence ^ I I'h = (0-002446)3 X (258-6)3 

M + ]\1 

= — - — nearly 
1021 

This differs from the accepted value by about 3 per cent. A 

decrease of i per cent, in — would give very nearly the accepted value. 

a 

394. The Hodograph of a Planet’s Motion is a Circle. — Neglect- 
ing the action of all bodies except the sun, the path of a planet is an 

ellipse with the centre of mass of 
sun and planet in one focus. 

Let G be centre of mass of 
sun and planet, O the other focus 
of the ellipse. Let zf be the 
velocity of the planet at any 
instant, /, the perpendiculars 
from G, O, on the line of motion, 
and P, P', the feet of these perpen- 
diculars. 

Now by a well-known property 
of the ellipse, P and P" lie on the 
auxiliary circle. But because the 
force always passes through G 

^73. = /, . . (j) 

Now it is easy to show that if PG is produced to meet the circle 
again in Q 

GQ = OF (2) 

Therefore pfi = GP . GQ = AG • GA' (3) 

which is constant for all positions of the particle. 

Equations (i) and (3) show that v is proportional to fi. Therefore, 
by a suitable choice of scale we can make fi repiesent v in magnitude. 
Thus the vector OP' would represent the velocity in magnitude and 
direction if it were turned through a right angle. The locus of P' 
is therefore the hodograph of the motion turned through a right angle 
about O. But the locus of P' is the auxiliary circle. Hence the 
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hodograph is obtained by turning the auxiliary circle through a right 

angle about O in that direction which brings OP' parallel to the velocity 

We may take the auxiliary circle itself as the hodograph, but in this 
case the pole will be on the diameter perpendicular to AA', and at a 
distance OS! a ^ ea) from one end. 

Thei e is a very in*' ~ :: : -ng 1- p! -'n/'on of the above result to the theory 

of the aberration o.' ' . . c: to this theory a fixed star at the 

pole of the ecliptic has, m consequence ot the earth’s motion, an apparent 
displacement which is proportiona. to the earth’s velocity and in the same 
direction as that velocity. .Sucn a star apparently moves, therefore, 
along a curve similar to the Jiodogra[h of the earth’s motion. Thus the 
apparent path is a circle, and the true position of the star is not at the 
centre, but on the diameter parallel to the minor axis of the earth’s orbit, 

395 . — A projectile thrown up from the earth’s surface is subject to 
the same law of attraction as the moon. A projectile is therefore 
a small satellite to the earth while it is in motion. If the effect of the 
resistance of the air is neglected, the path of a projectile is a portion of 
a narrow ellipse with one focus at the earth’s centre and the other 
somewhere near the point of projection. By assuming that the force 
acting on a particle in different positions acts in a fixed direction, 
instead of through the earth’s centre, we are led to the conclusion that 
the path is a parabola. Now the portion of this parabola near the focus 
differs exceedingly little from the corresponding portion of the ellipse 
which is the true path. One end of a narrow ellipse fthat is, an ellipse 
in which the minor axis is much smaller than the major axis) is very 
similar to a parabola NNhose focus coincides with that of the ellipse at the 
end considered. The eccentricity of such an ellipse is nearly unity, 
and the eccentricity of a parabola is exactly unity. 

A comet’s path about the sun is, in nearly every respect, similar to 
that of a projectile relative to the earth. The paths of all known 
periodic comets are narrow ellipses with the sun in one focus. These 
bodies are only visible to us when they are near the sun, that is, when 
they are at one end of their orbits. Consequently the visible portion 
of these orbits are hardly distinguishable from parabolas. One point 
in which a projectile’s path differs from a comet’s is, of course, in size. 
Another point of difference is that the projectile does not complete its 
orbit in consequence of the earth’s bulk being in its path. The visible 
portion of a comet’s orbit is that near the attracting focus, while the 
visible portion of a projectile’s orbit is that near the “ empty ” focus. 

396. Slow Variation of Circular Motion of a Satellite due to 
a Besistance. — We shall deal only with the case of a satellite describing 
a nearly circular orbit Our object is to find how this orbit will vary if 
the body moves through a fluid which exerts a small resistance to motion. 
If a fluid ether fills all space it is natural to expect that this fluid will 
behave like the other fluids of which we have any knowledge and offer 
some resistance to the motion of bodies through it. 

A small resistance will produce a slo.v variation of the radius and a 
corresponding variation of the angular velocity. The effect produced 
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in one revolution will be assumed to be small, so that many revolutions 
are performed before the variations are measurable. The rate of varia- 
tion in the radius is supposed to be so small that the orbit may at any 
instant be regarded as a circle. 

Let F denote the resistance to motion per unit mass of the satellite. 
We shall suppose F to be constant during the interval we are consider- 
ing, because only very small variations of distance and velocity are 
supposed to take place in that interval. Also since the path is 
nearly circular at every instant we shall assume that the resistance, being 
opposite to the velocity, is perpendicular to the radius. 

If a and 7i are the radius of the orbit and the angular velocity at the 
beginning of the interval, r and a> the values of these quantities after a 
lapse of time /, then the equation of motion along the radius gives 

kM „ , . 

= (i) 

and W 

Hence (3) 

Also for motion perpendicular to the radius 

-(/-2cu) = —rF = —«F nearly .... (4) 


Therefore r^co = -a'Ft + (S) 

Now from (3) (6) 

From (s) and (6) by division 

I F/ I 

(;) 

an^ 

Similarly by taking square roots of both sides of (3) and then dividing 
(5) by the results 

+ (S) 


If we now put (a + -v) for r, and {fi + y) for a> in (S) and (7), and 
then retain only the first powers of x an»i these equations give 


Hence 


1 4 F/ 

1 ^ y = ^ — ; +/i ^ . . 

a/y 

... (9) 

i 1 F/ 1 

6* + = i -h - • 

. . . (10) 

flip 




a 

• • • 

2 ¥( 

. • (12) 

X — . « • • 

n 
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These show ihat the angulir velocity increases, and tbe radius 
decreases in consequ.-nce of the rec^i^tance. The satellite describes a 
sort of spiral in which the radius decreases by d.-.-ly the sanie 

amount in each revolution. Ti/us the etiect of a resistance is to cause 
the satellite to fall gradually to;\ards the primary. 

The linear velocity of the satellite is approximately 

i 2vl\t 

= an -r nearly 0 3) 

Thus the linear velocity of the satellite increases in use queue e of 
the resistance. I'his is a very remarkabie result. The resistance is 
certainly destro}ing momentum, hut since the satellite falls inwards the 
component of the attraction along the tangent to the path creates more 
momentum than the resistance destroys. Tliat, at least, is what our 
results tell us. 

It follows from the above results that the ultimate enect of anything 
of the nature of fluid resistance to the motion of bodies through space 
would be to destroy all orbital motion. All satellites would fall into 
their primaries, and then heat ^YOuld be generated by the friction which 
would destroy the relative motion. 

397. Tariation of Circular Orbit of a Satellite due to Alteration 
of Mass of Primary. — If M is the mass of the primary, the equation 
of motion along the radius is 

(i; 

That is = /cM ( 3 ) 

Also, since the force acts through a fixed point, 

• (3) 

or , (^4; 

, k 

From (2) and (4) ' o.)- = (5; 

Taking logarithms of both sides of (5), and then difiereatlating, 
we get 

I do) _ I dM 

2CU ’ M * </■/ ' ■ * ’ • * “ 

This gives the relation L .tween the rate of increase of co and that ol 
We can get the late 01 alteration of r from (3;. Thus on taking 
logarithms cf^sj, and then dilferentiating 

2 dr , 1 do} 

y CX>' ~ ° (7) 

• I d/ I doj I dfivl 

r Js 20) dt lS\ at • * • ^ 
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Observations seem to indicate that the moon is being accelerated 
in its orbit, and the acceleration that has not been accounted for is 
about 12" per century per century. That is 

doi 

— 1 2 per century per century . , (9) 


This acceleration could be produced by an increase of the earth’s 
mass. If the increase required is small, it might possibly be due to 
the deposit of meteor showers. We will calculate the required rate of 
increase of the mass. 

The unit of time being a centuiy, the angular velocity of the moon 
in its orbit is 

360 X 3600 X 100 X 365 

^ ^ 9 9 9^9 seconds per century 

■“7 3 

= i'73 X IO 0 (9) 


Therefore 


I iPA _ 1 do) 

M* dt ‘“20)* dt 


1 2 


= 3*5 X lo- 


• (10) 


2 X r‘73 X io 9 

Taking the average density of the earth to he 350 lbs. per cubic 
foot, this gives 

^ = 3 'S X 10-9 X IttRS X 350 . • • ■ (ii) 


where R is the radius of the earth. 

The deposit on each square foot of the earth’s surface per century 
would have to be 


I 

47rR2 


' dt '' 


*5 X TO-*® X X 350 lbs. 


= 3‘5 X 10”® X 4000 X 1760 X 350 lbs. 
= 8-6 lbs (12) 


Thus a deposit of 8*6 lbs. per century, or 1*4 ounces per annum on 
each squaie foot of the earth’s surface would account for the accelera- 
tion. This is not a very large amount, and it is not inconceivable that 
the earth picks up this amount of meteor dust in space. 

398 . The Problem of Three or more Bodies. — The general problem 
of three or more bodies has never yet been solved. It is an easy 
matter to write down equations of motion, and even deduce therefrom 
a few relations among the co-ordinates and velocities of the bodies, but 
mathematical analysis is at present unable to furnish the complete 
solution. It can be proved, as in Art. 388 that, whatever be the forces 
between the particles of a system of bodies, provided only that the 
mutual action between each pair is in tlie line joining them, the centre of 
mass of the system has no acceleration if no bodies outside the system 
exert forces on tnem. It can also be proved that the moment of 
momentum about any fixed line in space remains constant. It follows 
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from these principles that, if the influence of the fixed stars bt, 
neglected, the centie of mass of the solar system has a constant v^:Ioe;ty 
in space, and that the moment of momentum of the system about any 
line through this centre of mass lemains coiistant. 

But although the general problem cannot be solved, 5'et under 
special circumstances an approximate solution can be found. These 
special circumstances exist everywhere in ti:e solar system. 'Fhere is 
no absolutely intractable problem in the motion of any body in the 
system, although it must be admitted that it is very laborious work to 
find, with any precisi^r, th^* motion of a satellite such as the rxioon. 

399 - The - — The force exerted by the sun on a body 

at the earth’s surface is extremely small in coinpans .n with the force 
exerted by the earth. But at the moon’s distance tne earth's in.rcction 
is very much smaller than at the earth’s surface. In fact, the sun’s force 
on the moon is even greater than the earth’s force. For, taking die 
moon’s distance from the earth as 240,000 miles, and the earth’s 
distance from the sun as 93,000,000 miles, and denoting the attraction 
of the sun on unit mass of the earth by Fj, and the attraction of the 
earth on unit mass of the moon by F2, we find 

Fi ^ earth’s accelerat ion towards sun 
F2 ~ moon’s acceleration towards earth 

_ 93QQ X , V 

~ 24 X 0.2 


where Q, and w are the earth’s and moon’s angular velocities in thei? 
orbits. 


But 

Therefore 


0-075 nearly <*) 

Fi 9300 X {0-075)2 

=2 17 .... (3) 


Now the moon’s distance from the sun is very littic different fioiu 
the earth’s distance from the sun. C:;r.?cquc':tlv equation (3) tells us 
that the sun’s force on the moon is about twice tne earth’s force on the 
moon. 

The earth describes a nearly circular orbit about the sun, and the 
moon describes a nearly circular orbit about the moving earth, the 
radius of the earth’s orbit being about 389 times the radius of 
the moon’s. Both bodies revolve in the same direction round their 
primaries. When the moon is at the point of its path neare.d to 
the sun, the resultant force on it is the difference of the sun’s and 
earth’s attractions, which is about i’t 7 times the ear h’s attraction, and 
acts towards the sun. Since Lbis force is perpendicular to the direction 
of the moon’s motion at that point, it is clear that the true path of the 
moon is concave towards the sun. I'lre moon’s path relative to the sun 
is a curve, winding in and out of the earth’s orbit a little over twelve 
times a-year. But the deviation of the moon’s path from the earth’s is 
so small that, when they are represented on the same scale and looked 
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at from a point where the whole is visible, they can hardly be dis- 
tinguished. There are no loops on the moon’s path ; that is, the moon 
is always travelling in the same direction round the sun as the earth 
travels. The velocity of the moon relative to the earth is about 0*64 
mile per second, and the velocity of the earth relative to the sun is 18 ‘5 
miles per second. Thus, even when the moon is at its nearest point to 
the sun, it is moving in the same direction as the earth with a velocity 
18*5 —0-6, that is, nearly 18 miles per second. The maximum velocity 
of the moon relative to the sun is 18*5 + o*6, just over 19 miles per 
second. 

It is clear from the preceding that the moon is just as much a 
satellite to the sun as to the earth. The sun’s controlling force is 
greater than the earth’s. If the earth’s force suddenly ceased the moon 
would go on describing an orbit round the sun pretty much the same as 
the earth’s present orbit ; and if the sun’s force ceased to act, earth and 
moon would go off together into space, their relative orbit being 
very little altered. 

400 . A small body commg towards the snn with parabolic velocity 
passes inside the orbit of a planet just in fro?it of the planet itself and is 
deflected by the pla^iet throtigh a right angle, so that when the body has left 
the planefs infliience, it is travelling in nearly the same line as the planet 
and in the opposite directiofi. To find the subsequent orbit about the sun. 

The small body has described a nearly hyperbolic orbit about the 
planet, and it leaves the planet’s influence with the same relative 
velocity as it had on reaching it. If V is the velocity of the planet, the 
velocity of a body at the same distance from the sun which would 
describe a parabolic orbit is -/2V. Since the sphere of influence of 
the planet is a small region compared with the distance to the sun, we 
may take jj 2V to be the velocity of the body when it arrived within 
this sphere. But since it was supposed to be travelling perpendicular 
to the direction of motion of the planet, the relative velocity of the body 
is the vector sum of >/2V and V at right angles to each other, that 
is ^3^. 

When the body passes out of the influence of the planet it leaves 
with a relative velocity • Since it is travelling in the opposite 
direction to the planet, its velocity relative to the sun is therefore 
(V3— We have now to find w'hat kind of orbit this body 

describes about the sun. 

If r is the radius of the planet’s orbit, and ^ the sun’s attraction on 
unit mass, we have, from the assumed circular motion of the planet, 

V“ = 7 (I) 

If 2a denotes the major axis of the new orbit of the small body 
about the sun 

i(V3-0*v2=^-A (,) 


by Art. 357. 
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Equations (i; and (2) give 

JL _ < s'3 - 

2a r 2r 


= r^ = (s' 3 -x) 


(31 


Therefore 


a = 


2(^/3 -x)' 






U) 


Since the square of the period of revolution is proportional to the 
cube of the major axis, we find from equation (4) that 


— • =(°68)2 = o '56 


< 5 ) 


If the disturbing planet is Jupiter, whose period is ii^S6 years, ihe 
jieriod of the small body would be 6*65 years. It is very probable that 
Jupiter, with its large mass, has disturbed the orbits of many comets in 
some such way, and this would explain why so many comets have 
periods of about 5 or 6 years. If a comet passed into Jupiter’s orbit 
just behind the planet instead of in front of it, and if its direction ot 
motion were turned through a right angle as before, it would escape 
from Jupiter with a velocity (Vs + relative to the sun, and this 
velocity, being greater than V2V, would carry the com-t out of the 
solar system. 


EXAMPLES ON CHAPTER XVIII 

1. Assume that ihe moon’s orbit relative to the earth is a circle with 
ladius 340,000 miles, and the earth’s orbit about the sun a circle with radius 
92 million miles ; and assume that the moon makes 13 revolutions in a year 
in the same direction as the earth’s revolutions about the sun. If the earth’s 
attraction on the moon were to cease when the moon is at its greatest 
distance from the sun, find the ratio of the major axis of the moons 
subsequent orbit about the sun to the diameter of the earth’s orbit, and find 
the approximate period in days. 

[Ratio = 1*073 ; period = 406 days.] 

2. If the masses of the two components of a binary star are equal, and if 
their period is 20 years and their distance apart 30 times the distance of the 
earth from the sun, find the ratio of the mass of each component to the mass 
of the sun and earth. 

[^i^.3 

3. The star Sirius is one comycnent of a double star, the other com- 
ponent being very faint. Their distance apart is about 28 i:mes the earth’s 
distanee from the sun, and they describe iheir crbtts about iheir common 
centre of mass in 49*4 years. Find the ratio of the sum of their masses to 
the sum of the masses of the sun and earth. 

[Ratio = 9‘o about.] 
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4. If three equal masses, each equal to the mass of the sun, revolve in 
the same orbit, each pair being separated by a distance equal to the radius 
of the earth’s orbit, find their common period of revolution. 

of a year.] 

5. If four masses, each equal to the mass of the sun, describe the same 
orbit of radius r, the distance between successive masses being where r 
denotes the radius of the earth’s orbit, find the common period of revolution. 


6. Compare the period of revolution of a pair of equal masses about their 
common centre of mass, under no forces but their mutual attraction, with 
the period they would have if another equal mass were fixed at their centre 
of mass. 

[The period in the first case is -/s times the period in the second.] 


7. If r, are the radii of the moon’s and earth’s orbits, show that the 
maximum relative acceleration of the two bodies due to the sun’s attraction 

on theimis approximately — of the earth’s acceleration towards the sun. 

Assuuiir^" tnirteen months to a year, find the ratio of this relative 
acceleration to ^he acceleration of the moon produced by the earth. 

[tI.-] 


8. Let y d^ote the velocity of the earth in its orbit, assumed circular, 
and V th#i»a^ velocity relative to the earth required to carry a body from 
its surface to *pnity. Find the velocities, relative to the earth, with which 
a body must h|| projected from .the i^rth’s sttrface 

(1) ^^jthe direction of thb'.tnrth’s motion, 

(2) ^ the direction opposi^^? to the earth’s motion, 

(3) “ ij^pendicular to the earth’s motion, 

so that the bj^dy may escape from both the earth and the sun. 

[Assume that the relative motion produced by the sun is negligible while 
the body is^so near the earth that the effect of the earth is appreciable; 
that is, assume that the earth’s attrf.ction decreases the kinetic energy of the 
body relative to the earth, before is distance from the sun has appreciably 
altered, by as much a^%^the body \|ent to infinity.] 

[(l) + (3 - 2V2)V2 ; (J) %2 + C3 + 2^3)V2; (3) + V 2 .] 


9. If a body were project ed from t he North Pole from a gun pointed at 

the sun, with the velocity if + V^, v and V having the meanings indi- 
cated in the last question, prove tha|ydie orbit relative to the sun would be a 
parabola with the po'iy. of projecLivr'ns one end of the latus rectum, and 
that its perihelion dislancc ryO.*ld ‘'be half the radius of the earth’s 
orbit. * ' 

10. A small hoifo a^acteJRnto the solar system, is approaching the sun 

with parabolic veloofty^longH straight line. Its path takes it near Jupiter, 
and when it gets near enough fbr the planet’s attraction to be appreciable 
the line of its velocity relative! to Jupiter passes at a distance p in front of 
the planet, this distaice being s%ch that the direction of motion relative to 
Jupiter is turned though a angle. Find the ratio of p to Jupiter’s 

distance from the sun. Find the velocity relative to the sun with which 
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the body escapes from the planet, and calculate the major axis of the new 
orbit relative to the sun. 

[If r = Jupiter’s distance from the sun, J his mass, V his velocity, S 
the mass of the sun, then 

| = p: = 2(2 _ ^2)V2 ; 2a = (^/2 + i>: 

where v is the velocity of escape, ^a the nia;or axis of the new 
orbit.] 

Ti. If the body mentioned in the last question had its velocity relative 
to the sun toned through a right angle, through what angle would it be 
turned relative to Jupiter ? Calculate also the velocity of escape from Jupiter, 
the major axis of the new orbit about the sun, and the period, assuming 
Jupiter’s period to be ii 86 years. 


j^Angle = t 


^Cv'2);z/=(V3-i)V; 2«=- 


-r; period =67 years. 


12. A small body, attracted into the solar system from rest at a very 
^reat distance, passes very near Jupiter and in front of it. At its nearest 
point its distance from the surface of the planet is equal to three times the 
radius of the planet If the diameter of Jupiter subtends 37-4'' at the suns 
distance, and if his mass is yoW of the sun’s mass, find 'the ar.gfb^hroygl: 
which the direction of motion relative to Jupiter is turned. .AlF/i.Tind the 
angle through which the direction of motion relative to the sun is turned. 

[55® 38' relative to Jupiter, and 92® 8' relative to the sun.] 

13. If the body referred to in the last question pas^d alS distance from 

Jupiter equal to the radius of the planet, what would thA Jp# the angle 
through which the direction of motion relative to the "sun vXfa be turned ? 
Also calculate the period in tha new ojlyt. ^ B 

[Angie ,,-0® 50 '^♦periodHtq'SS years.] 


14. A small body which, but for thig^artli’s attraction, d 
1 with parabolic velocity, passes inlront of the earth ai 


sun with parabolic velocity, passes inlront of the earth aU ^ 
from the earth’s surface equal to the radius of the earth- ^ind the angle 
through which the direction of motion relative to the enh is turned, 
assuming that the radius of the earth and the radius of its oraMre 3960 and 
93,000,000 miles respectively, and that the sun’s mass is 32i,|oo times the 
earth’s mass. f ' ^ 

I [About I® 33'.] 

15. Use the data in question i to fi|d what vmooRy the moon would have 

relative to the earth if the moon were tcVest relative to the sun when 

at its maximum distance from the sun. to -'r-Li l new orbit the 

moon would begin to describe re.ati' e t’o the earth. 

[About 57S million miles per yfeaf ; the^ew'oubit w^ould be an hyper- 
bola with eccentricity 868 jjpd major axisf^y of the radius oi the 
moon's orbit. This hypeiSBla is very nearly. a straight line, and 
it follows that the mocn- .0.: 1 fd’ v'.rjs the : scarcely dis- 
turbed by the earth's 

16. Suppose two masses, each equ d :c , te h. ’ 'he sjn, ire at a very 

great distance apart and travel' :..^ ir. cop s'lc Uht- ''-rh the same 

speed, Vy along a pair of parallel .'r.es ^;h'rn le a" ' 1 :. ancq ‘--art. If \ is 
the velocity of a small body descy.h:::i.: 's. Dr ,:.i c ' l.s / about the 

sun, show that the bodies pass w’'.h*.'-. .'•-.ance 


.9-53 years.] 
t fall into the 
a distance 
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of each other, and that, \^hen they are again at a very great distance apart 
they are travelling along another pair of parallel lines at distance p apart 
- ’ 
but inclined at 2 cot"'^ ^ to the original pair. 

17. Suppose one of the bodies in the last question were oiiginally at rest 
and the other travelling with velocity 22^ along the line which passes at 
distance p from the first body. Show that, when the bodies are at a great 
distance apart after they have passed each other, the body which was at rest 
moves with velocity 

2W2 
^TTT-V^ 

of the hypeibola it describes relative to 
also that the other body moves along 

a perpendicular line- 


f 

parallel to the line joining tlie foci 
the common centre of mass. Prov 



PART. Ill 

DYNAMICS OF A RIGID BODY 


CHAPTER XIX 


EQUATIONS OF MOTION 


401. Conception of a Rigid Body. — Just as when finding centres of 
gravity and monoents of inertia, ^Ye shall assume that a finte body 
can be divided up into infinitely small particles touching other. 
That is, we take no account of molecular or for we 

assume that every closed surface,, however small, Taktln the 

mass of a finite body, will enclose some of the mass.. . Jh facr, there are 
supposed to be no empty spaces such as must exi^t" or, riic' m.trlecular 
hypothesis. - ^ 

Moreover, in this chapt^n&^are dealing rl'^dies, aiid a 

rigid body is one in \Y?weh''the distance between, every of particles 
remains constant. This keeps the size and shape of fnl^ body fixed. 
No body is absolutely rigid, but in dealing with the motion of a body 
as a whole, the slight alterations in shape of an apparently rigid body 
are so small that they pro<^fee nue^^easurable effect. ’ CcnseTuently 
most bodies except strings and fluids maybe treated as. rigid jcJicS 
when we wish to find the motion due to given forces. ^ \ 

Except in one or two examples A the end, we shall deal only with 
the motion of a rigid body parallellEo one pljne, the wT>'-plane, The 
whole body does not necessarily in this plane, but every particle 
moves parallel to it, so that the x and r of any particle vary, but not 
the j?. 


402. Motion of the Centre of Mass of a System of Particles 
whether connected or not. — Let denote the mass of one of the 
particles, its co-ordinates ^ any instant, Xx, Yi, the forces 

parallel to the axes. Then the equations of^ciion-are 

' 

...... 

'•r- -V; 

- " -i 


(i> 




Now two similar equatioas can beyiitten down for every particle 
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of the system. Denoting by the symbol E a summation extending to 
every particle of the system, we get on adding all such equations as (i) 

~ • • • • * (3) 

Similarly, ^ (4) 


But, by Art. 86, if y, are the co-ordinates of the centre of mass, 

Emx = xEm = Mir (5) 

where M denotes the total mass. 

DijBferentiating both sides of (5) with respect to / twice in succession 


d^x _ d^x 
di ^ =^^^72 


( 6 ) 


Hence equations (3) and (4) may be written 


M 


d^x 

di^' 


M 






a) 

(8) 


In these equations X and Y denote the sum of all the component 
forces on all the particles parallel to the axes of x and y respectively. 
These will generally include the reactions between the particles, and if 
the particles form a rigid body it would be difficult to find a case in which 
there would not be reactions between the particles. But these reactions 
do not appear in X and Y. For suppose nt^ exerts a force R on ; 
then exerts an equal but opposite force, which we may call — R, on 
mx> Now the components of R occur in the equations of motion of 
W2, and the components of — R occur in the equations of motion of 
When these equations are added together the components of R and — R 
annul each other. In the same way every other reaction between any 
pair of particles disappears from the sum. Thus X and Y are merely 
the components of the external forces on the system of particles, that 
is, the components of the forces exerted by outside bodies on the 
system. 

Equations (7) and (8) are just the same as the equations of motion 
of a particle of mass M situated at the centre of mass of the system. 
To find the motion of the centre of mass of any system of particles, 
whether they form a rigid body or not, we may therefore suppose that 
the whole mass is concentrated into a particle at the centre of mass, 
and that all the forces are applied there. For example, the centre of 
mass of a rigid body thrown up near the earth’s surface describes a 
parabola, and this motion is not affected by any rotation that tire body 
may have. Moreover, if several bodies are thrown into the air at 
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difierent times and in different diiections, while they are all in the air 
their common centre of mass describes a parabola. 

403. Motion relative to the Centre of Mass. — Multiplying 
equations (i) and (2) of the last article by —y\ and respectively, 
and then adding, 


/ li-ai 


xi-A 


(J) 


where denotes the moment, about the origin, of all the forces 
acting on the particle ?//i. 


Now let 


xi = a; -f ^1') 

4 J'l 5 


(2) 


Then at/,/!, are the co-ordinates of lefened to axes parallel to 
the fixed axes, but always passing through the centre of mass. 

Multiplying both sides of the first oi equations (2) by and then 
summing for all the p'Articles, we get 


2J^/ix = 27 / a.v + 12 mx 

= Ma; + ^fnx 

But we know that 

Emx = Ma’ 

wherever the origin may be. Hence 

J 2 ?n 3 ^ 

1 Differentiating this equation twice with respect to /, we get 

d^x' 




(3) 

(4) 


C5) 

( 6 ) 


Now, = + + ... (7) 

The origin for x and j/ is at any Jixed point we like to choose. We 
shall therefore choose this origin at the instantaneous position of the 
centre of mass, so that, at the instant we are considering, 

-^ = o, J = o ( 8 ) 

But although x and J are zero, it does not follow that and ^ 

are also zero. These quantities are the components of the acceleration 
of the centre of m..ss, and are the same whatever fixed point be taken 


If the student has any difficulty in following the process of differentiating a sum 
indicated by he is recommended to wrile down a few terms of the sum and then 
perform the operation. Thus (5) means 


m^xl -f -P + . . . =0 
Since this is true for all values of /, we get on differentiating twice 
d'^x^ . d^-xl . 


1 I “ ”3 , 


‘ di 


at- 


. -o 


which the same as equation (6). 
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as origin. Equations (8) are only true at a paiiicular instant, whereas 
equation (s), which we differentiated to get (6), is true at all times. 
Putting = o in (7), this gives 


d^y 




= o + (9) 


The zeio term in (9) is due to the relation given in (5). 

Now summing all such equations as (i) when the fixed oiigin is 
taken at the instantaneous position of the centre of mass, we find, on 
using (9), 



where N is used to deno{:e the sum of the moments of the forces on all 
the particles about the centre of mass of the system. 

if ;*!, 01, are the polar co-ordinates of «ii referred to the moving 
centre of mass as pole, it may be shown, as in Art. 348, that 




« < • • (^^3 

Thus (10) and (ii) give 




= N . . 

• • • • (^2) 


= N . 

• • • • (^3) 


A similar result for 2 
(equation (3), Art. 348). 



single particle has already been proved 
But equation (13) could not be derived 
merely by summing for all 
particles such equations as 
(3), Art. 348, for in this 
equation the origin was a 
fixed point, whereas in 
(13) the origin is a moving 
point, namely, the centre 
of mass of the system. 

Although the reactions 
between the particles will 
appear in the equations of 
the separate particles, yet 
these reactions will dis- 
appear from the sum, as 
can be seen by the-reason- 
ing of the last article. N is 


Fig. 174. 
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the sum of the moments, about tlie centre of mass, of the forces acting 
on all the particles, and since the reactions disappear from the sum, N 
is therefore the moment of the external forces merely. 

The result expressed by (13) may be stated thus — 

The rate of mcnase of the moment of momentum of any system of bodies 
about an axis through their centre of mass ^ regarded as a pxed pointy is 
equal to the moment about that axis of all the forces acting on the system. 

404, The Moment of Momentum, about an Axis through the 
Centre of Mass, of a Rigid Body moving parallel to One Plane. — 
When a rigid body moves parallel to one plane, the motion can be 
analysed into a motion of the centre of mass and a rotation of the 
whole body about an axis through the centre of mass ! 
to the plane of motion. Any particle m may be 
attached to this axis by a line porpe-'dicrla- to the axis, the length of 
which line is r. Now on accoi r.: cf riU.Ui^ all these lines rotate about 
the axis with the same angular velocity. Also the distance r of any 
particle from the axis is a constant quantity which does not vary with 
the time. Thus the moment of momentum of the motion relative to 
the centre of mass, when the angular velocity is is 

= ooSmr^ = 1(0 . , • , • (i) 


where I is the moment of inertia of the body about the axis through the 
centre of mass. 

For a single rigid body the equation (13) of the last article now 
becomes 



(2) 


The student should satisfy himself that it makes no difference 
whether we put the differentiation symbol before or after the summation 
symbol Thus 



This, of course, is merely a statement of the fact that the differential 
coefficient of a sum is the sum of the differential coefficients of the 
separate terms. 

405 . Moment of Momentum of a Rigid Body about any Line in 
Space perpendicular to the Plaue of Motion. — Let x, y, be the co- 
ordinates of any particle m referred to axes through a point on the 
line fixed in space, and x\ y\ its co-ordinates referred to parallel axes 


always passing through centre of mass. Then 

X = X-\-Dll (l) 

y=J' + y (=) 

Also 2 Jmx' = o, S/M}'' = o (3) 


And by diff’ercntiating these with respect to 
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No\v the moment of momentum about the fixed origin is 
But Bmx g =27j + x'){ f ^ 

dv 

The last two terms in this equation vatiish. For, since ~ is the 

at 

same quantity in every term of the sum represented by the first of 
these terms, it follows that 

= o by (3) (6) 


Similarly, the second term in the last line of ( 5 ) is zero by ( 4 ). 
Consequently the whole moment of momentum about the fixed 
origin is 



The second sum on the right-hand side of ( 7 ) is the moment of 
momentum about the centre of gravity, the quantity we have previously 
denoted by Ia>. And the first sum on the right-hand side is 

<4-^ 

where M is the total mass. 

Now the expression fS) is exactly the moment of momentum about 
the fixed origin of a particle of mass M moving with the centre of mass. 
Thus the whole moment of momentum about any fixed line per- 
pendicular to the plane of motion is equal to the moment of mornentum 
about a parallel line through the centre of mass together with the 
moment of momentum of a particle of mass M which is supposed to 
move with the centre of mass.^ 

406* The Fundamental Equations of Motion of a Rigid Body. — 
It has been pointed out that the motion of a rigid body parallel to a 
fixed plane can be analysed into a motion of the centre of mass together 
with a rotation about an axis through the centre of mass and perpen- 
dicular to the plane of motion. Three co-ordinates or geometrical 
quantities will therefore fix the position of the body. The most con- 
venient quantities to use will generally be the cartesian co-ordinates of 
the centre of mass, and the angle through which the body has turned 
from some given position. 

^ See Art. 471, where the momentum is represented as a vector through G 
together with a momentum' couple lu. 
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If we now denote the co-ordinates of the centre of mass by .r, 
and the angle through which the body has turned by 0, the three 
necessary equations of motion are 


- 



= X . . 


■ • (I) 

d 

• • ■ 

► . . , , 

. . (!) 



’ • (3) 

dt- 



These three equations, together with the initial conditions, aru sufficient 
to deteimine the motion completely. 

If N is zero the angular velocity is zero or constant. But if N is 
zero the resultant force on the body passes through the centre of mass. 
It follows, then, that if the resultant force on a rigid body always passes 
through the centre of mass, the angular velocity is constant, and to find 
the motion of the centre of mass we may 
treat the body as a particle concentrated 
at that point. 

407. A rough circular cylhider slides 
iown an mcMned plane uath one end hi 
H)ntad toiih the plane. To detcnnbie the 
friction^ the acceleration dozen the plane, and 
the condition that this nwiion should be 
possible* 

Let a be the inclination of the plane, 
h the height of the cylinder, r the radius 
of its base, fi the coefficient of friction, .x the displacement of the centre 
of mass down the plane. Let R be the normal pressure between the 
cylinder and the plane. Then, for motion down the plane 

d 

sin a - /^R (t) 

Since there is no motion perpendicular to the plane, 

o = cos a — R . , , . . (a) 

and because tliere is no rotation, 

o = - ^R . • 0 , , . • (3) 

where b denotes the prepend’ cub r distance from G, the centre of mass, 
to the line of action c: K., -..'.ktr: positive when G is on the upper side 
of this line of action. 

Now R must act somewhere inside the base, so that b must not be 
greater than r. Thus the condition that tiicre should be no rotation 
is, from (5), 



2^- < or = ixh 


• (4) 
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or 


Now multiplying (2) by ju and adding to (i), 
= M^(sin a — /A cos a) 

dKx 

sin a — ft cos a) 
dt^* 


(s) 


Thus the acceleration down the plane is constant, and equal to 
^(sin a — ft cos a) when this is positive. If, however, this expression 
is negative there is no motion, and the assumption made in (i) that 
the friction is limiting friLtion is not correct. The expression for the 
acceleiation will be positive when tan a is greater than ft. This is 
one of the conditions that the motion we have considered should be 
possible, and another condition is expressed in (4). 

When motion does take place the friction is, from (2), 


fiR = ftM^ cos a (6) 

The displacement and the velocity at any time can be found imme- 
diately by integrating (5) when the initial conditions are given. 

408 . A a?id B an the points of contact of the front and hack wheels op 
a bicycle with a level road^ G is the centre of mass of rider and bicycle. G 
2V at a height c above the line AB, and the vertical through G divides x\B 
into two parts of lengths a and b. If the rotation of the front wheel is 

stopped by the brakc^ the back wheel not 
being braked^ and if the coeffciefit of friction 
beitveen the wheel and the ground is ft, to 
find the pressures between the ivheels and 
the ground, and to compare them with the 
pressures before the brake was applied. 

Since there is no vertical acceleration, 
we have 

Fig. 176. o - P — Q . (i) 


<3 




^ t 

h 

O' ^ 

B 

ll9 A 


M denoting the mass of the rider and bicycle. Also, since there is no 
rotation, the moment of the forces about the centre of mass is zero j 
that is, 

o = a? — CfiF — . e o • . (2j 

Solving (i) and (2) for P and Q, we get 

p = —A — -Nr? 


Q = 


a b 

1 — 7 — Mo" 

a 'h b ciM ^ 


The pressures before the brake was applied were 
= Mo— = 

® ‘ ^ a + d ■ " 


(3) 

(4) 

(5) 




a{a + i — cfx ) 
{a + i){a - 


( 6 ) 
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If the expression for Q in (4) is negative, tiie motion we have 
assumed is not possible. Tnj bicycle will kick in this case, and the 
rider will be thrown over the front nneel. The condition that this 
should not happen is 

Q > o il) 

that is, a > cfi (S; 

In an ordinary bicycle the following are rough values of the quantities 
used — 

^ 20 inches, ^ = 25 inches, ^ = 44 inches, jj, = 0*58 (9) 

Therefore ^ = 25 - 25*5 inches (10) 

vvhich is nearly zero. It follows, therefore, that if the brake be forcibly 
applied to the front wheel there is a great danger of kicking. In this 
case the whole weight is thrown on the front wneel. 

The horizontal force is fiV, and this produces a horizontal retardation 

M a+b- 

which, with the numerical values in (5), is nearly ox 0*58^. 

It is left as an exercise for the student to prove that if the back 
wheel instead of the front wheel is stopped by the brake, the pres- 
sures are 

. . • . , (13) 

• • ^ • (^3) 

Also the horizontal retardation is 


p = 


Q = 


' a + d -t 
a 


/z 4- ^ -f 


/iQ fJLa 

M « 4“ ^ -f 


0*206^^ nearly 


409 . A siring is 'li.'rapped roiuid a so fid Ojanifcr 
of radins a, and to the free end a mass is aTi ich d. 
The cylinder is f 7 ^ee to rotate aboui its axls^ zohich 
is hon::ontaL To find the ?noiioH due to the fallmg 
of the mass attached to the string. 

Let M and m clenoie the masses of the cylinder 
and the body attached to the string. 

When the angular velocity of the cylinder is cu, 
the linear velocity of ni is aca. Denoting the 
tension in the string by T, the equation of motion 
of m is 

. . . (r) 


. . . . {14) 
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The equation for the rotational motion of the cylinder is 




Multiplying (i) by and adding to (2), we get 
(I + = amg 


. uw 

whence ^ 


d(jo _ amg _ amg 2111 g 

dt I + ma^ “h 


(“) 

(3) 

(4) 


Thus the angular acceleration is constant, and therefore the linear 
acceleration of m is constant. If B is the angular displacement of the 
cylinder since it was at rest, and / is reckoned from this instant, then 
by integrating (4) twice, 

“ — /iv/r I \J - • • » * • • \;j) 


(M + 27n)a * 

If X denotes the distance through which 7}i has dropped in this time 


X ad =: 


M + 2771 


410 . 


A sphere^ whose centre of mass is at its cenU^e of figure^ rolls down 
a 7 ‘otigh mclmed pla^ie without sliding. To 
find the distance travelled in t secofids from 
rest 

Suppose that, at the beginning of the 
motion, B was in contact with A. C is the 
point of contact t seconds after the start. 
Let AC be denoted by x^ and let a be 
the radius. Let R be the noimal pressure 
between the sphere and the plane, F 
the friction up the plane. Then, for the 



motion of the centre of mass parallel to the plane, 
d^x 

M-^ = sin a - F 


(0 


And since there is no motion perpendicular to the plane, 

o = 'Mg cos a — R . . , 

For the rotational motion 


d^d 

dfi 


(2) 

( 3 ) 


k being the radius of gyration of the sphere. 

Since there is no sliding, AC is equal to the arc BC j that is, 

X = aO . ( 4 ) 

Differentiating both sides twice, we get 

d^x d^Q 
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Eliminating F from (i) and (3), 



. • . (6) 

From (5) and (6) 


d^x d^ 

dfi ® • • ■ 

. . . . (7) 

The distance travelled in t seconds from rest is thus 


I ^ ■ 

. . (8) 


When a body slides down a smooth plane its acceleration is ^ sin a. 

Thus the acceleration of the rolling body is p- . of the acceleration 

of a sliding body. 

For a solid sphere 

= (9) 


and therefore 


: f^sin a (10) 


For a hollow sphere with inner and outer radii b and 

^ 5 ^3 _ ^3 (ii) 

The same method will clearly apply to a cylinder. 

For a solid cylinder 

= {12) 

and the distance travelled from rest is 

^ == sin a (13) 

Equation (i) now gives the friction. I'hns 

F = sin a — 


= prp^^^^sin a 


. ^ » (r 4 ) 


411 . A sphere or' cylinder partly rails and parity slides doxvn a rough 
incuned plane. To find the acceL ration down the plane and the angular 
acceleration. 

When the body is rolling and sliding the friction is limiting friction. 

Ihe equations (r), (2), and (3), of the last article are still true. We 
will write them here again — 

d^x 

sin o — F (i) 

o = cos a — R (2) 

( 3 ) 
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But since sliding takes place the equation (4) is no longer true. In 
its stead we have the equation expressing the fact that the friction is 
limiting friction. Thus 


From equation (2), 


F = . . . 

/ttR = cos a . . 


Substituting this value for F in (i) and (3), and then 


(4) 

• • • ‘ . ( 5 ) 
dividing each by M, 


d'^x 

^ ~ sm a - cos a (6) 




( 7 ) 


Thus both the acceleration of the centre of mass and the angular 
acceleration are constant. The motion of the centre of mass is 
entirely independent of the form of the body when sliding does occur. 
The equation (6) is just the same for a body which does not roll at all, 
412 .^ The Test for Sliding when a Cylinder or Sphere rolls down 
an Inclined Plane. — When a sphere or cylinder rolls down an inclined 
plane the motion may be pure rolling, or a combination of rolling and 
sliding, and we have investigated both sorts of motion. But we want 
some test which will enable us to discover which is the correct kind 
of motion in any particular case. This test will now be given. 

Equations (2) and (14) of Art. 410 give 

F 

R = 5r+l^tana 

Now F cannot be greater than [mR. Consequently the motion will 
be a combination of rolling and sliding if 

^2 

^2 ^ ^2 CL> [J, • « o • o - (2) 


and it will be pure rolling if 




^2^2 tan a < /X 


• • (3) 


A 


B 

=3 


Before attempting to solve the equations of motion for a body 
rolling down a plane, it will therefore be necessary to discover which 
of the inequalities (2) or (3) is true. If (2) is true the results in Art. 

41 1 are correct, but if (3) is true the results 
in Art. 410 must be used. 

413 . A nnifor 7 ?i rod of k?i^ih 2a is 
spuming in a horizontal pla?ie about an axis 
ihrotigh its cmtrc of gravity. T'o find the 
te 7 tsioTi at a distance 2x from one end. 

Let 771 be the mass of unit length of 
the rod, the angular velocity, T the tension required. 

Let AB be the rod, P the point at which the tension is re^hired, the 
distance PB being zx. 


Fig. 179. 
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Ihe Cfeiitre r,f ma.ss of the j;Oit' /n j‘}> a cirf'le of radius 

jdeiice iLis joint has an i^'ct^tTratiori <./ — to^vards the 
Centre (t ol the circle. The mass ot 1'13 is 20. nu He.ioe, resol vins 
along BG 

2:.:n{a — x)o}- = T (i) 

"i his is the tension required, 

e should get exactly the same r.sTiit, of course^ by considering 
tne motion of the portion AP. For its centre of mass describes a 
t ircie of radius and its mass is 2{a — x)jn. Hence 


2(^7 - x^m , xoj- = T ( 2 ) 

which is the same as before. 

414. A circular hoc,^ of niJms a and mass m ^er tmif Lngth rotates 
101 t/i an^utar velccify co radians per second aidant its axis, ’lohich is iKrticaL 
7 b find the tension in the noefi, 

\\ e will consider the motion of half of the hoop w'hose centre of 
mass is at G. Now if C is the centre of 
♦jio hoop 


CG = 


(0 


The acceleration of G is CG . co- towards 
C, and the mass of half of the hoop is 
TTnia. Hence, resolving along GC for the 
motion of this half, 

TTuia . CG . a>2 = 2T . * (2) 

since the only horizontal forces on the mass w'e are considering are 
tlie tensions of the other half at the plane of separation of the two 
halves. 



From (2) 


T = ?nc^(jo^ = poundals 


(3) 


where v is the velocity of a point on the hoop. 

If s is the area of the section of the hoop, and p the density of the 
material, then, s being the volume of unit length, 


«i = ps (4) 

Hence I « ^,,2=^ lbs (5) 


Now -j is the tension across unit area of the section of the hoop. 

For cast iron the breaking tension is about 432 X 10^ lbs. per square 
foot, or 432 X 32 X io4 poundals per square foot, and the density is 
450 lbs. j.tr cubic foot. If, then, a cast-iron hoop is just at breakirg- 
point 

432 X 32 X ic^= 450Z/2 ^5^ 

= 554 feet per sec, = 6*3 miles per min. . (7) 


irom which 
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If the actual tension of tlie hoop were one-ninth of the breakinc^ 
tension, then we should have 


= — = 2*1 miles per mm. 


(S) 


415 . A solid htfnwgefieous sphere of rad’ms a is pi-ojected along a rouoh 
hcrizonial plane ueith a velocity Vq. WJmi it is projected it is spinni?ig 
ahoid the horizo?ifal diameter perpendicvlar to Vq with an angular velocity 

<Oq ill the dhrction contrary to that in 
which it would spin if there were no 
slidhig. To find the ultimate motion. 
Let V and co be the velocity of 
the centre of mass and the angular 
velocity t seconds after the projection. 
Let F denote the friction acting on 
the sphere. 

Then resolving horizontally, 
dv 

-F . 





The equation of rotation about the centre of mass is 

d<jo 


(i) 


( 2 ) 


Putting ~a^m for I in (2), we get 



0 ^ 

. . . . 

» « • (3) 

Now from (i) and (3) 

„ day dv 

dt df ° 

... (4) 

Integrating this 

frtcu — y = a constant 



= l^coo - 7'0 . • 

... (5) 


The sliding will continue until — dzeu. When this happens 
either cd or v will have changed its sign, and the motion will be one of 
pure rolling in one direction or the other. 

When the sliding has ceased w^e find from (5) 

\aa} = — = l^coo — z'o . . « . . (6) 

This shows that the sphere will come to rest, and then begin to move 
backwards if 

laojQ - Vq 

is positive. But if this quantity is negative the spin will stop, and then 
the sphere will begin to spin in the opposite direction, and finally it will 
roll without sliding in the same direction as z'q. 
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416. To find tie tension, siioaring force, and bending moment at 
any point of a uniform rod moving in any manner in one plane. 

Let AB be the rod, 

P the point at which 
the stresses are required, 

.et PA = s. 

Let a and jS denote 
/he component accelera- 
tions of G, the centre of 
mass of PA^ along and 
perpendicular to PA. Let 
X and Y denote the com- 
ponents of the external 
forces on PA in the direc- 
tions of a and j8 ; and let 
N denote the moment of 
these external forces about 
G. Let m denote the mass of unit length of the rod. Let F denote 
the shear, T the tension, and M the bending moment. 

For the motion of the centre of mass of PA we have the two 


equations 

= X T . , . . . . . (i) 
;8:w.j3 = Y + F (2) 


If oj denotes the angular velocity of the rod, the equation for 
rotation of PA about G is 



d(jo 

= M + N-i3F 

• • • • * ( 3 ) 

But 

I = ^2:2 , 


Hence 

= M + N - isF 

• • • • • ^ 4 ) 


Whena, j8, and — ,are known, equations (r), (2), and (4), give the 

stresses T, F, and M, in terms of X, Y, and N, ^Yhich are supposed to 
be known forces. 

417 . A uniform rod turns without 
friction about a horizontal axis throuo^h one 
end under no forces except the actio?i at the 
hbv^e a?id its own weight. If its angular 
velocity in the highest position is coo, to find 
the angultir ve/odty in any other posit um 
and the reactions of the axis. 

Let Q be the angle which the rod 
makes with the vertical at any instant, P 
and Q the actions of the hinge perpen- 
dicular to, and along, the rod respectively. 

Let / be the length of the rod. The 



A 



Fig. 1S3, 
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acceleration of G perjjendicular to the rod, in the opiiosite direction 
from that in which P is shown, is 

^(I£\ _ ,/RO 


Hence, if M is the mass of the rod, 



(2) 


And for rotation about the centre of mass 

„(/20 / 


A.TVr/2-- Ip 


since the moment of inertia about G is 
and (3), we get 

Eliminating P from (2) 

= -M^sin 6 


or 2^ = 3^ sin 9 

. c , 

Wnting ££) for then 

. ..... (5) 


d^Q dd dca 

dt^~ dt~ de‘di~ 


Therefore (5) can be written 


* doj 

= 3r sin 9 


( 6 ) 

( 7 ) 


Integrating this with respect to B 

I<xt^ = —3^ cos 6 + c (8) 

Since <o =: oiq when ^ — o, we get 

/(Wo® = - 3^ + f ( 9 ) 

Subtracting (9) from (S) 

/a;2 — /cuo^ s= — cos (10) 

Using the value of the angular acceleration in (5), equation (3) gives 

P = sin 6 = sin ^ (ii) 

where W is the weight of the rod. 


To find Q, resolve along GO for the motion of the centre of mass. 
Thus, since G describes a circle of radius its acceleration along GO 
is Hence 

= Q + cos 6 (la) 

Q = cos 6 

= ^M/coq^ 4- fM^r — cos 9 ) — cos 9 
= + JM^(3 - 5 cos 6 ) 

- 4 - (3 - 5 cos ^)| (13) 


or 
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I'he kinetic energy of the whole body is therefore 


4 - + ? 2 ) + irj;:. 



Now the quantity involving H on the right hand of {9) is the irinetic 
energy of the motion relative to the centre of mass, and is the same 
whether the centre of mass is in motion or not, provided the relative 
motion remains the same. But the only possible motion for a rigid 
body relative to the centre of mass is one of rotation. Since the motion 
is parallel to one plane^ the body therefore rotates about an axis through 
the centre of mass perpendicular to this plane. 

Let /■ be the distance of m from this axis througn the centre of mass, 
a> the angular velocity of the body. Then clearly the velocity of fn 
relative to the centre of mass is rco. Hence 



Thus (9) and (10) give 

= Pl(/72 + .:;2)+iIce>2. . 


10 


(^0 


This, then, is the kinetic energy of the rigid body. 

If one point at a distance /i from the centre of mass is fixed, then 
the resultant velocity V of the centre of mass is y^o). Hence 


4. ^ = V2 = (12) 


Therefore the kinetic energy is 

4 - 3-rco2 = 4- I )co2 . . . . ( 13 ) 

But the quantity M/i^ 4 ^ I is the moment of inertia about the fixed axis, 
and if ■ e rec^-tj this by T, the kinetic energy becomes 

(X 4 ) 


This result can be obtained easily without using the result given in 
(ii). For the velocity of a particle ?n at a distance r' from the fixed 
axis is Yo}. Hence its kinetic energy is Thus the kinetic 

energy of the whole body is 

= ^co^Umr'^ =: . . (15) 

However a body is moving parallel to one plane the motion at each 
instant can be represented by a rotation about the instantaneous axis of 
rotation. This, at any rate, gives the correct velocity at every point of 
the rigid b^ydy. Consequently, if T is the moment of inertia about the 
instantaneous axis, the kinetic energy is as in C14). When we 
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know the position of the instantaneous axis, this last form for the kinetic 
energy is very useful. Moreover, the use of the instantaneous axis 
gives us an alternative proof of (ii). 

420. Biierg:y Equation for a Eigid Body.— If the external forces 
acting on a rigid body be replaced by a force with components X and Y 
acting at the centre of mass, together with a couple N, then the work 
done in any displacement of the body is, by Art. 128, 

+ jYdy + jJAdd ...... (i) 

where x and y are the co-ordinates of the centre of mass, and B is the 
angle which some plane in the body perpendicular to the plane of 
motion makes with another plane fixed in space also perpendicular to 
the plane of motion. 

Now the total work done on the rigid body by the external forces is 
clearly the sum of the works done on its separate particles, because the 
work done by the reactions between the particles wall disappear from 
the equations when we sum for all the particles, just as the reactions 
themselves disappeared from the equations of motion. But the increase 
in the kinetic energy of each particle in any interval is equal to the 
work done on it in that interval. Consequently the increase in the 
kinetic energy of the rigid body in any interval is equal to the work 
done by the external forces. That is, if V is the resultant velocity of 
the centre of mass 

iMV2 + iIct)2=:/X^A-+/Y^^+/N^0 + C . . ( 2 ) 

The constant C represents the kinetic energy at the beginning of the 
displacement considered. 

If several rigid bodies are attached together so that the reactions 
between them can do no work, then the sum of their kinetic energies is 
equal to the work done on them by the external forces in any interval 
of time, together with their kinetic energies at the beginning of that 
interval. 

421. Energy Equation by another Method.— We can obtain the 
energy equation (2) of the last article immediately by integrating the 
equations of motion of the rigid body. These equations are 


Mg = X .... 


dv 

M^ = Y . . 

(2) 

din 

• • 

• ( 3 ) 


where u and are the component velocities of the centre of mass. Now 

du du dx ^ du ^ . 
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The other two accelerations can be similarly traiicfonn-jd. 'i'hca 


M/i— = X 

ax 

* • • ( 5 ) 

Mr' = Y 

• . •. 

T X- 

. . . . . 

. • . (7) 


Integrating these with respect to x,y, and Q, an! adding the result*: 

+ 2^2) + _J. jYdy + j^dB ^ c . ( 8 ) 

which is the same equation as before. 

422 . Energy Equation when the External Forces have a 
Potential, — If the external forces hive a potential U, then the work 
done in a small displacement is — ^XJ. Thus 

-U = jXdx + fYdy + jN./e + A . . . (i) 

Hence, V being the resultant velocity of the centre of mass of the rigid 
body, 

iMV2 + ^[a)*= — U -h a constant • . . (2) 
or + ^Ico2 + XT = a constant (3) 

423 . Degrees of Freedom. — If n geometrical quantities must be 
given in order to fix the position of a body or system of bodies, that 
body or system is said to have n degrees of freedom. Thus a particle 
moving in space has three degrees of freedom, since three co-ordinates 

sire needed to dx its position, iiut if the particle is only free to 
move parallel to one plane, say the xy plane, then one co-ordinate is 
fixed and only two are left free ; that is, only two degrees of freedom 
remain. 

If a rigid body is free to move parallel to a fixed plane it has three 
degrees of freedom. For its position can be fixed by the two co-ordi- 
nates of the centre of mass and the angle 6 through which it has rotated. 
Or instead of 0 the third geometrical quantity might be the abscissa of 
any particle in the body except the centre of mass. Or again the body 
can be fixed by the abcissse of any two particles in the body and the 
ordinate of a third point. In fact, any three independent co-ordinates 
or geometrical quantities depending on the position of the body will 
fix that pcsiticn. 

If a rigil cedy has an axis fixed so that it can only rotate about that 
axis, then it nas only one degree of freedom. Or if a body rolls witnout 
sliding, parallel to a given plane, on any fixed surface, it has only one 
degree of freedom. 

424 . Sufficiency of the Energy Equation when there is only one 
Degree of Freedom, — When a body has only one degree of freeaom — 
that is, when only one geometrical quantity is needed to fix its position — 
the equations of motion may getieraliy be omitted aud the energy 
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equation used in their stead. For all the velocities can be expressed 
in terms of the rate of increase of one geometiical quantity, and thus 
the kinetic energy can be expressed in terms of the rate of increase of 
this quantity. If we can easily find the w'ork done the equation of 
energy can be written down at once, and this equation will lead to 
the geometrical quantity which fixes the position of the body. 

Even in cases where we have to find some of the forces acting on 
the body, and it is necessary to get these forces from the equations of 
motion, it will often be found easiest to get the velocities (and therefore 
the accelerations by differentiation) from the energy equation. 

425 . A uniform rod is placed in a vertical position with one end on a 
smooth horizontal floor. It is then let go ^ and zt falls to the floor from rest 

m the vertical position. To fizid its 
angular velocity in any position and the 
pressure on the floor. 

The rod would be in equilibrium in 
the vertical position, and it would only 
begin to move when it was slightly 
disturbed from the vertical position. It 
could not therefore fall exactly from 
rest in the vertical position. Neverthe- 
less, the disturbance which started the motion may be considered to be 
so small that it may be neglected in our equations. 

If V is the downward velocity of the centre of mass G, and a> the 
angular velocity, then so long as the end A is in contact with the floor, 

2^ = ^|-(i — cos = ~ sin0 'Oi . . , . (i) 

w'here / is the length of the rod. 

Now as there are no horizontal forces on the rod, and there was no 
initial horizontal motion, the centre of mass G moves in a vertical line. 
If M is the mass of the rod, the moment of inertia about G is 
Consequently the energy equation is 

xMz/ 2 4. — cos 5 ) ... (2) 

the right-hand side being the work done by the weight as the centre 

of mass falls from a height - to a height - cos 

2 2 

Using (i), equation (2) gives 

(3 srn^O + i)/“a)2 = i2^/(t — cos 6 ) . . (3) 

Now we can find R by using the equation for rotational motion. 
Thus • 

= - sin 0 • R • . • . 

dt 2 

Now, by a familiar transformation, 
doj doj 



• • (4) 
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Butfiom(3') M ^ L" . . (oj 


1+3 &iri2 B 


cos^ Q 


Therefore = 12^/ “ 3 co£^' 

/ 3'0 ^ (4 -3 CO " 0)2 

Equation (4) now gives 

j. - 6 cos 0 + 3 cos - 6 


(7J 


_ 4 — 6 cos 0 + 3 COs2 d 

^ (^-3cos2 6?;2 ( S ) 

W being the weight of the rod. 

We have assumed throughout that the end A will always remain in 
contact with the floor. We can now test whether this assumption is 
correct or not. If the expression for E. in (8) becomes negative before 

77 

0 = then the end A will rise ofif the floor because the floor cannot 
2 

exert a pull, which is what is meant by r ncgativ:* value of R. But 
the numerator of the fraction on the -i' le of (8) cannot be 

negative for any value of cos 0, This numerator can be wTitten 

3(1 — cos 0j2 4- I 
which is clearly always positive. 

At the beginning of the motion, when 0 = o, we find R ~ W. In 
the horizontal position just before B strikes the floor R = ^W. 

426. A sphere or cylinder roils 
unthoiit sliding hi a vadical plane 
inside a rough fixed horizontal cylinder. 

To find the velocity at any point and 
also the normal pressure and the 
friction. 

Let a be the radius of the fixed 
cylinder, b the radius of the roiling 
body. A is the lowest point of the 
fixed cylinder, A! the point of the 
rolling cylinder which w’as in contact 
with A. 

The angle which the rolling body 
has turned through from the equili- 
brium position is the angle of inclina- 
tion of CA! to the vertical, because CA' was vertical in the equilibrium 
position. This angle is (96 — 0). Now, on account of the rolling 
motion, 

tiB ^ b(j> 



Hence 


• • (1; 
. . (-’) 
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The angular velocity of the rolling body is thus 

d . a — h dR 

• • • • (3) 


d ,, a-bdd 


b dt 


The centre of mass C of the rolling body describes a circle of 
radius {a ^ b). Hence its linear velocity is 




• • • 


(4) 


The only force which does any work on the rolling body is its 
freight, for the point Q at which the other forces arc applud is at rest. 

If k is the radius of gyration of the rolling body about the axis 
through C perpendicular to the plane of motion, the energy equation is 

i]VI^2 -j. — ~~M.g{a — b){i — cos 0) + a constant (5) 

M 

On dividing by ~ and substituting for v and o), this gives 

Now let R and F denote the normal pressure and the friction. 
Then resolving along the line CO for the motion of centre of mass 


— ^)(^} ^ “ Mlfcos 9 • • • 


( 7 ) 


Therefore R = M^^'cos 6 + M(a - ^)(^)* 




MK 


b^ 


= cos e + cos e + 

. . ( 8 ) 




a h 


We can find F either from the equation for rotational motion or 
from the eqiiation of motion of the centre of mass perpendicular to CO. 
We shall use this second equation. Thus 


d^Q 

M(a — b)-^ = F — M^sin 6 


(9) 


That is 


,d^e 


F = M.{a — b)-^ -f- M^sin 0 . . . (10) 


On differentiating both sides of (6) with respect to t, we get 

dt 


f ..^dd cFd b^+k^ ^ zx • 

3(a-^)2_._ . (Il) 


Hence 


= ■<« 


^2 


^2 + ^ 2 ^ 


10 . 


F = sin 6 




b^ + k^ ' 


(12} 

(13) 


Therefore 
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With this value of K 


The constant K in (6) and (S) depends on the initial conditions. 
tS 

If n is the value of when ^ is a right angle, then i 6 ) s>a.*v.s that 

-i- 

(14) 

^ /,2 COS 0 -f — h ] . ( 15 ) 

If there w’ere some arrangement to prevent slij»ping so iong a& the 
'oiling body is in contact with the cylinder, then the condition necessary 
fo ensure that the body should roll completely round the fixed cyliridcr 
is that R should always be positive. Now E. has its least value when 
6 = 'JT, and if R is positive in this position, then it will be positive in 
all positions. Thus the body wdil make complete revolutions provided. 




(16) 


But if no arrangement exists for preventing slipping, then slipping 
will occur when the expression for F given by (13) is greater than the 
expression for R niU tipliec by the coefficient ot friction fi. That is, 
the purely rolling motion breaks down at the point where 

^2 

-(I . . . (17) 


,rcos 




Suppose we take the value of ft given by making the two sides of 
(16) equal. Then the point at which sliding begins is given by 




sin B 


or 


3/^2 4- ^2 I 4- cos Q r' • • ^ 

tan ~ = for a sphere I 

= 7/x for a cylinder) 


• (18) 


(19) 


427 . A sphere of raEus a, 'ivlwse centre of ffiass is at a distance b frem 
its Ctfitre, rolls wDhoi/f sdding down an ineUfied plane, the inctlcn hirg 
-tick that the centre of mass moves in 
one vertical puDze. To find the angular 
velocity after the body has turned through 
an angle 6 , ass?zmz?zg that it started from 
rest with its centre of mass at its minimum 
distance from the plane. 

At the beginning of the motion B 
was in contact wdth A. The point of 
contact, I, at any instant, is the instan- 
taneous .ctaxtre of rotation. If co is the angular velocity of the sphere, 
the linear vehjcity of G, the centre of mass, is therefore IG . to. 
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But IG 2 = IC 2 4 - CG 2 - 2 IC . CG cos 6 


= rt'2 + ^2 «« 2ab cos 6 (i) 

If k is the radius of gyration about an axis through G perpendicular 
to the plane of motion, the whole kinetic energy of the body is 

4. ^2 _ 2ab cos 4- ... (2) 

In the position shown in the figure G is higher than I by an 
amount 

a cos a — b cos (0 + a) (3) 

At the beginning of the motion, when B was in contact with A, G was 
higher than I by 

lA sin a + cos a = ^70 sin a + — b) cos a . (4) 

Hence the work done by the weight while the body falls to its present 
position is 

sin a — cos a + b cos (6 + a)} • • . (5) 

The energy equation is therefore 
4. ^2 _ 2ah cos B + 

= sin a — <5 cos a + ^ cos (^ -|- a)} (6) 

The kinetic energy can never be negative, and consequently the 
right-hand side of (6) can never be negative. In order, therefore, that 
the body should make complete revolutions, the right-hand side of (6) 
must be positive for all positive values of B ; that is, the minimum 
value of the right-hand side must be positive. It is clear that the 
sphere will not make a whole revolution except for particular values of 
a, and a. For example, if a is zero, it will not move at all, and if a is 
very small, the body will make very small oscillations. 

Suppose that a = 20° and b = 1^7. We wdll find whether the sphere 
started in the w^ay we have supposed will make complete revolutions. 

Let y = aB svci a b cos a 4- ^ cos (0 -f- a) 

= b{2B sin a - cos a + cos {B -f a)} . , . (7) 
When y is a minimum 
dy 

= l>{2 sin a - sin (0 + a) ] = o . „ . . (8) 


and 




— ^ cos (0 -f- a) = a positive quantity 


( 9 ) 


Equation (8) gives 

sin (B + a) = 2 sin 20° = 0*6840 .... (10) 

The smallest root of this which makes cos {B -f a) negative is 

T “S 6° 

g 4- a = — 77 radians .... (ii) 
1 00 
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The minimum value of y is therefore 

^{4*078 sin 20° — cos 20° 4- cos 136® 5oi'} = —0*275^ (13) 

Thus y becomes negative before the body has turned through two 
right angles. Consequently and therefore a>, becomes zero before 
the body has turned through two right angles. The body will not roil 
down the plane, but will oscillate through an angle less than 116® 50^'. 
In order to find the exact angle at which the body comes to rest, it is 
necessary to find the value of 6 which makes y zero. Tor this particular 

case 6 is about That is, the body comes to rest after it has 

loO 

turned through about 50°. 

428 . A tmck runs on six equal wheels each of mass m and radius a. 
M is the mass of the truck and wheels together, k the radius of gyration 
of a wheel about its axis. To fold the acceleration of the truck down an 
hicline at an angle a to the horizojitcd, neglecting the loss of e?iergy by friction 
at the bearings. 

Let be the velocity of the truck at any instant, co the angular 
velocity of a wheel. Then the kinetic energy of each wheel is 


The kinetic energy of the body of the truck is 

i(M — (2) 


When the truck has run a distance x from rest down the plane the 
energy equation gives 

J(M — ^m)v^ + sin a . (3) 

Since aoi — v this gives 

== yigx sin a • • r • (4) 


Differentiating this with respect to x 


4 - sin a . 


But 


dv 


dv dv , , . 

v~r = "t; = the acceleration 
dx dt 


* ( 5 ) 


Hence the acceleration down the plane is 


dv 

dt 


sin g 

M 4 - 


( 6 ) 


m A reel of cotton of mass M is f laced on a rough inclined plane 
with its axis horizontal. The cotton unwinds from the upper side of the 
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reel and ni?is parallel to the plane 
passes. The free e7id is attached to 



of gravity of the reel is x sin a. 
by the weights of the reel and the 


to a small lig;kt pulley over which it 
7 mass m, which falls vertically. To 
find the acceleration of the reel up 
the plane, assimiing that it does not 
slip o?i the phvte. 

Let a be the radius of tne rims 
of the reel, b the radius of the 
cylinder from which the cotton 
unwinds, k the radius of gyration 
of the reel. Let x be the distance 
which the reel has moved up the 
plane from rest, z the correspond- 
ing drop of 70, and 6 the angle 
through which the reel has turned. 

Let V denote the velocity of 

the reel. 

The vertical rise of the centre 
Hence the work done on the system 
mass m is 


sin a . .,,,••(!) 


The energy equation is 

/ d& ^ /dz\^ 

4. j 4. = m^z - M.c.v- sin a . (2) 


Now the length of string that has passed over the pulley is x on 
account of the displacement of G and bd on account of the lotation. 
Hence 

2: = .r + = .t: + , (3) 

and therefore J +^)S = (^ + ■ ' * ’ ” ^ 4 ) 

dd 1 dz . 

The energy equation becomes, on expressing and — m terms of v, 


^Mz/2 4 4 I 4 t ) ^.2 = 1 + ^) - M sin a| (s) 


^ ?7i[a -j- sin a | 

4 ^ 2 ) 4 4 i .)2 • • 

The acceleration of the reel up the plane is 

dv_d ^ a\:[77i{a + b) — l\l^ sin a} 

It ~ + 77.ia~ +* b)^ 


(6; 


( 7 ) 
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The expression for is negative if 

sin a > m{a + (8) 

In this case the reel will roll down the jjlane and pull the mass m 
upwards. 

430 . To show that when a bod}\ snch as a railway carriage^ enters 
upon a curved path after travelling in a straight line^ its velocity decreases 
if no forces act on it except the pf^essnre of the rails ^ asstinim^ the body 
remains straight 

Suppose the curved path is a portion of a circle of radius r having 
the straight path as tangent. Let V(^ be the velocity on the straight 
path, V the velocity on the curved path. 

The reactions of the rails do no work on the carriage. Conse- 
quently the kinetic remains unaltered on entering the curve. If k is 
the radius of gyration of the carriage about the vertical axis through its 
centre of mass, and co the angular velocity, the equivalence of the 


kinetic energies gives 

jMz'S 4. { i ) 

But clearly roy^v (2) 

tpL 

Hence from (i) and (2) z= , . , , , ^ , (3) 


or 


= 




( 4 ) 


If the curved path is not a circle we need only replace r by the 
radius of curvature of the curve at the point where the carri^e is at the 
instant considered. 

For any curves on a railway line is large compared with and 
consequently there is no appreciable alteration in the velocity. 

431 . By the method of Arts. 419 and 420, the principle of energy 
can easily be extended to motion in three dimensions. It can be 
proved that the kinetic energy of a body moving in any manner what- 
ever is equal to the work done on the body since it was at rest. 

When a nut moves along a bolt, or a bullet along the barrel of a 
rifled gun, the body has a rotation about the line along which the centre 
of gravity moves. " If z/ is the velocity of translation along the axis, and 
cu the angular velocity, then the square of the resultant velocity of a 
particle at distance r from the axis is Hence the total 

kinetic energy of the body is 

- 1 - r2m2) « 4 ^1^,2 , . . . (i) 

where I is the moment of inertia about the axis of rotation. 

If p is the pitch of the screw along which the body moves, then 
since the body moves forward a distance p while it turns through zzr 
radians 
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Hence the kinetic energy can be written 

+ .... ( 3 ) 


If a nut slides down a vertical bolt under its own weight, its kinetic 
energy when it has fallen a distance assuming that friction is 
negligible, is given by 

= ( 4 ) 

dx 

where 7; = — • On differentiating both sides with respect to x^ we get 

(s) 

which shows that the acceleration is constant and equal to 






g 


1 4- 




. ( 6 ) 


k being the radius of gyration about the axis of rotation. 

AVe will work one more example on motion in three dimensions. 

A solid cone is placed with a li?ie in contact with a honzo?ifal 

line on a rough mclined plane> .rc that no sliding takes place^ to 

find the angular velocity when the line of contact is a Ime of greatest slope. 

Let r and h be the radius of the base and the height of the cone, 
M its mass, I its moment of inertia about a generating line of the cone. 
Let 2 a be the vertical angle of the cone. 

The moment of inertia of the cone about its axis is, by Art. 203, 
Ex. 3^, 

(7) 


and about an axis through its vertex perpendicular to this, its moment 
of inertia is, by Art. 207; Ex. 2, 

+ ( 8 ) 

Hence, by Art. 209, the moment of inertia I is 


I = ^Mr 2 cos 2 a + fM (/^2 + ir^) sinS a ... (9) 

If (o is the angular velocity required, the kinetic energy is JIco^, since 
the generator in contact with the plane is the instantaneous axis of 
rotation. 

Now as the cone rolls about on the plane keeping its vertex fixed, its 
centre of gravity describes a circle in a plane parallel to the inclined 
plane, and the radius of this circle is f// cos a. In the initial position 
the radius which passes through the centre of gravity is horizontal, and 
in the final position it makes the same angle with the horizontal as the 
inclined plane itself makes. If ^ is the inclination of the plane, it 
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MOTION OF A RIGID BODY ABOUT A FIXED AXIS 
AND SAFALL OSCILLATIONS OF A RIGID BODY 


432 . Motion about a Fixed Axis. — The problem of motion about a 
fixed axis can be solved by using the equations of motion given in Art* 
406. But if we use these equations we shall have 
to eliminate the two unknown components of the 
reaction of the axis on the body. If, however, 
these forces are not required, it is much easier to 
find the motion by the method given here. 

Let CO denote the angular velocity. Let r be 
the distance from the axis of any particle m of the 
rigid body. The momentum of this particle is 
Therefore its moment of momentum is w;‘-co. Now 
by Art 348 
d 

= moment, about fixed axis, 

of all forces acting on ?/i . (r) 



But since r is independent of the time the left-hand side of this 
equation is 



(^) 


and is the same for every particle of the body. 

By summing both sides of such equations as (i) for every particle 
of the body, we get 


= sum of moments about the axis of all the 
“ forces acting on the particles . . . 


(3) 


Now the right-hand side of (i) contains the moments of the actions 
on m of the neighbouring particles. But the terms corresponding to 
these mutual actions will destroy each other in the sum because action 
and reaction occur in the sum, and the.se have equal but opposite 
moments about any point. Consequently the right-hand side of (3) is 
merely the* moment about the fixed axis of the external forces on the 
rigid body. 
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Now if AG = A and k is the radius of gyration of the body about 
the axis through the centre of mass G parallel to the fixed axis, ther^ 

Zmr^ = + m /^2 , . . , . ( 4 ^ 

by Art 205, 

Hence equation (3) becomes 

+ = N (5) 


where N denotes the moment of the external forces about the fixed 
axis, this moment being considered positive when it increases a>. 

If a plane fixed in the body and containing the axis, say the plane 
through G, makes an angle d with a plane fixed in space and also 
containing the axis, then 


dcx) do 


( 6 ) 


and therefore 




. (7) 


becomes 


M(k^ + = N 


( 8 ) 


Equation (3) above has exactly the same form as equation (3) of 
Alt. 406, since is the moment of inertia about the fixed axis. In 
this case, however, moments are taken about a fixed axis, whereas in 
Art. 406 moments were taken about an axis through the centre of 
mass. 

433. Motion of a Rigid Body under Gravity about a Fixed 
Horizontal Axis. — Let A be the fixed axis, G the centre of gravity, d 
the angle which AG makes with the vertical as shown in Fig. r88. 
Let AG = h. The only force which has a moment about A is the 
weight M^. Hence the equation of motion is 

M(^2 4 -^ 2 )^ = sin ^ 


or 




— ^ sin B 


• . (2) 


Now the equation of motion of a particle at the end of a string of 
length / is, by Art. 330, 

^^2 = ^ (3) 

Equations (2) and (3) will be identical if 


+ JR- 
h 


= / 


(4) 


Consequently, if 6 and are the same for the rigid body and the 
string of length I given by (4), then since their angular accelerations are 
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always equal, they will always move in unison. If one of them is 
making small oscillations in a period r, the other will be making small 
oscillations in the same period ; if one is making corrp^et-e revolutions 
the other will be making complete revolutions; rl-” IZ: and the 
pendulum-string will always make the same angle with the vertical. 

Since the period of a small oscillation of a simple pendulum is 
approximately 


it follows that the period of a small oscillation of the rigid body will 
be approximately 

( 6 ) 

It should be borne in mind that, although these expressions for the 
periods of oscillation are only approximate the error is the same in 
both if the angular amplitudes are the same. Even for large amplitudes, 
when the preceding expressions are considerably in error^ the actual 
periods of oscillation are the same for the same amplitudes. 

doy d^d . * y v 

Writing w for ^ and integrating (2), we get 

, 4- ^2 « . ^ 


-0)2 sss£ cos ^ -h C 


This could have been written down immediately from the energy 
principle. 

Suppose Cl) = 0)0 when fl = o. Then 

4 - 7/2 

C <8) 


Therefore, by subtracting this from (7) 

7.2 J_ 7/2 

In the highest position, when 6 = n, 

-- 0)0- ^2 


— 1 — COS 0} * 


If this expression for is negative the interpretation is that the 
body cannot reach the highest position. Consecuerniy, the condition 
that the body should make complete revolutions is that 

The component actions of the axis on the body along and perpendicular 
to CtA can be found by the method of Art. 417. 

434. Gompound Pendulum. — A rigid body mounted on a horizontal 
axis and making small oscillations under gravity is called a compound 
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pmdnbuu. It was shown in the last article that it oscillates in the same 
time as a simple pendulum of length /, where 


4- h- 

h 




The length I is called the length of the simple equivalent pcndiihinu 
A better name would be the length of the equivalent simple pendulum^ but 
the other name has become established. 

Since k is the radius of gyration about the axis through the centre 
of mass parallel to the fixed axis, it follows that k is the same for all 
axes which have the same direction in the body. Consequently, / is 
the same for all axes lying on the surface of a cylinder having a line 
through the centre of mass as axis of symmetry. That 
is, if the body be allowed to oscillate in turn about a 
number of parallel axes in the body the time of oscillation 
will be the same about all the axes at the same distance 
from the centre of mass. 

435. Centres of Suspension and Oscillation. — If, in 
a compound pendulum, the perpendicular GA on the axis 
of suspension be produced backwards to B so that 



Fig. 189. 


AB = /: 


'' h 


(0 


then A and B are called the centres of suspension and oscillation 
respectively. 

Now suppose I is given as well as and we want to find 
From (i) 

m^hlA-k^^o (2) 

This equation shows that there aie two values of h for which the 
time of oscillation is the same. Let and be these values. Then 

+ (3) 

hfi^^ = * • • • • ( 4 ) 


If AG IS h- 
length of BG, from (4), is 


I then BG is //g, as equations (3) and (i) show. 


= 'T 


The 

(s) 


From the symmetry of the relations (3) and (4), it follows that the 
centres of suspension and oscillation are interchangeable. If the body 
were suspended from an axis through B parallel to the one through A, 
the body would therefore oscillate in the same time. 

The centre of oscillation of a compound pendulum will have exactly 
.*he same motion as the bob of the equivalent simple pendulum pro- 
vided they are both started in the same way. 

For different axes of suspension parallel to a given axis through the 
centre of mass there is a minimum value of /, and therefore tp minimum 
value of the period of oscillation. This minimum value of I is found 
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by varying h in (i) and keei*ing k constant. We may use the calculus 
to get the minimum or the following algebraical method ; — 


,2 2 

+ j - ''0 + 4 '^'^ • • • ■ 


For variations in /- obviously has its least value when n = k. for 
then the variable part of has its least value, which is zero. Hence the 
minimum value of / is 2k, When / has this value and //2 are equal. 

436 . The Method of finding^ by a Pendulum. — A veiy fair value of 
g can be obtained by observations on a pendulum formed by a heavy 
metal bob with a diameter of about half an inch at the end of a piece 
of thread about four feet long. This may be regarded as a simple 
pendulum. But it is not a theoretical simple penrlr.lum, for all its mass 
is not concentrated at one point. The ideal shnp'.j is not 

realisable, and even in the best approach to it the mass of the string is 
not zero, and we do not know exactly where the centre of mass of the 
bob is. To avoid all these difficulties when an accurate value of ^is 
wanted, it is found best to use a heavy rigid body as a pendulum and 
find two points A and B on opposite sides of the centre of gravity (and 
such that AG and BG are not equal) about each of w^hich the body 
makes a complete oscillation in the same given period of time — usually 
about two seconds. Then the distance AB is measured and the value 

of g is given by the equation 

/AB , ^ 

-j w 

477^ . AB . V 

or ^ — (2) 

This was the method used by Captain Kater about 1818 to determine g 
at London and other places in England. 

437. Time of Oscillation of Certain Bodies. 

Example i . — Assuming that a sphere at the end of a string oscillates 
as if it were rigidly attached to the axis, to find the ti?ne of oscillation^ 

Let a be the radius of the sphere and h the distance from the point 
of suspension to the centre of the sphere. Then the length of the 
equivalent simple pendulum is 


The time of oscillation is therefore 

r=2’n^ — 7 ^ = + 5 ^) 

nearly, provided a is small compared with 
Suppose // = 50 inches, a = ^ inch. Then 

■ ■ * 
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The error in regarding the system as a simple pendulum is thus only 
of the whole time of oscillation. 


5 X lo^ 

Example 2. — Time of os cilIatio 7 i of a solid cylmdrical rod of length b 
and radius r about an axis pe 7 fc 7 idictdar to its axis of symmetry a7td 
at a di dance c from its centre of mass. 

The moment of inertia about the axis through the centre of mass 
parallel to the fixed axis is, by Art 207, Ex. i. 


m(— + -) 

\I2 4/ 

he length of the equivalent simple pendulum is, therefore, 

4“ 3^^ 


/= ^ 

The time of oscillation is thus 




/ 12c 

^27T^ - 




(4) 


(s) 


( 6 ) 


The minimum time of oscillation for all axes parallel to the given 
vixis is 


4/^2 + 3^2 


(7) 


since the minimum value of / is 2k, 

For a thin rod r may usually be neglected. 

The minimum time of oscillation of a yard-stick whose diameter is 
half an inch is 


/ 


/ 

■=27T^ 


9 + 


482 


3x32*2 


^= 1*45730 secs. 


( 8 ) 


If r be neglected this result will be diminished by only 5 in the last 
place. 

Example 3, — A thin u 7 iiform rod of length b is suspended by two light 

strbigs each of kfigth b, which join the ends to the same fixed point 

To find the periods of oscillation of the rod in the plane containing the 
strings and perptfidiadar to this plane. 

The distance of the point of suspension from the centre of mass of 
the rod is 2^. For motion in the plane of the strings the axis is per- 
pendicular to the rod, and consequently The length of the 

equivalent simple pendulum is, therefore, 


/«. ifL 1 lA — JLA 

/ — -t- , 


(i) 
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The time of oscillation is 

^ = 

When the rod swings perpendicular to the plane of the strings, since 
the thickness is negligible, ^ o because the axis for k is along tae 
rod. In this case, therefore, 

(3; 


and 


= 277 ,-^ 


438. Axes in a Rigid Body which may be regarded as Fixed Axes 
in taking Moments. 

If o) is the angular velocity of a rigid body, I the moment of 
inertia about any axis of the body perpendicular to the plane of motion, 
N the moment of the forces about the same axis, we have already found 
that an equation of the form 


do> 




is true in two cases, namely, when the axis is fixed in space, and when 
the axis passes through the centre of 
mass. We shall now examine whether 
this equation is true for any other axes 
in the body. 

Let OX and OY be a pair of axes 
fixed in space in a plane parallel to the 
motion. Let C represent an axis fixed 
in the body and perpendicular to the 
plane XOY, Let P be the position of 
any particle m of the body. Let the 
co-ordinates of C be 77, and let CP = r. 

Then the co-ordinates of P are 


x=^i + rcose ^ 
y — 7 ] -{-f sin 6 S “ 



Fig, 190. 


We shall write a and j 3 for the accelerations of C parallel to the 
fixed axes. That is 


a = 




/3 




(3) 


If N is the moment about O of the external forces on the body we 
know that 


w 


for this equation is obtained by summing such equations as (7) of 
Art. 348 for every particle. 

Q 
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Now 


do) 


r sm d-r. 
dt 


■ ^\ 
+ 


is) 


* (^ + /• cos 0)^r cos S 

= (I + ^ cos B'{r cos — r sin <> . 0)2 + . . (6) 

Now the origin O may be taken at any fixed point we choose. Let 
it be taken, then, at the instantaneous position of C. In this case 

i = o,'n = o ( 7 ) 

Therefore, since a and j3 remain unaffected, 

cos2 0 ^ _ ^2 sin 0 cos 9 . r cos 0 . ^ . (8) 

Similarly 

s!n2 9 ^~ - sin 9 cos 0 . + r sin 6 . a (9) 

r-r d^y d^x <fi^ I no * o f \ 

Hence x^ - y-^ = + r cos ^ ^ - r sm 0 . a . . ( 10 ) 


Thus equation (4) becomes 

2 m(r^^ -f- r cos 0 . j8 — 3^ sin = N . . . (ti) 
or, if I denotes the moment of inertia about C, 

+ pSmr cos 6 — aSrnr sin 0 = N • . . (12) 
This equation will be of the same form as (i) provided 


pDmr cos 0 — aUmr sin ^ == o . . . . (13) 

Let X and y be the co-ordinates of the centre of mass referred to 
the axes through C. Then 

Smr cos 6 s=^M (14) 

Sptrsind ssiyM (15) 

The condition (13) can therefore be written 

fix — ay (16) 


If C is itself the centre of mass of the body then x and y are eacli 
zero, and therefore equation (i) cs true. This verifies our previous 
work. 

In general, if 



equation (i) is true for the axis through C. Now if (17) is true, the 
acceleration of C is in the line joining C to the centre of mass. It 
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follows, then, that we may lakv.- moments about anj j-ulnt moving willi a 
rigid body as if it were a fixed point, pro%ddv.d the acceleration of this 
point is along the line joining it to the centre of mass. 

439. The point of contact of a solid of revolution, such as a 
sphere or cylinder, rolling without slipping on a fixed surface, may 
be regarded as a fixed point in taking moments. 

To prove this it is only necessary to shov/ that the acceleration of 
this point of contact is along the line Joining it to the centre cf mass. 

Let CO be the angular velocity and a the radius of the solid. The 
point of contact is the instantaneous centre of rotation, and therefore 
the velocity of the centre of mass is c/co. The component acceleration 
of the centre of mass in its direction of motion is tlius 


doi 

iX — 

dt 


(X) 


It has another component perpendicular to this whose magnitude 
we do not need. 

Now the acceleration of the instantaneous centre is its acceleration 
relative to G together with the acceleration of G. But relative to G 
the body is rotating with an angular velocity to. Consequently the 
instantaneous centre has a relative acceleration 


d(o 
^ df 


(2) 


in the direction opposite to (ij, and ato^ perpendicular to this. Hence 
the true acceleration of the instantaneous centre has no component 
perpendicular to the line joining it to G, 

Its resultant acceleration is therefore along 
this line. Thus the theorem is proved. 

440. A sphere rolls on the outer surface 
of a rouiJt^h fixed sphere. If the rolling sphere 
started from the highest position with a very 
small velocity^ to find the sidnequenf viotion 
Let a and b denote the radii of the 
rolling and fixed spheres. A is the highest 
point of the fixed sphere, B the point of 
the rolling sphere wmich was originally in 
contact with A ; C is the instantaneous 
centre of rotation of the rolling sphere. 

Lei <0 be the angular velocity of the rolling 
sphere. By the last article we may take^ 
moments about C as long as there is no slipping, 
mass and k the radius of gyration about an axis through G, we get, on 
taking moments, 

4. = Mgi sin 6 . . * 

be = a(f} 



If M denotes the 


Now 


(1) 

(2) 
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Hence the angle turned through by the rolling body is 

d + <t> = d{t + (3) 

Therefore ( 4 ) 

Equations (i) and (4) give 

+ . ( 5 ) 

Now. since 4 ^^ = ‘ ‘ • (6) 

we find on integrating (s) with respect to 0, 

cos 0 + c . . (7) 

Now the veiccily at the highest position is supposed to be small 
enough to be negligible. We are supposing the body to have been 
disturbed from the position of unstable equilibrium. Taking the 
velocity to be zero when 6 was zero, (7) gives 


0 = - 4- C 

Subti-acting this from (7) 

. . (8) 


i(^ + - cos 6 ) 



0 

ag^, 2 sin^- . . 

- . (9) 

Hence 

dd / g . e 

dt - '®V {a 4- t)}(a2 + 2 



. 0 

= 2« sin - 

2 

. .(10) 

where 

” “ '"n / (a 4 - b\a^ 4- .^2) - V 7(a + b) * 

. . (ii) 

for a sphen 

3, since I^ = 


Therefore 

I J 

dt I I 4 sec 2 - 

*^0“— ^=— 0 — • 

2 Sin - 4 sin - cos - tan - 

2 4 4 4 

. . (12) 

Hence 

0 

«/+ a constant = log tan- . , . 

* 4 

• - (13) 

or 

tan^ =: 

4 

• • (14) 
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If attempt to make 9 zero when t is zero, we shall find that A is 
zero. This is a consequence of assuming the velocity zero at the 
highest position. It tells us, in fact, that a body cannot leave a 
position of equilibrium, even if it is unstable, unless it has some 
velocity. Yet although the body could not have acquired the velocity 
given by equation ( i o) by falling from the highest position, it could 
nevertheless be started from any other position with tl3e velocity which 
it would have in that position according to our equations. Then our 
results would be absolutely correct for the subsequent motion. Suppose 
that / = o when 0 = a. Then adjusting the constant in (14) to give 
this condition we find 


9 . a 

tan tan - 

4 4 


(IS) 


If R and F are the normal force and the friction acting on the 
rolling body, w’e find, on resolving along and perpendicular to OG for 
the motion of the centre of mass, 

R = cos d - M(fl + ^)(^ f 


and 


s=s cos 9 — 


»(i — cos (/) 




+ cos e - 232} . , , . (i^) 


d^d 


F = sin 6 - M(a + 


■ e. 


(t7) 


If there is no possibility of slipping, the rolling sphere will leave the 
fixed one at the poirr -/here R becomes zero, that is, where 


cos 0 = 


2a^ 2a^ 

332 + >62 - 332 + |«-2 


— = 0-5882 


(18) 


But if there is no arrangement to prevent slipping, the moving sphere 

F . 

will begin to slide at the point where ^ is equal to the coefficient of 
friction. Suppose /x = 0*4. Then slipping will occur where 
(o*4)('^a2 cos 0 — za-) = sin 9 


or 17 cos 0 — 10 = 5 sin 0 . . - . . . (19) 

The solution of this is cos 0 = 0*77 43 (20) 


On comparing this with the result of (18) it is evident that slipping 
begins before the point given by (18). In the second case the sphere 
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rolls as far as the point given by (20), then rolls and slides some distance 
further and finally leaves the fixed sphere. When sliding occurs there 
is less friction than there would be for pure rolling. Consequently the 
centre of mass will move a little faster than in the case of rolling 
without sliding, and therefore the rolling sphere will leave the fixed 
sphere somewhere between the points given by (x8) and (20) and very 
much nearer the former position. The values of B given by (t8) and 
(20) are 53° 58' and 39° 16'. 

The point of separation can be found with as much accuracy as we 
desire by solving the equations of motion of the centre of mass with 
the condition that F = /tR from the point at which slipping begins. 
But as the work is laborious we shall omit it. 


It should be noticed that all the equations as far as (18) are true 
only while there is no slipping. 

441. Small Oscillations with One Degree of Freedom. — If a body 
is slightly displaced from a position of stable equilibrium, the forces 
brought into play are such as will bring it back to the equilibrium 
position. But if no frictional resistances act, the body will not be at 
rest when it arrives in the equilibrium position. The restoring forces 
will have done work on the body, and this 'work will appear as kinetic 
energy in the body. The body will therefore have a velocity which 
will carry it beyond the equilibrium position till the restoring forces 
(which always act towards the equilibrium position) have brought it to 
rest again. Then the body will fall back through the equilibrium 
position to its original starting-point, and so on for ever. Thus if no 
energy is destroyed by frictional forces, nor carried away by such 
things as air-waves, a body will oscillate about a position of stable 
equilibrium for ever. 

If the body has only one degree of freedom, or if the motion is 
started in such a way that one co-ordinate fixes its position at any 
instant, the equations of motion will, in nearly every case, lead to an 
equation of the form 


where is a co-ordinate which fixes the position of the body. This is 
exactly the same type of equation as we have already had for small 
oscillations of a particle as well as for the compound pendulum. 

442. A small body is suspended by a straight cylindrical wire with its 
centre of mass in the axis of the wire. The body is turned through an 
angle j 3 about ike axis of the wire and then let go ; to fitid the motion and 
ike tmie of a small oscillation. 

Let B be the angle through which the body is turned from the 
equilibrium position at any instant, c^B the couple exerted by the wire 
when its lower end is turned through B. Let I be the moment of 
inertia of the body about the axis of the wire. 

The equation for the rotational motion is 



(X) 
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The solution of this is 

a = A sin -f- B cos - 7 -/ . , . • 

V i V i 

From the way in which the body was started 
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dt ^ 1 when / = 0 . • . 

0 = j8j 

• * • (3) 

The first of these conditions gives 


and the second gives 

A — 0 • • > • • . 1 

. • . ( 4 / 

B = i3 

■ ■ • (s> 

Hence 

6 = jS cos ~ i .... 

V i 

... (6) 

The period of a complete oscillation is 



T ^ 277 • . » • • 

C 

• . . (7) 


If a is the radius and / the length of the wire, it is shown in Art, 22 ^ 
that the couple required to twist the wire through B ladians is 


miB 


foot-lbs. = B foot-pounda!s 


Hence = 

From ( 7 ) and ( 9 ) we get = 
Whence n = 


'Ttnga'^ 

2 / 

877/1 

nga^ 

Stt/I 


• . (S) 

• • (9) 

• • (10) 


lbs. per square foot . • (u) 


This gives the modulus of rigidity of the 
material of the wire, since all the quantities in 
the expression for n can be measured or observed, 

443. A circular hoop of radius a aud mass !M 
hangs fro7n a ceilifig by thf'ce strings each of length 1. 
7 he hoop is twisted through a small a?igle j3 about 
its axis arid then let go ; to find the motion and 
period of oscillation. 

Let 0 be the angle which the strings make 
with the vertical / seconds after the start. Let 
^ be the angle through which the hoop is dis- 
placed from the equilibrium position. T is the 
tension in one of the strings, S the sum of the 
three tensions. If the three points at which 
the strings are attached to the hoop lie at the 
corners of an equilateral triangle, T is one-third 



Fig. 192. 
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of S, but in other cases this will not be true. The vertical displace- 
ment 0 of the centre of mass is 

02 

z cos 6) = nearly (i) 


and since 9 is always small, this is a small quantity compared with 6, 
The horizontal displacement of any particle of the hoop is nearly 
proportional to the first power of 6, and is consequently much greater 
than the vertical displacement. We may therefore neglect the vertical 
motion altogether. 

Then resolving vertically 

= S cos 0 - ]% . « o , , . (2) 

that is, o = S - nearly (3) 

Now the horizontal forces cause the horizontal motion. The only 
horizontal forces are the horizontal components of the tensions. The 
horizontal component of the tension T is T sin 6, and it acts along a 
small chord of the hoop. Its moment about the axis of the hoop is 
therefore nearly aT sin 0, or, since 0 is small, ^T0. The sum of the 
moments of the horizontal components' of the tensions is thus aSd. 
Hence the equation for rotational motion is 

= -aS6 = -aM^0 ... . (4) 


Now it is clear from the figure that 

a<f> = /0 nearly 


Consequently (4) becomes 


/ d^d 
a dt^ 


— aM^0 . 


Whence 


^ ^ 

d^^ I ’/ 


. (s) 
, ( 6 ) 


= — j0 for a hoop 


(7) 


This is exactly the same type of equation as for the motion of a 
simple pendulum of length /. The solution is 


0 = A cos 



/ + B sin 



( 8 ) 


And by the initial conditions, namely, that 




dt 


o 


when / o 


0 = cos 



. (9) 


we get 
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The period of a small oscillation is 



. (lO) 


All the work of this article as far as equation (6"‘t will apply equally 
well to any other body having its centre of mass in the vertical line 
through the centre of the circle which passes tnrough the lower ends of 
the three strings. We need only substitute the proper value of I in 
equation (6), and then the rest of the work is similar. Thus for 
a uniform circular disc, the points of sut>port being on the edge of 
the disc. 


I = ] 



If is the radius of gyration of a body in the general case 



444. Rocking Bodies. 

0/i€ b.fdy rests in equiiibrlum on the highest point of another body. 
The upper body is then rolled slightly from the equltibrium position. 
Assuming that the vertical sections of 
the two bodies containhig ail the points 
of contact arc circles^ to find the subse- 
O’' erf roU'7:g motion as long as the 
.7. *p->:cc-neht is small. 

G is the centre of mass,- and O 
the centre of the circular section of 
the rolling body; A is the highest 
point of the fixed body, B the point 
of the rolling body which was in 
contact with A in the equilibrium 
position; P is the point of contact 
when the rolling body has turned 
through & from the equilibrium posi- 
tion ; C is the centre of the section 
of the fixed body. Fio, 193. 

Let BG = h, BO = r, AC = R. 

When the vertical through G is between A and P, the perpendicular 
from P on this vertical is 

GQ sin d — PO sin ^ = (r—h) sin 9 — “ sin 6 .. (i) 

Hence the moment about P of the weight in the direction turning the 
body back towards the equilibrium position is 

[(> — //) sin 9 r aiii S’) ( 2 ) 
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Now on account of rolling 

arc AP = arc BP, 

that is, ^ . . . . - . (3) 

Therefore ^ == • . . . o . . , (4) 

Taking moments about P for the motion, we get 
d^Q 

4. /^2)_ = — M|^{(r — h) sin 0 — r sin . (5) 

where k is the radius of gyration of the rolling body about its centre 
of mass. 

Now as long as the angles 6 and are small we may replace the 
sines by the angles. Then the coefficient of — in ( 5 ) becomes 

(r - A)d - r<l> = {r - h)d - 

^ (ir+7 ~ 

The equation of motion ( 5 ) now becomes, for small displacements, 

This takes the well-known form 



dt^ P • - 

.... ( 8 ) 

provided 

R + r ^ 


that is, provided 

I I , I 

. . . . 

. • • • (9) 

The solution of ( 8 ) 

is 0 = A sin (cf+p), . . 

. • • . (10) 

and the period of oscillation is 



27 r 

r = — 

> « • . (ll) 

where 

.2 _ - <r f 

• • • • 

But if 

I I , I 

A<R + r • • • • 

• • • • (13) 

then the equation of motion (7) takes the form 




0 • • • {^4} 

the solution of which is, by Art. 337, 



e = Ct"* + . 

.... (is) 
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In the general case, when C is not zero, Q becomes large after a 
short time, and when this happens our approximate equation is no 
longer of any use. 

When the condition (9) holds, the body will oscillate about the 
equilibrium position. In this case, therefore, the equilibrium is clearly 
stable. But when the condition (13) is true, the body will leave the 
equilibrium position if it is slightly disturbed, and therefore the equi- 
librium is unstable. 

It will be easily seen, by drawing other figures and following out 
the argument again, that if the concavity of either the moving or the 
fixed body is on the opposite side from that on which w^e have taken 
it, then the sign of the corresponding radius must be reversed. Also 
if either body is plane in the neighbourhood of the point of contact, 
the corresponding radius must be taken as infinite. 

If the sections of the bodies in the plane of motion are not circles, 
It is only necessary to replace r and R by the radii of curvature of the 
sections. The errors due to taking the circles of curvature of the 
sections instead of the true curves will be small of higher 

orders than those appearing in our equations, urA :'*erefore be 
negligible. 

445. We will apply the results of the last article to a few examples 
of rocking bodies. 

Example i. — A homogeneous solid Imnisphere on a plane with its flat 
side uppermost 

If r is the radius of the hemisphere, 

R=co, = 

^ + /,2 ^ 1^2 _ (|;.)2 + ^ 11,-2 


Rr 

R + r 



r 


The equation of motion is thus 

dt^ i 3 ;- 2 ^ ^ 



(I) 


Hence the time of a small oscillation is 


r = 



• - (2) 


Example 2. — A homogeneous solid sphere of radius b hi side a fixed 
hollow sphere of radius a. 

Here h = ^ %b\ R = — r-^b. Hence the equation of 

motion is 


^20 




s. ,.f S 

1 a — i‘ 


(3) 
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Therefore 



This sphere oscillates in the same time as a pendulum of length ^(a — 
Example 3. — A plank of length 1 and of negligible thickness on a 
cylinder of radius a. The length of the plank is perpendicular tn the 
cylinder. 

Here h ^ k^ = r = 00 , R = ^25. 

R 

R+r R , 


The equation of motion is therefore 

11^ „t) 

* • - “ * • \ 5 / 

Hence the time of oscillation is 

/ /c\ 

V j2ag ^ ^ag ' ' 

Example 4. — A rigid body is fotvned by attaching two equal solid 
cylinders together by light rods clamped to their ends. The length and 
radius of each cylinder are 1 and a respectively. The axes are parallel and 
at a distance 4a apart. The rigid body thus formed is in equilibrium with 
the upper cylinder in contact with the highest point of a sphere of radius a. 
If a slight rolling disturbance perpendicular to the plane of the axes is 
given to the cylviders^ to find the time of oscillation. 

In this case h is negative, because the centre of mass of the cylinders 
is below the point of support. Thus 

/z = — r = /?, R = a. 

We have yet to find the moment of inertia of the pair of cylinders 
about the generating line of the upper cylinder, which is in contact with 
the sphere in the equilibrium position. 

Let be the mass of each cylinder. The moment of inertia 


of the upper cylinder about the generator referred to is 

+ (7) 

The moment of inertia of the other cylinder about this same line, 
which is at a distance 3^ from its axis, is 

iM{ifz2 + ( 3 ^) 2 } = . . , . . (8) 

Thus the whole moment of inertia is 

|M^2 + (9) 


The equation of motion for small oscillations is therefore 
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Hence the time for a small oscillation is 

/ 11 a . . 

= 

446. We will now work out one of two examples of oscillations of 
different types from the preceding ones. 

Example. — A vessel resting o?i a horizonM, table has a base ^i}hlch is 
part of a sphere of radius a, and the mtcrior of the vessel is part tf a con- 
centric sphere of radiiLs b. The mass of the vessel is M, and it contains a 
mass m of liquid. If the centre of mass of the vessel is at a dista?ice h 
below the centre of the spheres^ to find the thne of a small rolling oscillation 
when the vessel is slightly disturbed^ neglect^ 
ing the friction between the liquid and the 
vessel. 

We shall deduce the equation of 
motion from the energy equation. This 
is often the easiest way of arriving at the 
equation of motion when dealing with a 
body composed of several parts which 
can move relatively to one another. 

Let I' be the moment of inertia of 
the body about a tangent line through 
A. Then since P is very near A, the moment of inertia of the body 
about the instantaneous axis through P differs very little from 
Consequently, if 9 is the angle through which the vessel has been dis- 
placed from the equilibrium position, the kinetic energy of the vessel 

alone is |1 j . 

Now, since there is assumed to be no friction between the liquid 
and the vessel, the liquid cannot acquire any rotation. Neglecting the 
slight vertical motion due to the change of slope of the suiiacc, it^' dis- 

- T 9/ V 

placement at any instant is ad. Hence its kinetic energy is J • 

The work done on the system from the equilibrium position is just 
the work done by the weight of the vessel, namely, - cos 6). 

Thus the energy equation is 

- cos 0) + C . . (i) 

The constant C is the kinetic energy in the equilibrium position. 
Differentiating both sides of (i) with respect to 6, 

(I' H- ma^)^ = -M^/i sin 9 

= --Mgh 9 nearly for small oscillations (s) 

Thus the period of a small oscillation is 

1' -f 
Mgh 




T = 


( 3 ) 
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A body with a spherical base jnakes sin jll osatlations on a per- 
fectly smooth horizontal plane. The centre of mass is at a distance h 

below the centre of the sphere of which the 
base forms a part. To find the period of 
\ the oscillatio?is, 

\ Since there is no friction there is no 

0 \ horizontal acceleration of the centre of 

S. 1 mass G. 

/ Assuming, then, that G had no hori- 

zontal velocity at the beginning of the 
motion, it will never have any afterwards, 
p Thus G remains in the same vertical line 

jtjq throughout the motion. 

The vertical distance of G below 

the horizontal plane through 0 is h cos Hence the velocity of G 
downwards is 

cos Q) = —h sin 0 • ^ (i) 

If k is the radius of gyration of the body about the axis through G 
perpendicular to th e plane of motion, the kinetic energy of the body is 

+ (?) 

Since Q is always small, the second term in the kinetic energy, which 
contains the factor sin^ is very small compared with the first terra. 
We may therefore neglect this term without much error. Then the 
energy equation is 

= + wy/ cos 0 + C .... (3) 

Differentiating both sides with respect to 0 , 

d^6 

sin 0 (4) 


Therefore 




This denotes an oscillation whose period is 




The length of the equivalent simple pendulum is • 

For a solid hemisphere h = Also the square of the radius of 
gyration about a diameter of the base is the same as for a sphere, 
namely, Hence, since k is the radius of gyration about a parallel 
axis through the centre of mass, 

= = ^ . . . 


(7) 
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IMPULSES AND INITIAL MOTIONS 


448. When a large force acts on a body for a very short time the 
acceleration produced is very^laige, and consequently there may be an 
appreciable alteration in velocity during the short time that the force 
acts. Such forces occur when two bodies collide. For example, when 
a marble falls on a stone floor the marble seems to reverse its direction 
of motion suddenly, that is, in an infinitely short interval of time. But 
the interval of time during which the force acts, although short, is not 
infinitely short, for that would require the force to be infinitely large. 
Yet the time is so short that, for most calculations, it may be considered 
zero. Theoretically, for collisions, we consider the average force to be 
infinitely large and the time of action infinitely short, while their product 
is finite. This product of force and time is called an impnlse. If the 
interval is not so short that we may consider it to be infinitely short, 
the impulse is the integral of the force with respect to time. 

Suppose a particle of mass m is moving in a straight line wuth a 
velocity and a force F acts on it in the direction of motion. Then 



II 

. . . (i) 

Hence 

mu — mu^ = f Ydl. . • . 

J 0 

... (2) 


u and ?/o being the velocities when t was o and r respectively. 


The quantity 


f 

J 0 


Ydt 


is what we have called the impulse of the force F. Actually, the name 
impulse is not used except when the force is large and r small. Then 
the force F is called an impulsive force. If we write P for the impulse, 
equation ( 2 ) may be written 

mu — mu^ = P (3) 

that is, increase of momentum = impulse .... ( 4 ) 


Impulses have direction and magnitude just as forces have, and they 

are added by vector rules. ^ ^ ^ j u 

One very important principle to remember is that, in dealing with 
the effect* produced by impulses, we may neglect entirely the effect of 
finite forces during the short interval in which the impulses act. 
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449 . Impulses acting on a Rigid Body.— Suppose forces Fj, Fg, Fg, 
etc., parallel to one plane, act on a jigid body of mass M ; and let /j, 
^2, Aj perpendiculars from the centre of gravity of the body on 

the lines of action of these forces. Let u and v denote the component 
velocities of the centre of gravity parallel to a pair of rectangular axes 
OX and OY in the plane of its motion. I.el etc., be the 

angles which Fj, Fg, Fg, etc., make with OX. Then 

du 

= Fi cos + F2 cos (/>2 + Fg cos ^3 + etc. 


SF cos (f>j say • - (i) 

uf=msm<f> . (2) 


^dci) 


= i:/F 


(3) 


Now, let us suppose that the forces F^, F2, F3, etc., are very large, 
and the interval during which they act is very small. Denoting this 
interval by r and the impulse of Fi by Pj[, we get 

1 Fi cos (f}i dt = cos / Fidt = cos (f>i » . (4) 

Jo Jo 

Also f = = (s) 

Even if the force is applied at a fixx'd point in the rigid body (in 
which case/i will vary), the interval is supposed to be so short that 
has no time to alter appreciably. P'or this reason is regarded as 
constant in (5). 

Now, integrating (i), (2), and (3), with respect to /, we find 


M« — Muq = UF cos (6) 

Mv — Mvq = SF sin ^ (7) 

lo) - lojQ = 27/P (8) 


The equations express the fact that the increase in the linear 
momentum of the body, that is, in the momentum of a particle of mass 
M moving with the centre of gravity, is equal to the resultant of the 
impulses. The last equation expresses the fact that the increase in 
moment of momentum about the centre of mass is equal to the sum 
of the moments of the impulses. 

Since an impulse is the time-integral of a force, it is obvious that an 
impulse equation can be derived from any form of equation of motion 
by merely integrating with respect to time. That is. viuth 

impulses we may do all that can be done with forces, I.k.: we 

replace rate of change of momentum in an equation of motion'^by actual 
change of momentum. 
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450 . A fnr uniform rod of kngff 2a is struck by a blow whose 
tjnpulse IS P cicthi^ iti (t line perpcndiciilur to the rod ctt u disttince c 
frofn its mid-point. To find the inotion just after 
the bloWi assuming, it was at rest just before the 
blow. 

If u and o) are the velocity of the centre of o) 

mass and the angular velocity just after the blow, \ 

M« = P . . . . (t) G-j-^U 

.... (2) 

These equations give both it and to when P is ^ ^ 
given. But if the magnitude of P is not given, the ^ 

equations give the relation between 2c and co. Thus ^96* 

P .72 


it 

^ 

M 


which gives u in terms of o), or vice versa. 

Suppose the blow is struck at the end of the rod, so that c ss a, then 

u = \a(a ( 4 ) 

451 . A body of any form is attached io a fixed axis ihron^h A, and 
it receives a b/o 7 ej P in a directioft perpendiadar to the axis and making an 
angle ^ with the plarie containing the aecls and the centre of mass G. To 
find the angiilar velocity after the impulse and the action at the hinge. 

Let AG = /7, GB = = the radius of gyra- 
tion about the axis through G parallel to the fixed .X 

axis. 

Let CO be the angular velocity just after f \ 
the blow, and coq before the blow. The / a \ ^ 

velocity of the centre of mass just after the blow / \ 

is ho}. / \ 

X and Y are the components of the impulse \ ^ \ 

which the axis exerts on the body in consequence 4 ^ \ 

of the blow P. B 1 

Tor the motion of the centre of mass G \ I 

perpendicular to and along AG, p 

M/7(cu — coa) = P sin + Y • (i) 

o = P COS 9 — X . (2) 

The left-hand side of (2) is zero because the velocity of G along 
AG is zero. 

For the rotation, we get the equation 

— ojq) = cP sin ^ — hY (3) 

Equation (2) gives X in terms of P. Also, eliminating Y from (i) 
and (3), we get 

-h /^2)(co - coo) ==(e + h)P sin 4 ... (4) 

a> — coq — • ^2 ' sin 9 ..... (5) 


whence 
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Substituting for (a> — coq) in either (i) or (3), we find 

^ “ ^2 4. /i 2 * Sin ^ . • « • • . (6) 

If P sin <[> is not zero, Y will be zero only when 

ch — (y) 

that is, when the point B is the centre of oscillation for the axis A. If 
the resultant impulse P were perpendicular to AB, and B were the 
centre of oscillation, there would be no reaction between the axis and 
the body. For this reason the centre of oscillation is sometimes called 
the Centre of Pe?'Cussion corresponding to the axis A. 

Another method of arriving at the angular velocity very easily is by 
taking moments about the axis. 

The moment of the impulse about this axis is equal to the actual 
change of moment of momentum. That is 


— P(AB sin = P(/^ + c) sin ^ . (8) 


which is just the same equation as (4). 

As a particular example, suppose a uniform rod turns about a 
horizontal axis at one end perpendicular to the rod. The rod is allowed 
to fall from a position in which the free end is higher than the axis. 
When it becomes horizontal, a point very near the free end strikes a fixed 
bar. We will compare the impulses exerted by the bar and the axis. 

Let P be the impulse exerted by the fixed bar, and Y that exerted 
by the axis as in the earlier part of this article. X is clearly zero. Let 
/ denote the length of the rod. 

Here = 90°, h = |/, c » |/. Hence 


Y = 




— ? -P = l-P 


(9) 




'Q 


■ T‘5/2 + 

This result is just the same, whether the rod rebounds or not. In 
this example coq is negative, and <0 is either positive or 
zero according as the rod rebounds or not. 

452 . Two equal n?iiform rods^ AB, BC, each of length 
2a a?id mass m, hinged together at B, a?id are hi one 
straight line at rest. An impulse P is applied at C perpen-^ 
diciiiar to the line of the rods. To find the motion 
innnediately after the blow. 

Here we shall have to deal with the motion of 
each rod separately, taking into account the reaction 
between the rods at the hinge. We shall also have 
one geometrical relation between the motions of the 
rods, namely, that due to the fact that the velocity of 
B is the same when considered as a part of either rod. 

Q is the reaction between the rods as indicated in 
the figure. Let and ?/£ be the velocities, just after 
the blow, of the centres of mass of BC and AB in the direction of P j 
Itt coi and 0^2 be their angular velocities in the direction indicated in 
the figure. 




Fig. 19S. 
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(0 

( 2 ) 

(3) 

(4) 


The velocity of B considered as a pait of AE is e/n 4- and con- 
sidered as a part of BC it is Hence 

+ ^a>2 = Uy — » 

Now for the motion of AB 

mii^ = Q 

hna^cxi^ = ^?Q 

And for the motion of BC 

mux = P — Q 

\wd^o)i = -f ( 5 ) 

Immediately after the blow there is obviously no velocity parallel 
to the line of the rods, and therefore no other equations are needed. 

Now substituting in (i) the velocities given by the equations ( 2 ), 
( 3 ), ( 4 ), (S)> we get, on multiplying by 3 ?;^, 

Q + 3Q=(P-Q)“3(P + Q) * ... (6) 

whence Q=— iP (7) 

Thus Q acts in the direction opposite to that assumed in the figure. 

On substituting for Q in the equations ( 2 ) to ( 5 ) we find 

I P 




^2 4 ^ fji 

5 ^ 

• — 

^ 4 m 




JlZ 

4^ m 


. ( 8 ) 
• (9) 

. (10) 

. (II) 


It follows from these results that the two rods begin to rotate ii\ 
opposite directions, and their centres of mass begin to move in opposite 
directions. 

453. 0?ie end of a unifo7'7}i red comes in contact with a smooth hori- 
zontal floor while the centre of gravity is moving vertically downwards. 
Just before striking the floor the rod is 
rotating^ a?id is inclmed at 9 to the floor. To 
find the change of motiofi dm to the impulse^ 
assuming that the efid which strikes the floor 
does 7ioi rise again. 

Let 2/o t)e the velocity of the centre of 
gravity and coq the angular velocity of the 
rod just before striking the floor. Let u 
and o) be the values of these quantities just Fig. 199* 

after the impulse, the signs being positive 

if the directions are the same as those of and coq. Let P denote me 
impulse, 2 a the length of the rod. 

Resolving vertically we get 

7n{u — 7/q) — — P • (f) 
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Taking moments about the centre of mass 

— coq) = — Pa cos 9 . . . , , (2) 

Since the end A does not rise off the floor the vertical component 
of the velocity of A just after the impulse is zero. Now the velocity of 
A relative to the centre of mass is aco perpendicular to BA, and the 
vertical (downward) component of this is aco cos 0. Hence 

u + act) cos 0 = 0 (2) 

Substituting in (3) the values of and cd taken from (i) and (2) 

P P 

- 3-cos^e= o . . , . ( 4 ) 


Whence 
Now (i) gives 
and (3) gives 


P (2/0 4* acoQ cos 0) 

2/2 ““ 1 + 3 cos2 0 

(^Uq cos 0 — acoo) cos 0 
1+3 COs2 0 

I acoQ — 3//0 cos 0 

a * 1 + 3 cos2 0 


• • (5) 
- . ( 6 ) 

• • (7) 


Very simple reasoning tells us that, if 0 = 90° n will be zero and a> 
will remain unchanged since the floor is smooth. Equations (6) and 
(7) give these expected results, 

454. A free rigid body has a motion of translation and a rotation 
abotit an axis th'ough the centre of mass perpend ictdar to the ftiotion 0 f 
translation. An axis parallel to the axis of 7‘otati07i is suddenly brought 
to rest To find the motion hnmediately after the fixing of the axis, and 
the impulse exerted by the axis. 

Let ojq be the angular velocity of the body and Uq the velocity of 
the centre of mass just before fixing the axis. Let axes GX and GY be 

taken parallel and perpendicular to Uq, 
and let the co-ordinates of the axis which 
becomes fixed be a and b. P and Q are 
the components of the impulse exerted 
by the axis on the body. M is the mass 
of the body, the moment of inertia 
about the axis of rotation through G, 
When the axis A becomes fixed the 
body rotates about A, and therefore the 
velocity of G will be AG . co, where co is 
the angular velocity after the impulse. 

Fig. 200. While the impulsive force is acting 

at A the rate of change of moment of 
momentum of the body about A is zero. Even if some finite force 
does act on the body during this interval its effect may be neglected, 
as we pointed out in Art. 448. Consequent! y, the whole change of 
moment of momentum about A is zero while '.hu impulse acts^ 
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By Art. 405 the moment of momentum about A before the impulse is 

^M.Vo + 

and after the impulse 

AG. M . AGct) + = M(«2 -}. . , (2) 

Since there is no change of moment of momentum about .V, 

M(3«o + . . . 

^"0 + 


whence 




(3) 

(4) 


To find P and Q we resolve horizontally and vertically for the motion 
of G. The components of the velocity of G parallel to GX and GY 
are, after the impulse, hay and — aca. Hence 




Q =s — = 


^2 -f. ^2 4. ^2 


(< 5 ) 


We have deduced (3) from the constancy of the moment of momentum 
about A. Although this gives the simplest solution of the problem, it is 
not necessary to assume it. We could have obtained (3) from the 
three equations for change of motion, namely (5), (6), and the equation 
(7) below, obtained by taking moments about G. 

yik^ioi - mo) == (y) 

If we substitute in (7) the first expressions for P and Q from (5) and 
(6) we shall get equation (3). 

455 . Two equal uniform rods AB, BC, hUiged together at B, fall 
vertically as one straight rod AC without rotation and inclmed at an angle 
a with the vertical. The lower e 7 id comes 
in contact with a rough horizontal floor 
when the co 7 nmon velocity of the rods is V. 

Assuming that A.re? 7 iains at rest just a] ter 
striking the floor^ afid that the hinge is 
perpendicular to the vertical plane contain- 
ing the rods^ to fi^id the motion after the 
impnlse. 

Let 2a be the length of each rod, 
and m the mass of each. Let the 
velocity of the centre of mass of BC 
just after the impulse be u. This 
velocity is clearly perpendicular to BC. 

Let (Oi and co denote the angular 
velocities of AB and BC just after the 
impulse. The velocity of the centre of mass of AB is awi and it is 
perpendicular to AB. 

Now the change in the moment of momentum of each particle of 
the two rods about A is equal to the moment about A of the impulse on 
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the particle. Consequently the total change in the moment of mo- 
mentum of the two rods about A is equal to the sum of the moments 
about A of all the impulses on all the particles, which reduces to the 
moment of the external impulses, since the reactions between the 
particles will disappear from the sum. But the only external impulse 
is the reaction of the floor and this has no moment about A, Conse- 
quently there is no change in the moment of momentum of the two rods 
about A. 

Before the impulse the moment of momentum of the two rods 
about A was clearl)" 2m . 2dN sin a. After the impulse the moment of 
momentum of AB about A is -f- or > and the 

moment of momentum of the rod BC is ;^a . mu + Hence 

equating the sum of the moments of momentum before and after the 
impulse, 

^mcN sin a = 4- Z'fnati + 

or 1 2 V sin a = 4^ct>i + gu + aco ^2) 

Now also since the only impulse on the rod BC acts at B the moment 
of momentum of this rod about B remains unchanged. That is, 

maY sin a = 4 - ^via^co (3) 

or 3V sin a = 32^ 4“ (4) 

We have three unknown velocities to find, namely, ct>i, o>, and u. 
At present we have two equations, (2) and (4), connecting these velocities. 
We need still another equation. We get this other equation from the 
geometrical condition that B is attached to each rod, and therefore has 
the same velocity when considered as a part of either rod. This 
condition gives 


2aa}i = 7^ — act) 

Substituting for acox in (2) we get 


( 5 ) 


12V sin a = 2(u — aco) + g 7 i 4- aco 


= 117/ — ^a> * (6) 

Solving (4) and (6), we get 

7/ = sin a ^ . ( 7 ) 

aw = ^ ~V sin a (8) 

Then (5) gives 


sin a (9) 

If we now want to find the reaction of the floor we can find the 
impulse which will produce the known change of momentum.. Let P 
and 0 . be the components, along and perpendicular to AB, of the 
impulse at A, These are equal to the total increase in the momentum 
of the two bodies in the same two directions. Thus 


P = 2mY cos a 

Q = 4 - mawi) -f 2/7/V sin a 


. . (10) 
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456. A lift IS raised and lowered by means of four ropes attack'd to 
the top corners which he at the angular points oj a square. If the mid- 
point of one of flic bottom edges is suddenly brought to rest by meeting an 
obstacle fust after the hft had been movhig doivn- 
wards with velocity Vq, to find the hnpulse of the 
tension in the luto ropes which do not beco7ne slack. 

The figure represents an elevation perpen- 
dicular to the edge which becomes fixed. This 
edge is represented by C in the figure, and the 
two strings which do not become slack are repre- 
sented by the straight line MA. 

The answer to this question depends on the 
assumption we make concerning the behaviour of 
the point A. We shall assume that the ropes are 
inextensible, and that the body which gives out 
the ropes does not yield in the impulse. Then^ if 
the ropes are attached directly to the lift without 
the intervention of springs, we must assume that 
the downward velocity of A remains unchanged, 
because the speed at which the rope is being given 
out does not alter during the impulse. 

Let CD = CG = h ; and let k denote the 
radius of gyration about the axis through G 
perpendicular to the plane of the figure. Let co 
be the angular velocity after impact. Fig. 202. 

The velocity of A after impact is AC . co 
perpendicular to AC, since C is fixed. The downward component of 
this is DC . o). But the downward component of the velocity of A is Vq» 
Hence 

aco = Vq (i) 

Now the change in the moment of momentum about C is equal 
to the moment of 2 T about C. Before impact the moment of 

momentum was and after impact it is h'biUia) -f Hence 

M(/^2 +,52)tt, - jMz-o= -2aT . - . . (2) 



From (i) and ( 2 ), on eliminating co, 




If this expression for T happens to be negative, it would mean that 
the motion we have supposed would require a thrust in the ropes IMA. 
Since this is not possible, these ropes, as well as the ropes NB, will 
become slack. 

If the centre of mass G does not lie in the vertical plane containing 
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the impulse P, then the sum of ihe tensions in the two ropes MA will 
be what we have called 2T above, but these two tensions will not be 
equal. 

457. If the ropes in the last example were elastic there would be no real 
impulse in the ropes MA. The ropes would stretch and the tension would 
quickly increase up to a maximum and then it would decrease again, 
and oscillations would be set up which would soon die out through 
friction. This illustrates what happens in every case of impulse or 
collision between tw^o bodies. If a blow be suddenly applied to one 
point of an elastic body, the particles at which the blow is applied will 
yield to the blow and these will push forward the next particles, and 
these again will push the next, and so on till the motion communicated 
by the blow has spread over the whole body. At the first instant of the 
blow it is only the particles in immediate contact that are in motion, 
and it takes some measurable, although very short, time for the effect of 
the blow to be transmitted through the body. All apparently rigid 
bodies are set in motion by an impulse in this way, and even with such 
plastic things as clay the process is similar, but it is accompanied by 
a permanent change of shape. 

When two elastic bodies collide they always rebound after collision. 
The reason for the rebound may be explained as follows. The collision 
causes a compression of the particles of each body near where the blow 
is applied, and, as explained above, these particles push forward the 
next particles, and these the next, and so on. When the compression- 
wave which sets the particles in motion arrives at a boundary of the 
body, it leaves these last particles with some velocity outwards from the 
boundary, which is greater than the general velocity of the whole body. 
The particles travel on until the body is extended at that point, just as 
if there had been applied a sudden puli at that point. Just as the com- 
pression-wave travelled forward through the body so the extension-wav« 
will travel backwards, and when it arrives at the point at which the blow 
was applied it will draw itself away from the other body if it is still in 
contact. The separation may have taken place already on account of 
the extension- wave fiom the other body. 

458. Collision of Elastic Bodies. — When two elastic spheres collide 
their component velocity of separation after impact parallel to that line 
which passes through their centres when they are in contact bears to 
the component velocity of approach before impact parallel to that line 
a ratio which depends only on the materials of which the spheres are 
made. This ratio is called the coeffickfit of restitution or coefficient of 
resilience for the two spheres. The value of this coefficient may have 
any magnitude between nought and unity. It is very nearly zero if one 
of the spheres is made of soft clay. For two lead spheres it is about 
0*2, and for two glass spheres about 0*94. 

When two elastic bodies of any form collide, the points which come 
in contact rebound after the impact. There is a similar definition for 
the coefficient of restitution in this case, but now the velocities, whose 
ratio is taken, are the component velocity of separation of the points of 
contact along the common normal to the surfaces of contact and the 
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component velocity of approach of these points along that same line. 
But in the general case the coefficient of restitution depends on the 
particular points which come in contact, the form of the colliding bodies, 
and the position of the bodies relative to the normal at the surface of 
contact as well as the material of the bodies. On account of the large 
number of variable quantities in the coefficient of restitution of two 
elastic bodies these coefficients have only been determined for particular 
cases, such as the impact of two spheres, the impact of a sphere on a 
plane surface of a large body, and the impact of two rods in the same 
line moving parallel to their lengths and meeting at their ends. 

The coefficient of restitution will be denoted by e. It can be shown 
in the general case that there is always kinetic energy lost on impact if 
e is less than unity. When e is equal to unity the total kinetic energy 
after impact is equal to the total kinetic energy before impact, but since 
c is less than unity for all actual cases there is always some loss of 
kinetic energy. 

In the next article we will show, in a fairly simple case, that there is 
no change in the kinetic energy when e is unity. 

459. A rod tvhich has a 77iofw?i of translaiion and rotation hi the same 
is struck by a hall whose centre of mass Is also 
moving in the same flane. To find the snhsequefit fnoiion^ 
the imftilst% and to show that there is no chafige of kinetic 
efiergy, assumhig that e = i, a7id that the bodies are smooth. 

The angular velocity of the rod after impact is co, and 
before impact coq in the same direction. The component 
velocities of the rod and the ball in the direction of the 
impulse on the rod are after impact, and before 
impact. The component velocities perpendicular to the 
impulse remain unaltered. 

Let P denote the impulse on the rod, and D the 
point at which it is applied. The impulse on the ball is 
P in the opposite direction. Let M and 7n be the masses of the rod 
and ball. Let GD = c. 

The equations for the change of motion of the rod are 

M.{u - 7/0) =■ P ...... (i) 

— o ) q ) = (fP {2) 

And for the ball 

m(v -- Vq) -V (3) 


v-r:) 




V 

FXG. 203 


The velocity of approach of the point D of the rod and ball before 
impact, resolved along the perpendicular to the surface of contact, that 
is, perpendicular to the rod, is 2'o ~ The velocity of 

separation after impact is a similar expression with the signs changed 
and the suffixes dropped. Hence, since ^ = i, we get 

Vo - («o + = (ti + co>)- V . (4) 


or (« 4- t/Q) + c{oi} + coq) — (» + r'o) = o (5) 

Therefore 

?(// + 7/0) + + ^0) (^) 
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Now let the three values of P obtained from the equations (i), (2), 
(3), be substituted for the first, second, and third P in (6). Then 

4- Mi2(a)2 — coo^) = 0 . (7) 

I'hat is 

-f yik^cxl^ + ntv^) = + ^\/d^a)Q^ + mv^) (8) 

Thus the kinetic energy of the motion parallel to the impulse 
remains unaltered after the impulse, and since the velocities perpendicular 
to the impulse remain unchanged, it follows that the total kinetic energy 
of the two bodies is unaltered by the impulse. 

Now to find P. 

Substituting in (5) the values of and a>, from (i), (2), and (3), 
we get 

P P P 

+;p* 2Z/0 = O . • . (9) 

Therefore P^M + ;//^i + =" 2lslm{vQ — 2/0 ““ ^^0) • • (10) 

This gives P, and on puttirg its in (i), (2), and (3), the velocities 
tf, and o), can be 

If e is less than i it is easy to show that there is a loss of kinetic 
tnergy in the two bodies. Instead of {4) we should have 

e{vQ'^ + ccjo^] — u CO) - V , . . . (n) 

whence 

[u 4 - 2^0) + + ^0) + ^0) = ““(i - ^){^Q - {^0 + ^^0)} (12) 

The left-hand side of this has to be treated exactly as in deducing 
(6) and (7) from (5). Then we get 

+ mv^) — + M^^coq^ + mv^) 

= -i(i - tf){»o-(*^ 4 -«o)}P .... (13) 

The right-hand side of this equation must be negative, because the 
quantity in the large brackets is the velocity of approach before the 
impact, and P and (i — e) are both positive. Hence the left-hand side, 
which is the gain of kinetic energy, is negative. 

460 . In a game of cricket the bowler delivers the hall in a horizontal 
direction at a height 6 feet above the grotmd, Whe?i the hall is delivered it 
has a sfin about the axis perpendicular to the plane of motion of its centre 
of mass^ the direction of the spin being such that the friction retards the 
motion when the ball strikes the ground. The point at which the ball strikes 
the ground is iB yards from the bowler and yards from the batsman's 
wickets. If the coefficie?it of friction between the ball and the ground is J, 
and the coefficient of restitution at what height could the ball hit the wickets 
if it were allowed to go ? 

Let u and v be the horizontal and vertical components of the 
velocity when the ball strikes the ground. Then 

^ = V2^. 6 = feet per sec. . , . (i) 



IMPl/LSJSS AND INITIAL MOTIONS 479 

The equation of the parabolic path with the origin at the highest 
point is . “ 




Hence 




Let vi and «i be the vertical and horizontal velocities after the impact. 
Then, if P is the impulse, 

P = »i(v + z-i) = m{v + ev) *= . (4) 

If the rotation is not annihilated by the friction, then there is 
limiting friction acting during the whole of the time of contact, and the 
impulse of this friction is /iP. Hence 

m(ui - «) = -^P = -ip = -t X I2^/6m = -4V6//2 (5) 

Therefore = « — 4^ 6 = 32^/6 (6) 

If t is the number of seconds between the instants when the ball 
leaves the ground and strikes the wickets, that is, the time taken to 
travel 12 feet with a velocity ui 

12 X2 ^/6 

«i~ 32^/6“ Id 

If A is the height at which the ball strikes the wickets 

>5 = V-k^ = (W6)^-;^ = |feet. . . (8) 


461 , Initial Motions. — If one of the supports of a body, which is at 
rest or moving in any manner, suddenly gives way or is removed, the 
reactions at the other supports are instantaneously altered. The reason 
for this alteration is that the accelerations of the body are changed 
when the support is removed. In order to find these altered reactions 
we have only to consider the motion of the body immediately after the 
removal of the support ; and since it is only the reactions lat the 
beginning of the new motion that are required, we can simplify our 
equations by assuming that all the displacements and velocities due to 
the new accelemtions are infinitely small while these accelerations are 
finite. As a simple example we may mention the case of a particle 
allowed to fall from rest under gravity. This does not illustrate change 
in reactions, but it is an illustration of the fact that displacement and 
velocity may be zero while acceleration is finite. 

The sudden removal of a support produces just the same effect as 
the sudden application of a force which is exactly the reverse of that 
exerted by the support while all the other forces remain the same. But 
it must not be imagined from this that a suddenly applied force is in 
any way comparable with an impulse. An ordinary finite force will 
require a fipite time to generate a finite velocity, whereas an impulse is 
an action which produces finite changes of velocity instantaneously. 

R 
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No new principles are needed to deal with questions on initial 
motions. We shall, however, always have a geometrical equation 
connecting the displacements, and since it is only the initial motion that 
is being investigated, we shall be able to neglect everything except 
hnite quantities and the first powers of the displacements, since the 

second powers and products 

— — j will be infinitely small in com- 

/ pari son with the first powers. 

I 462. A uii{fo7’77i Iw7nzonial 

har is supported by two vertical 
st7l7igs attached to powis at dis- 
tance c f7’077i the 7}iid-poi77t of 
-p the rod. If 07ie of the strings 

suddt72ly breaks^ to f7id the teiu 
\ sion in the other strmg imme- 

) diately after b7‘£aki7ig a7id to co77i- 

/ pare it with the tension before 

M [ breakhig. 


I is the tension after the 

^0==^=====:=^^ breaking of one of the strings, 

Tq the tension before. 

Fro. 204. Let y be the downward 

displacement of the centre of 
gravity in a very short interval of time after the breaking, and let 9 be 
the angle through which the rod has turned. Also let 2 a denote the 
length of the rod. Then, for the motion of G, 

• (0 


and for the rotation 


= cT 


Now the geometrical equation connecting^' and 9 is obviously 

j = (3) 

since it has only to be correct for the first powers of y and 5 
Diiferentiating (3) twice, we get 

d^y d^9 . . 

dt^ ~ 

On eliminating the accelerations from (i), (2), and (4), we get 

|fl2(M^--T) = f2T (S) 

whence T = ... (6) 

where W is the weight of the rod. 

F or equilibrium before breaking 


To - iW 


Hence 


^ ^ 
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Thus T is greater or less than Tq according as is greater or less 
than 

If the strings are attached at the ends of the rod, then c= a, and 


T = iW = iTo (9) 


463. A rigid body of weight W is S7ispe?ided by two vertical strings 
attached at distances a and b from the V£?iical through the centre of gravity. 
To find the tension in one string i??tmedmtely after the other breaks^ 

Suppose the siring at distance h breaks. Let k be the radius of 
gyration of the body about the axis through G perpendicular to the 
plane of motion. 

Since all the forces are initially vertical the centre of gravity begins 
to move vertically downwards. Also since the point of attachment of the 
unbroken string cannot move vertically, it follows that the instantaneous 
centre of rotation at the beginning of the motion is in the line of this 
string produced. To make the centre of gravity move vertically this 
instantaneous centre must be in the horizontal plane through the 
centre of gravity. Hence, if y is the downward displacement of the 
centre of gravity, and B the angular displacement after a very sliort 
interval of time, it is clear that, to the first order of small quantities 

V ^ ad . • o . . • . . (i) 


Now the equations of motion are 


M 


S-M,- 








(») 

(3) 


Substituting in (2) the value of y from (i), and then eliminating 


^ from the resulting equation and (3), 
h^Mg - T) = 


or 


T = 


^2 


^2 ^ ^ + ^2 




* (4) 


If Tq was the tension in this string before the other broke 

T. - 


a b 


(s) 


Hence 


To ~ >52 + <?2 ■ b (-i'2 -I- a^)b 


Thus, T is greater or less than Tq according as is greater or less 
than ab. If is equal to ab^ then the point in which^ the horizontal 
plane through G meets the line of the broken string just before the 
motion began is the centre of percussion corresponding to ^ the point in 
which the line of the other string is met by the same horizontal plane 
through G. 
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4 C 4 . Body supported by Three Strings or Props, one of which is 
removed. — If a body is supported by three vertical strings and one of 
them suddenly brealvs or is removed, the problem of finding the initial 
tension in the other two can be reduced to the problem when one of 
two strings breaks. For, obviously, both for rest and initial motion the 
two unbroken strings can be replaced by a single equivalent string in 
the same vertical plane as the third string and the centre of mass of the 
body. We have then to find the tension in this equivalent string, and 
to resolve this tension into two equivalent forces along the two given 
strings. 

Suppose a circular disc of radius r is suspended by three vertical 
strings attached at equidistant points on the ciicumference. When one 
of the strings breaks, to find the tensions in the other tw^o. 

We can use the result of the last article. If the thickness of the 
disc is negligible Also for the equivalent string a = \r \ and 

the distance of the broken string from the centre of gravity, is r. 
I'hen by the last article 


Ts= 


-W = iW 1. 


(X) 


But T is the tension in the equivalent string w’hich is twice the 
tension in each actual string. Thus the tension in each unbroken 

string is :^W. Before the breaking of the 
string the tension in each vras JW. It is 
seen then that the tensions in the unbroken 
strings are diminished to three-quarters of 
their equilibrium value. 

465. A uniform ?'od AB of iefjgih aa is 
siisf^endcd by itvo strings OA, OB, each of 
Imgth 1. If 071C of i/ie?}! breaks^ to find the 
initial tension in the other. 

Here the centre of mass has an initial 
horizontal as well as vertical acceleration, 
because the tension of the unbroken string 
has a horizontal component. 

Let (f> be the angle which the unbroken 
string makes with the vertical after a very 
short interval of time t from the beginning 
of the motion, and let 5 be the angle which 
the rod makes with the horizontal. Taking O as origin, the j'-axis 
downwards, and the x-axis horizontal and towards the broken string, 
the co-ordinates of G are 



X = a cosd ^ 

V a sind + I cos ^ ( 2 ) 

ctO d(f> 

Neglecting squares of — and which are initially zero, we find 
on differentiating (i) and ( 2 ), 
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d^x . , ,d^ , . 

^ = acosd^-lsm<j>^ ..... ( 4 ) 

But since we want the initial accelerations only we must use the 
initial values of 6 and <f>, namely, d = o and <f> = jl say. Thus the 
initial accelerations are 

_»_yeos^^ (5) 

( 6 ) 

dt^ ^ ^ 

Hence the equations of motion are 

— M/ cos = T sin (7) 

lMd^~ = a'T cos 4/ (9) 

Substituting in (8) the values of and from (7) and (9), 
we get 

3Tcos^' + jTtan^'=M.g--Tcos^' . . . (10) 

or T(4 cos ^' + sin tan ^') = (ti) 

Therefore T = ^ 

Before the string broke the tension in each was 

(- 3 ) 

T 2 cos2 4>' 

Hence To = 3 cos^ f + ~x ^ ^ 

We can deduce the results for vertical strings by putting ^' = o 
Then 
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In the foregoing solution the geometrical relation between and 6^, 

has not been expressed in a single equation. It can be obtained by 
eliminating ^ from (r) and (2). It is worth while to get this equation 
and solve the problem by a rather different method. 

On eliminating ^ from (i) and (2), we get 

(x — ^cos 0)2 + (y — sin 0)2 =/2 ^ ^ ^ 

Let u s write h for the equilibrium value of jy, namely, Icostf/ ot 
« ^2, Then put 

y = ^i + z (17) 

Now X, 2, and 0 , are small quantities. Consequently we need only 
retain the first powers of these quantities in (16). Substituting for ^ in 
(t 5 ), and then retaining only first powers of x^ 2, and 0, we get 

~~2ax + 2/iz — 2//^?0 ~ o (18) 

Removing the factor — 2, and then differentiating twice 


d^x ,d^z , , d^d 






dt^ 


(19) 


There is still another way of arriving at equation (19). The 
geometrical equation (16) expresses the fact that the length OA is 
constant. We may now get equation (19) from the consideration that 
A moves perpendicular to OA, that is, that the component velocity of 
A along OA is zero. This method we shall now use. 

The velocity of A is the resultant of the velocity of G and its 
velocity relative to G. But at the beginning of the motion the velocity of 

A relative to G was merely a— vertically upwards. Hence the initial 

dx ( dO dv\ 

horizontal and vertical velocities of A were 37 and ( a-rr; — L) 

dt \ dt dtJ 

dz 

spectively. Resolving these along AO and writing ^ for its equivalent 


dy 

Tv 8 ®* 


,dx , ,/ dQ dz\ 

sm^- + cos<^(^^---J = o 


(20) 


Differentiating this with respect to t and neglecting which is initially 
zero, we get 


. ,d^x , y d^ d^s\ 
s.„ ^_ + cos - — J = , 


(21) 


If we put <f>' for (f) in this and then multiply by /, we shall get'the same 
equation as (19). 
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p be any particle of the body which is, at the instant considered, in the 
plane AOB. We shall show that the rotations are equivalent to a 
rotation about OC, and represented by OC. Let p and q be the lengths 
of the perpendiculars from P on OA 
and OB. 

After an interval of time dt^ P 
is laised perpendicularly out of the 
plane AOB by an amount {pa + q^)dt 
due to the two rotations; and this 
will be true for all positions of P, 
provided we consider the perpen- 
dicular on either of these vectors 
to be positive or negative according 
as P is on the left or right of the vector. In the position shown 
in the figure both perpendiculars are positive. But pa + is 
exactly the same in magnitude as the sum of the moments about P of 

forces represented by OA and OB, and we have proved previously 



i^Art. 6o) that this sum is equal to the moment of the resultant OC. 
That is, 

pa +■ :== r . OC 


where r is the length of the perpendicular from P on OC, with the 
same rule regarding its sign as we have given for the signs of p and q. 
Thus the displacement of P in the interval df\s r. OC . h perpendicular 
to the plane AOB, and this is exactly the displacement due to an 


angular velocity represented by 6c. Therefore the displacement of 

any point in the plane AOB due to Jhe angular velocities OA and OB 

is the same as the displacement due to the angular velocity OC. But 
the position of three non-collinear points of a rigid body will fix the 
position of the body. Consequently, since the particles in the plane 
of the axes are brought into the same position by the rotation about 
OC as by the rotations about OA and OB, it follow’s that the whole 
body is brought into the same position. That is, the angular velocity 

OC is the exact equivalent of the angular velocities 0 A and OB. Thus 
angular velocities are added by vector rules. 

By a successive application of the preceding argument it can be 
shown that the effect of any number of simultaneous angular velocities 
is the same as the effect of their vector sum. 

If the point P lies on OC the perpendicular q is negative, and /a + q^ 
is zero. This shows that OC is at rest, and proves more directly that 
OC is the axis of rotation. 

The axes OA and OB need not be fixed in space. They need only 
be instantaneous axes of rotation. If OA and OB are not fixed in 
space, then OC will not generally be fixed. 

The following is an example of a body rotating about two axes at 
the same time. 
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A top is spinning about its axis of figure, which is inclined to the 
veitical at an angle a, and rotating about tliat vertical. Suppose the 
direction of spin to be such that the vector representing the angular 
velocity is drawn upwards along the axis. Suppose also that the axis 
of the top itself is rotating about the vertical with an angular velocity to 
in the direction repiesented by an upward vector. If n is the angular 
velocity of the top about its axis, the horizontal and vertical components 
of the total angular velocity of the top are 7i sin a and n cos a + to. 
Hence the resultant angular velocity is 


V sin2 a + {n cos a + to)2j = + 60 ^ + 2 /^to cos a} (i) 


and the axis of this rotation makes an angle B with the vertical 
given by 


tan B = 


n sin a 
n cos a + to 




and it is in the vertical plane containing the axis of the top. 

If to and n are constant, the axis of the top and the axis of resultant 
angular velocity describe cones about the vertical axis, 

468. Moment of a Vector about any Axis. — Vectors which are 

situated in definite lines, such as 
forces, momenta, and accelerations, 
have moments about any axis. We 
have already had examples of 
moments of forces and moment of 
momentum, but in these cases the 
axes were always perpendicular to 
the planes of the vectors. We are 
now about to extend the definition of 
the moment of a vector. 



Let OV be any vector in space 
and AB any line. From any point 
O on the line of the vector the perpendicular OA is drawn to 

the line AB. The vector OV is resolved into three components 

OP, OQ, OR, the first along AO, the second paiallel to AB, and the 
third perpendicular to the plane of the other two. Then the moment 

of OV about AB may be defined as the product of AO and the com- 
ponent OR. In the language of the earlier part of this book it is the 


moment of the vector OR about the point A. This is, of course, the 

same thing as the moment of the resultant of OP and OR about A, 
If p is the length of the common perpendicular to AB and OV, pro- 
du(‘ed if necessaiy, it is easy to show that the moment ..defined is 

p, OV sin $ j for the resultant of OP and OR is OV sin 6, and the 
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perpendicular from A on this resultant vector is the ocrnercli^ulcir 
from A on the plane QOV which is equal to the common 
p between OV and AB, from which it follows that the moment of 
OV sin 6 about A is ^ . OV sin 6 . 

In the next article we shall show that the moments of a given vector 
about different axes passing through one point may be regarded as the 
components along these axes of a certain vector which we shall call the 
resultant moment for that point. 

469. Moments of a Given Vector about Different Axes through a 
Given Point. — Let A be the given point and V the given vector, and 
let the perpendicular distance AP from A 
on V be denoted by p. Z 


Let two equal and opposite vectors, 

V and “-V, be introduced at A, each 
parallel to the given vector V, just as was 
done with forces in Art, 71. By analogy 
with statics we shall call the pair of vectors, 

V at P and —V at A, a couple ; if we are 
dealing with forces it will be a force-couple. 



V 


if with momentum it will be a mo^nenium- Fig. 208. 


couple. We could likewise have velocity 

and acceleration couples if we needed them. Then the original vector 
V at P is equivalent to an equal vector V at A, together with a 
couple which can be represented by a vector of magnitude M = pN 
along the normal AZ to the plane of the couple, that is, the plane 
containing the point A and the vector V. This method of representing 
couples has already been explained in Art. 67. 

We can get all our rules for couples of any kind from the rules for 
force-couples, since the proofs are the same for all couples. For 
example, the component of the couple M about any line AK inclined 
at an angle ^ with AZ is M cos cj} = pY cos the other component of 
M being at right angles to AK. Now, the component M cos <j> must 
be the moment of V about AK : for the vector V at P can be resolved 
into components respectively parallel and perpendicular to AK, and 
these can be transformed, like the vector V itself, into a pair of vectors 
at A together with a pair of couples. Clearly the pair of vectors at A 
must have a resultant V, and the pair of couples obtained in this way 
must have a resultant M. It is clear also that the vectors of this pair 
of couples are respectively perpendicular and parallel to AK, and the 
one parallel to AK must be the component we obtained previously, 
the magnitude of which was pY cos <j>. But the moment of this latter 
couple is (by the definition given in the last Art.) the moment of the 
vector V about AK, Thus we have arrived at the conclusion that the 
moment of a given vector V about any axis AK through a fixed 
point A is the component along AK of the moment of the couple 
formed by the given vector V and another vector — V acting at the 
point A. ^This last couple, of magnitude /V, we may regard as the 
resultant moment of the vector V about the point A. 

As an illustration of the theory of this article, of which we have 
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already made use, we refer to the beginning of Chapter III,, where we 
replaced a force F, which had components X, Y, Z, acting at the point 
X. y, z, by a force F at the origin O and three component couples of 
moments (yZ — (zX ^ xZ), (xY ^yX). These three com- 
ponent couples are the moments of the given force F about OX, OY 
OZ respectively. ’ 

The resultant couple at O is what we may call the resultant moment 
at O of the force F. This resultant moment is, as we see, really the 
moment of a force-couple when F is a force, and it would be the moment 
of a momentum-couple if the vector F were the momentum of a 
particle passing through the point x^ y, z. 

For a given vector F acting along a fixed line we see that there is a 
definite couple vector associated with every point A in space. For 
the general vector V the couple vector has a magnitude jiVj and its 
direction is perpendicular to the plane of A and the vector V, and this 
vector we have decided to call the resultant moment of V about A. 

470 . Moment of any ^Number of Vectors. — If any number of 
vectors Vj, Vo, etc., of the same sort, acting along fixed lines, be each 
replaced by an equal vector at A and its associated couple Ci, Co, etc., 
the resultant of the couple- vectors is a single couple C, which "is the 
vector sum of the moments of all the vectors about A, and may there- 
fore be regarded (or rather defined) as the resultant moment of all the 
vectors at A. So the original vectors V^, V2, etc., can be replaced by 
a single vector V at A (which is the resultant of the vectors Vj, V2, 
etc., acting at A) together with a single couple C. We have already 
shown how that can be done analytically for forces in Art. 82. Since 
the sum of the moments of all the vectors about any axes through A 
is the sum of the components of Ci, C2, etc., along this axis, it follows 
by the method of Art. 38 that this sum is correctly given by the com- 
ponent of the couple vector C along this axis. 

To recapitulate : Any number of vectors in space are equivalent 
to a single resultant vector of the same sort at any given point A 
together with the couple-vector C associated with A. The sum of the 
moments of all the vectors about any axis through A is merely the 
component of C along that axis. 

471 . The Momentum Vector of a Eigid Body. — Let a particle A 

of a rigid body have component velocities ^3 parallel to the 

three co-ordinate axes AX, AY, AZ ; and let the component angular 
velocities of th e rigid body about these axes be coi, a>3, the resultant 
being Q = V + 0)2^ + Also let x, y, z, be the co-ordinates 

of the centre of mass of the body. Then the velocity of the particle m 
situated at x, y, z is the vector sum of the velocity of A and the velocity 
due to the rotations. Let us consider first the jsf-component velocity 
of the particle wlrich is situated at the point (x, y) in the x-y plane. 
Due to the rotations this velocity is clearly ya)i ■— xco.^, and so its 
whole js?-component velocity is Wg 'i-ycoi — /.cuo. But every particle 
of a rigid body which lies on a line parallel to the ^-axis at any instant 
must have the same component velocity in the sr-dire('tion otherwise 
the particles would not remain at the same distance apait, and the 
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body is not a rigid body unless the particles do remain at the same 
distance apart. It follows, then, that the particle m, situated at .r, z, 
has the same component velocity in the 2r-dii*ection as the particle at 
(^, jv, namely, -—^0)2. Hence the components of the 

momentum of this particle are seen, by cyclic changes, to be 

m{ui + zo)2 — m{u2, + — isrcoi), m{u^ 

The moment of this momentum about the jsr-axis is 

xm{u 2 , + ^'^3 —^cos) 

= m{xu^ — y^^d + +y^) — coimxz — o^myz. 

Therefore the total moment of the momentum of all the particles about 
AZ is 

Em{xu2 y^-d + +y^) — (x>iSmxz — oi^Emyz 

== xMu 2 —yNLui + I3CO3 — Iisoji — * (i) 

where the I’s denote moments and products of inertia and M is the 
total mass. 

There are two simple cases in which this last expression reduces 
to the terms containing the angular velocities only. They are 

(i) when the particle A is at rest, whether instantaneously or per- 

manently ; for then «2 = o ; a^d 

(ii) when A is the centre of mass of the body, whatever be its 

velocity, for then iv = ^ = o. 

In these two cases the components of the momentum couple of the 
whole rigid body for the point A about the three axes reduce to 

(Iicoi — IiaO). - IiaOis)'! 

(I2W2 ■— ~ f ■ • • • (2) 

and <l8«3 — 

respectively. 

If the axes AX, AY, AZ, are the principr*! axes of inertia at A, 
then Ii2 = l23 = Ii3~®j censequen:!}’, in the two cases just 
mentioned, the components of the momentum couple associated with 
A still further reduce to Iico^, l2^02» s-^d 13(^3 respectively. Then the 
resultant couple is 

C = Vli^coiZ + I^a^u^a + . ... (3) 

and the vector representing this couple makes with the principal axes 
angles <7, y, given by 

C cos a = Ii^oi, C cos ^ = l2<«>2» C cos y — I3CJ3 . (4) 

It should be remarked that the axis of the couple C does not 
usually coincide with the axis of resultant angular velocity i2, for this 
latter axis is inclined to the principal axes at angles a\ y\ given 
by 

Q cos a' = 0)1, Q cos |8' = co2> ^ cos y' = a>3 . . (5) 
Only ifJi==l2 = l3 could the directions of Q and C coincide. 

Having found the momentum couple we shall now find the 
momentum vector at A. 
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The ^-coinponezat of the momentum vector at A is 

+ zo)2 '—y — co-^Emy \ . . 

= M.Ui -j- Mcooi — yiojly j W 

Now let us assume for the moment that A coincides with the centre 
of mass, and let us write Ui for in this case. Then the above com- 
ponent of the momentum reduces to M^i. Likewise the other two 
components are Mu^ M^3. If, then, V denotes the velocity of the 
centre of mass it is clear that the resultant momentum vector is MV 
and is in the direction of V. It is also clear that this resultant is inde- 
pendent of the position of A, because the magnitudes and directions 
of the vectors were not altered when they were moved to A in the 
summing process. 

It is now easy to see that the simplest representation of the momen- 
tum vector is by means of a vector MV acting at the centre of mass G 
together with the couple C given by (3). To get the momentum 
couple for any other point B we need only add the couple C to the 
couple obtained by shifting MV from G to B. If this resultant couple 
vector is Cb , then the moment of the momentum of the whole rigid 
body about any axis through B is given by the component of Cb 
along that axis. 

^i^ile, of course, we could use the method described in the last 
paragraph to get the momentum couple for a fiix^ed point A of the 
body, it is, nevertheless, easier to get it directly by using the principal 
axes at A. The momentum couple for the point A is similar to that 
for the point G, but it involves the principal axes and principal 
moments of inertia at A instead of the corresponding principal axes 
and principal moments of inertia at G. 

If the centre of mass G is at rest it should be noticed that the 
momentum vector through G vanishes, leaving only a momentum 
couple, which has the same moment about all parallel axes, 

47S. One of the fundamental principles in the dynamics of a 
particle moving in one plane is that the rate of increase of the moment 
of momentum of the particle about any point in the plane is equal to 
the moment about that point of the forces acting on the particle. We 
shall now extend this principle to three-dimensional motion. 

If the co-ordinates, at any instant, of a particle of mass m referred 
to three mutually perpendicular axes are x, y, z, and if forces whose 
components parallel to the axes are X, Y, Z, act on the particle, then 


d^x 

^ ^ • • • • 

,...(!) 

II 

.... (2) 

dfi~^ .... 

• ■ . • (3) 


Multiplying both sides of (i) by —y and both sides of (2) by and 
adding the corresponding sides of the resulting equations, tve get 
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/ d^y d^x\ 

~y^ ... (4) 

This can be written 

d( dy dx\ 

.... ( 5 ) 

The right-hand side of (5) is the moment of all the forces acting on 
the particle abont the axis of z ; and the left-hand side is the rate of 
increase of the moment of the momentum of the particle about the 
same axis. Since the jsr-axis can be in any position we choose, equa- 
tion (5) shows, therefore, that the rate of increase of the moment of 
momentum of a particle about any fixed axis is equal to the moment 
about the same axis of the forces acting on the particle. 

47s. If we are dealing with several particles, whether connected or 
not, we should get an equation similar to (5) for each particle. By 
summing all these equations, we get 

. . . (i) 

The moments of the interactions between the particles will 
disappear from the right-hand side and only the moment of the 
external forces will be left. The left-hand side of (i) is the rate of 
increase of the moment of momentum of the whole system of particles 
about the axis of z. It follows, therefore, that the principle stated at the 
end of the last article remains true if we replace the word “ particle by 
** system of particles.’’ A system of particles includes a rigid body 
or several rigid bodies. 

474, Change of Moment of Momentum of a System of Bodies about 
Axes through their Centre of Mass. — ^The theorem of the last article 
is true, not only for fixed axes, but for any axis through the centre of 
mass of the body or system of bodies with which we are dealing. The 
proof is exactly the same as in Art. 403. 

If the system we are dealing with consists of several rigid bodies vre 
need to know the moment of momentum of a rigid body about any axis. 
In Art. 471 we showed how to represent the momentum by means of 
a couple and a vector passing through G, and from this it follows that 
the moment of momentum of a rigid body about any axis is equal to 
the moment of momentum of a particle of the same mass moving with 
the centre of mass of the body together with the moment of momentum 
of the rigid body, due to its rotation only, about a parallel axis through 
its centre of mass. 

We will now state the conclusion at which we have arrived. 

The rate of increase of the moment of momentum of any system oj 
bodies^ either about a fixed axis in space or about an axis through the 
centre of mass of the system^ is equal to the moment about the same axis 
of the exter 7 ial forces acting on the system. 

475 . If the external forces have no moment about the centre of 
mass, then the moment of momentum about any axis through the centre 
of mass remams unaltered. Thus, if we suppose that each member of 
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the solar system is acted on by no forces except the attractions of the 
other members, then the external forces on the system are zero, and 
therefore the moment of momentum of the whole system about any 
axis through the centre of mass remains constant. It follows, therefore, 
that the resultant moment of momentum at the centre of mass is con- 
stant in magnitude, and its axis has a fixed direction in space. The 
plane perpendicular to this axis through the centre of mass of the system 
has no motion in space except the uniform motion of the centre of mass. 
It is the nearest approach to a fixed plane that we know, and for this 
reason it is called the invariable plane of the solar system. It nearly 
coincides with the plane of Jupiter’s orbit. 

We may apply the principle of this article to the earth itself. The 
forces exerted on the earth pass very nearly through its centre of mass, 
the small deviations being due to the equatorial protuberance of the 
solid earth and to the tidal protuberances. It follows, then, that the 
moment of momentum of the earth about its axis of rotation at any 
instant remains nearly constant for a long period of time. The axis of 
rotation at any instant means, of course, a line whose direction is fixed 
in space and is the same as that of the axis of rotation at the given 
instant, and which always passes through the centre of mass. If the 
earth is shrinking its moment of inertia is diminishing, and therefore its 
angular velocity must be increasing to keep its moment of momentum 
constant. 

476. When a body rotates about a fixed axis passing through its 
centre of mass, the student will probably jump to the conclusion that 
this axis must be the axis of resultant moment of momentum at the 


centre of mass. To avoid this error, and also to give a concrete example 
of moment of momentum, we shall consider the motion of a very simple 
rigid body about a fixed axis. 

A rigid body, composed of two equal heavy particles and a rod of 
p negligible mass joining them together, 
C rotates about a fixed axis through the mid- 

C — ^ point of the rod, so that the rod describes 

a cone and the particles describe equal 
circles. 

/ Let m be the mass of each particle, 

aX. / V its velocity. Then the momentum of 

/ each particle is mv. Let I be the length 

/ 6 of the rod, r the radius of the circular path 

of a particle, and a the angle of the cone. 
/ Then the moment of momentum of each 

/ particle about the axis of rotation is rmv^ 

^ Jii^d the moment of momentum of the rigid 

body about this axis is therefore 2 rmv. 
.J, Now, it is obvious that the whole momen- 

^ turn reduces to a momentum-couple, the 

^ axis of which may be taken as GA, which 


is perpendicular to the rod and in tlie plane of the rod and the axis 
of rotation. The total moment of momentum about this axis GA 
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is Imv, and this is the resultant moment of momentum at G. If we 
resolve this along the axis of rotation we get 

hnv sin a = 2 . GP . sin a . mv = 2rmv, 

which agrees with the result obtained by taking moments directly. 

If V is constant the moment of momentum about the axis of 
rotation remains constant. But the component perpendicular to the 
axis of rotation, although its magnitude remains constant, rotates in the 
same time as the rod. The magnitude of the perpendicular component 
is Imv cos a ; and if ou is the angular velocity of the rod, its rate of 
increase is Imv cos a . co, by Art. 270. Moreover, the direction of this 
rate of increase is perpendicular to the vector Imv cos a and in the 
plane in which the vector rotates, that is, it is perpendicular to the 
plane PGC. B ut the rate of change of mom ent of momentum about any 
axis is equal to the moment of the forces about the same axis. There 
must then be some forces acting on the system which have a moment 
about the line through G perpendicular to the plane PGC. These 
forces might be applied to the particles themselves. If a downward 
force were applied to the lower particle and an upward force to the 
upper particle, the system would be exactly similar to two conical 
pendulums one of which is upside down. If F is the force applied to 


each particle, the principle of Art. 474 gives 

2rF == Imv<o cos a (i) 

But V ^roj. Hence 

F = imeo^/ cos a (2) 

Writing h for \l cos a, the height of each cone, 

F == mhol^ (3) 


This is exactly what we should get by considering the circular 
motion of each particle, dealing with it in the same way as we deal with 
a conical pendulum. 

477. A body with an axis of symmetry has a constant spin about 
this axis, and in addition this axis itself describes a circular cone 
at a constant rate about a fixed axis in space. To find the forces 
necessary to maintain this motion. 

Let OP and OQ be the axes fixed in 
space and in the body respectively, B the 
angle between them. Let the angular velocity 
of the body be equivalent to two components 
o) and n along OP and OQ respectively. 

The angular velocity of the plane POQ 
about OP is cu. The angular velocity n 
is not so easy to realize, and therefore 
we will state clearly what it is. When a 
body has simultaneous rotations about two 
axes, the^ motion of a particle on eitlier axis 
is entirely due to rotation about the other. 

Consequently, the angular velocity about OQ 



Fig. 2 1 1. 
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is the angle betA\ ccn two planes, fixed in the body and containing 
OQ, which pass across OP at intervals of a second. 

Let A denote the moment of ^ inertia of the body about OQ, B 
its moment of inertia about an axis through O to OQ. 

Let OR be taken perpendicular to OQ in tin /C'Q. Then 

the angular velocity o) may be resolved into two components, co cos B 
along OQ and w sin 6 along OR. Thus there is {n + a) cos 6) along 
OQ, and co sin 6 along OR, and these are equivalent to the given 
angular velocities. 

Since OQ and OR are principal axes at 0 the results of Art. 471 
show that the components of moment of momentum about these axes 
are A{n + co cos 6) and Beo sin 6, Since there is no angular velocity 
about the third principal axis it follows that the horizontal component 
of the moment of momentum is 

h.{n + cu cos 6) sin 6 — Bo) sin 0 cos 0 * , . , (i) 

in the direction of the projection of OQ. This vector rotates with an 
angular velocity cu, and therefore its rate of increase is the product of 
the vector and o). The direction of the vector representing the rate of 
increase is parallel to the velocity of G, and its axis is at O. There 
must then be forces acting on the body, whose moment about this axis 
through 0 is 

a){A(n + 0 ) cos 6) sinO — BcxisinO cos 0} . . (2) 

in such a direction that 0 would increase if the body yielded to the 
forces, as it would do but for its rotation. 

If 6 is a right angle, this moment is Ana ) ; and if 6 is zero, the 
moment is zero, as we might expect. Also the moment is constant if 
0 is constant. 

If r is the distance of the centre of mass of the body from OP, there 
is also a force Mro)^ parallel to the perpendicular from G on OP. 
This is the force necessary to make G describe its circular path. 

478. Motion of a Top under its own Weight.— If the only forces 
acting on the body considered in the last article are its weight parallel 
to PO and the reaction of the support at 0, then the moment of the 
weight causes the rotation of the axis. Equating this moment to the 
rate of change of moment of momentum, we get 

MgA- sin 8 =: <u{ A(« o) cos 0) sin ^ — Bcu sin 0 cos 0} , (i) 
where = OG. 

Hence Mgh ~ a )\ (A — B)a) cos 0 + An} : • . , ( 2 ) 

This gives o) when n and 6 are given. If A = B, or if 0 — the reJa- 
tion {2) beconviS 


Mgli = Ana) 


(3) 
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In general there are two possible values of ct> for given values of n 
and 6 . If a tup is set spinning, and then left to itself with the end' 
of its axis fixed, the motion of the axis is at first seemingly irregular, 
but it finally settles down to the sort of steady motion we have just 
been considering ; and when this steady motion does occur the value 
of ct> has always the same sign as and is usually small compared with 
The actual value of co is, in fact, approximately that obtained by 
neglecting the term containing in (2). Thus 

Mgh 

o) =5 ^ nearly 




( 3 ) 


where k is the radius of gyration about the axis of symmetry. 

For a small gyroscope top the following are rough values for the 
quantities on which a> depends : — 

inches, x inch ( 4 ) 

If the top is spinning at 100 revolutions per second about its axis, 
then n = 2007?. Therefore 


« = . = 3, 3a X Tg 

k* 2001Tk 2 20077 


0*916 


• ( 5 ) 


and the axis makes a revolution about the vertical in 


— = 6*85 secs (6) 

To estimate the insignificance of the term neglected in (2) for the 
particular problem just considered, we have only to notice that 
(A — B)co cos 6 was neglected in comparison with hn. The magnitude 
of the ratio of the former to the latter quantity will be something in the 

neighbourhood of— cos 0, which is less than ^ cos 6 * 

The steady motion of the axis of the top on a cone is called pre-^ 
cession^ and we see from what precedes that this motion is possible 
under a constant force acting at a fixed point of a body spinning with 
one point of its axis fixed. But although it is possible, it is not the only 
possible motion, for there are an infinite number of modes of motion 
of the spinning top. But the steady motion considered is very nearly 
the actual motion of the top, however it is started, provided it has 
sufficient spin after frictional resistances have damped out the apparent 
irregularities. 

479 . Motion of a Spinning Body under no Forces. — If the fixed 
point of the body considered in Art. 477 coincides with the centre of 
gravity, the resultant force on the body must be zero. The only action 
on the body will therefore be the couple whose moment is given in 
equation (2) of that article. Denoting this moment by N, 

N = cosing + oicosd) — Bojcostf} . . • (i) 
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If this couple is zero, there are no forces whatever acting on the body. 
In this case the motion could be maintained if the body were left 
entirely to itself after being once started. To make N zero we must 
have 

A{/t + cos 9 ) — Ba> cos 6 = o .... (a) 
that IS Cl) cos g = B— A . ' 3 ) 


Thus CO and n have the same or different signs according as B is greater 
or less than A. For a disc such as a penny, A = aB, so that 

CO cos g = — 2?/ ....... (4) 


The instantaneous axis of rotation always lies in the plane of the 
symmetrical axis and the fixed axis OP (Fig. 21 1). Consequently, this 
instantaneous axis rotates about OP with the sarne velocity as OQ, that 
is, CO. The resultant angular velocity about the instantaneous axis is 

.v'(«2 4- co2 -J- 2?/cocosg) (s) 


The instantaneous axis always makes an angle <f> with the axis of 
symmetry such that 

CO si n 9 
+ n 


a= ^ tan 9 by (2) 


. ( 6 ) 


Thus if a body with a symmetrical axis is set spinning about a line 
inclined at an angle ^ with its symmetrical axis, and is then acted on 
by no forces, or only by forces at its centre of gravity, this symmetrical 
axis will describe a cone about a line which has a fixed direction in 
space and is inclined to the symmetrical axis at an angle 9 given by (6). 
This fixed line in space is the axis of resultant moment of momentum, 
and we shall refer to it as the fixed axis. 

The instantaneous axis of rotation describes a cone in the body 
itself, since it always makes an angle ^ with the symmetrical axis. 
Now any plane in the body containing the symmetrical axis passes 

2 TT 

through the fixed axis once in every — seconds. And, since the 

instantaneous axis is always in the plane containing the fixed axis and 
the symmetrical axis, it follows that the instantaneous axis returns to the 

27r 

same position in the body once in every — seconds. 

When the angular velocity of the body is expressed as two com- 
ponents, one along and one perpendicular to its axis, the component 
along its axis is (« -f co cos 0 ). Calling this equation (2) gives 

^ A 

a> cos 0 = — 5* 


( 7 ) 
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480. Free Motion of the Barth’s Axis.— The earth is a body with 
E symmetrical axis which very nearly coincides with the axis of rotation. 
Owing to the equatorial protuberance of the earth the sun’s and moon’s 
attractions do not exactly pass through its centre of mass. The 
moments of these attractions about the centre of mass cause the earth’s 
axis to describe a cone about the normal to the ecliptic in a period of 
about 25,700 years. This motion of the axis is called the precession 
of the axis. 

But besides this very slow motion, which we may neglect for the 
present, there is very much quicker motion of the axis, the free motion 
investigated in the last article. This free motion is a consequence of 
the fact that the instantaneous axis of rotation does not coincide with 
the symmetrical axis. That this free motion does exist is considered 
to be established by a certain periodic variation of observed latitudes 
which is believed to have been discovered. The latitude of a place, as 
given by observations, is the complement of the angle between the axis 
of rotation and the radius of the earth through that place. Then, since 
the axis of rotation describes a cone in the earth with semi-angle it 
follows that the largest and smallest observed latitudes at any place on 
the earth will differ by 2^, the whole angle of the cone. That is, there 
is a periodic variation of all latitudes of amplitude and the period of 
this variation is the period in which the instantaneous axis of rotation 
describes its cone in the earth’s body. This period is, as proved in the 

last article, — ; and it is stated that observations give ^ = 0*148". 

Now, by the theory of the precession of the earth’s axis and obser- 
vations on its motion, it is found that 

^ ^ = 310 about. 

A 

But tan ^ = g tan 0 , by (6), Art. 479, 


or, since the angles are very small, 




Thus d is very slightly less than 
By the last article 


B - A 


On account of the extreme smallness of 0 we may take cos 0 =5 i. 
Then 'we get 


A - B I 

n=s — T — 0} = o> 

A 310 


The difference in sign of a> cos 0 and n only means that the rotations 
are in opposite directions ; that is, the vectors representing and a 
make an obtuse angle with each other. 
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Let oji denote the resultant angular velocity of the eartli. Then 

= 0)2 4- + 2nco cos 9 

= ( o) 4- n)^ nearly 

0)1 = 0} + n 

= (~3io +i)« 

Therefore 

Now the period of the variation of latitudes should be exactly 

27 r 27 r 

— ^ , which = 309 — nearly 
= 309 days. 

Since the instantaneous axis is always in the same plane as the fixed 
axis and the axis of figure, it follows that the period in which the instan- 
taneous axis describes its cone in space is the same as the period in 
which the axis of figure describes its cone in space, and this is 

2 W 277 

Ol 3I0« 

= of a day. 

Also a figure will show that the resultant of n and a>, lies beyond 
the fixed axis from the axis of figure and makes an angle (<f> — 9 ) with 
the fixed axis. This is an extremely small angle, being only about 
o’ooo5". 

But the observed period of variation of latitudes is about 428 days. 
The discrepancy is supposed to be due to the elastic yielding of the 
earth. The instantaneous axis does not coincide with the axis of figurCj 
for the rotation about the instantaneous axis causes the earth to change 
its shape in such a way that the axis of the equatorial bulge is nearer 
the axis of rotation at any instant than it would be if the earth were 
perfectly rigid. 

481. General Motion of a Spinning Top. — It was shown in Arts. 
477 and 478 that a possible mode of motion of a spinning top is one in 
which the spin remains constant and the axis of symmetry of the top 
describes a cone about the vertical at a uniform rate. But it is obvious 
that the top will have to be started in a particular way in order that it 
may assume this motion. It is true that, in most actual cases, friction 
eventually reduces the motion to the sort of motion considered in Art. 
478. But we now want to consider the motion when friction does not 
act, or before friction has had time to destroy the effect of the initial 
motion of the symmetrical axis. 

Firstly, let us examine the motion supposing the weight did not act. 
If the end of the axis of the top is fixed and no forces act except the 
reaction at the point of support, the resultant moment of momentum at 
that point will remain constant. If A and B are the principal moments 
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of inertia at the end of the axis, it may be shown, exactly as in Art. 
that the symmetrical axis of the body w’ill generally rotate about some 
axis through the fixed point with an angular velocity given by 

A 

cos 01 = -gj (i) 

This is the same equation as (7), Art. 479, and the only difference 
is that here it is not the centre of gravity but the end of the axis that is 
fixed. 

Here 6 x means the semi-vertical angle of the cone described by the 
axis of the top. If this angle is small, we may take 

A 

(a) 

Now, the actual motion is a combination of the precessional motion 
of Art, 478 and the free motion just explained. If the top is started 
in such a way that is small, the axis of the top describes a cone of 
semi-vertical angle di about an axis which itself describes a cone about 
the vertical. We may explain the motion in another way by stating that 
the upper end of the axis describes a small circle on a sphere about a 
centre which itself describes a horizontal circle. Thus the end of the 
axis describes a sort of epitrochoid on the sphere- This is the usual 
motion of the axis when a top is started in any manner. 

Suppose the top is started with its axis at rest at any inclination a 
to the vertical. If we think of the axis of the top as rigidly attached to 
the small cone of semi angle it is clear that this cone must be rolling 
on the cone which has a vertical axis and semi-angle a, for in no other 
way could the axis of the top be at rest. Or, from the point of view of 
the circles on the sphere, the free end of the axis of the top lies on the 
circumference of the circle which rolls on the horizontal circle whose 
radius subtends an angle a at the centre. Thus the epitrochoid becomes, 
in this particular case, an epicycloid. If a is approximately a right 
angle, the portion of the sphere on which the end of the axis moves is 
nearly cylindrical, so that the epicycloid is approximately a cycloid on 
the flattened-out surface of this portion of the sphere. 

If ct) is the precessional angular velocity of the axis about the vertical, 
equation (3), Art. 478, gives 

O) = nearly (3) 

But here n is very nearly the same thing as j in equation (2) above. 
For the quantity in Art. 478 which corresponds to s is {?i + co cos 0 ), 
and <0 is usually small compared with n. Hence we find 

<0 = nearly . (4) 

482 . Motion of a Spinning Projectile. — An elongated projectile 
fired from a rifled gun emerges with a spin about its long axis. If it 
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were not for the resistance of the air it would continue to spin about 
this axis, and the direction of the axis would remain fixed in space. 
Now in consequence of the downward curvature of the path of the pro- 
jectile, the axis of the shot is soon pointing in a direction above the 
direction of motion of the centre of gravity. It is well known that when 
any surface of a projectile is inclined to the direction of motion the 
pressure on the forward portions is greater than that on the hind portions. 
In consequence of this, the air exerts a resultant force on the shot which 
has a moment about the horizontal axis through the centre of gravity 
perpendicular to the direction of motion, the effect of which would be 
to turn the nose of the shot to a still greater inclination to Jhe hori- 
zontal if it had no spin. But the effect on the spinning shot is to turn 
its axis about the line of motion in the same sort of way as the axis of 
a top turns about the vertical. If the spin of the shot is right-handed 
the nose will begin to turn towards the right from the point of view of 
the gunner, and if the spin is left-handed, the nose will turn towards the 
left. If the nose is turned towards the right, the air-pressure on the left- 
hand side of the shot causes the centre of gravity to veer towards the 
right also. The centre of gravity of a spinning projectile does not, 
therefore, move in a vertical plane, but deviates to the right or left, 
according as it has a right-handed or left-handed spin. * 

A similar effect is produced on a disc, such as a penny, thrown into 
the air with a spin about its axis, the direction of motion of the centre 
of gravity being initially up the plane of the disc. If AB is the central 

section of the disc in the plane of motion, MN the direction of motion 
a short time after projection, the resultant of the air-pressure is at some 
point C above the centre of gravity of 
the disc. If the disc is thrown with the 
right hand and its spin is generated by 
rolling it along the finger as one throws 
it into the air, the spin and the initial 
moment of momentum are represented 
by vectors directed downward from the 
disc and perpendicular to it. Conse- 
quently,. the moment of P, the resultant 
thrust, turns the moment of momentum vector towards the right at 
first. Then the greater pressure on the forward right side of the disc 
causes it to deviate towards the left from the point of view of the 
. thrower. 

483. Rate of Change of Spin about the Symmetrical Axis. — 
We have shown that the rate of increase of a constant vector V, 
rotating with angular velocity cti about a line perpendicular to the 
vector, is Vo) perpendicular to the plane containing the vector and the 
axis of rotation of the vector. If the vector V is not constant its rate 

dY 

of increase has, in addition, a component along the direction of the 

vector. This was proved in Art. 270 , or it can be got by using the 
hodograph method. 
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Let G be the centre of mass of a body which has a symmetrical 
axis, and let GX, GY, GZ, be three mutually rectangular axes fixed in 
direction but following the centre of mass. Suppose GX coincides 
with the position of the symmetrical axis at a certain instant, and let 
the component angular velocities of the body at this instant be s about 
GX, 7/ about GY, and zero about GZ. Then the component moments 
of momentum are Ar, Br), and zero. 

The vector As along GX rotates about GY, and therefore the 
component of its rate of increase due to the rotation of the vector 
is along GZ. Similarly, the component of the rate of increase of Btj 
due to its rotation about GX is along GZ. It is clear, then, that the 
only term in the rate of increase of the moment of momentum about 
Es 

GX is A—. If then H denotes the moment of all the forces about the 
at 

symmetrical axis, it follows that 



and if H is zero for any interval of time, s must be constant during 
that interval. 

It must be remembered that s is not the n of the previous articles, 
for X = // + o) cos 0 . 


EXAMPLES ON CHAPTER XXIII 

1. A motor-car has a flywheel parallel to the wheels of the car. If th^ 
flywheel rotates in the same direction as the wheels show that its gyrostatic 
action would help the car to topple in turning a comer, whereas if it rotates 
in the opposite direction it helps to keep the car upright. 

[The action on the car is the reaction to the couple on the fly 
wheel.] 

2. A ship’s flywheel has a mean radius of 6 feet and weighs 5 tons. 
Suppose the flywheel makes 80 revolutions per minute, the direction of 
rotation being such that the bottom of the wheel moves contrary to the 
ship’s motion. What couple does the wheel exert on its bearings when the 
ship turns at a constant rate through 80® towards the right in one minute, 
and in what direction does it tilt the ship ? 

[The couple is I'lo in foot-ton units, and it tilts the ship towards the 
left.] 

3. On the same axle are two similar wheels spinningj with equal angular 
velocities in opposite directions. If the axle rotates with constant angular 
velocity about a line perpendicular to the axle and passing through its 
middle point, show that the wheels apply equal and opposite couples to 
the axis, and that no external force or couple is needed to maintain this 
motion. 

4. A body which has a symmetrical axis spins about a smooth axle 
coinciding with this axis. The axle itself is rigpdly attached to a ri^d 
body which is free to rotate about a smooth fixed rod perpendicular to the 
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symmetrical axis. Show tliat the rotation of the ri:>id body about the rod 
under any forces is just the same as if the first body were not spinning. 

[The rate of change of moment of momentum about the rod is equa] 
to the moment of the forces about the rod. If I is the moment 
of inertia of the combined body about the rod, and o) its angular 
velocity, then the whole rnoment of momentum about the rod is 
let) whether the first body is spinning or not. It follows that the 
spin of the first body docs not affect eti nor its rate of change.] 

5. A uniform disc of mass M and radius r spins with angular velocity « 

about a thin smooth axle coinciding with the axis of the disc. The axle is 
free to turn in a vertical plane about a smooth horizontal rod passing through 
the axle at distance 2)^ from the centre of the disc. The disc is dropped 
from the position in which its axis is horizontal. Neglecting the mass of 
the axle, find the couple exerted on the rod when the axle makes an angle $ 
with the vertical. 

[2Mru cos 0 in foot-poundal units.] 

6. It was once proposed to fit a cabin on a ship which should be free 
from one component of the angular motion of the ship, which we will call 
the rolling motion. The cabin was supported on a horizontal axis perpen- 
dicular to the plane of rolling, and a gyrostat, spinning about an axis 
perpendicular to the first axis, was rigidly attached to the cabin. This 
arrangement failed to steady the cabin. Why did it fail ? 

[The cabin turns about its axis just as freely when the gyrostat is 
spinning as when it is not spinning (see question 4). Conse- 
quently the gyrostat was useless. ] 

7. How must the ship’s cabin mentioned in the last question be supported 
so that the gyrostat will keep it steady ? 

[It must be supported by one point, as, for example, by a chain 
attached above the centre of mass ; or by a horizontal axis, as 
was proposed, attached to a frame which is itself free to turn 
about an axis perpendicular to the first axis. The essential thing 
is that the ship must not be capable of applying a couple to the 
cabin.] 

8. Suppose that the mass of the rim of a bicycle wheel is M, and the 
total mass of its hub, spokes, and axle, is ; and assume that the moment 
of inertia of the hub and spokes is negligible compared with that of the rim. 
Let r denote the mean radius of the rim. One end of a string attached to a 
ceiling is fastened to a point on the axle at distance ^from the centre of 
mass. If the wheel spins at revolutions per minute, at what rate does it 
precess with the axle horizontal ? 

[The axle makes “t — ^ revolutions per minute.] 

9. A top is formed out of a solid sphere of radius r with a thin axis 
through its centre, h being the distance of the end of the axis from the 
centre. If the top spins with angular velocity n on a smooth floor, at what 
rate does it precess with its axis inclined at a constant angle B to the vertical } 

[Since there are no horizontal forces on the top it is the centre of 
mass that rernains fixed, not the point of support. At the centre 
of mass the principal moments of inertia are each Therefore 

the equation 

[Pi.n -h (A — B)a) cos 6 ]a}sm$ = MgJi sin B 

gives 

= M1 

2rh/i 


from which 
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fo. Suppose the lop mentioned in the last question were spinning with 
the end of the axis in a small smooth cup on the top of a fixed metal rod, 
and suppose that r = i inch, >4 = t} inches, % = 60®, and « = 165 radians per 
second. Calculate the two possible lales of precession. 

[Assuming g = 32, the rates of precession are 48 and io§ radians per 
second.] 

11. Show that the principal moments of inertia of a thin disc are equal 
at a point on its axis distant one half of the radius from the centre. 

Suppose the disc spins about its axis at 71 radians per second with one 
of the two above-mentioned points fixed. At what rate will it precess about 
the vertical if its inclination is constant? 

[The rate of precession is radians per second, r being the radius of 
the disc.] 

12. ^ A top is made of a thin uniform disc of radius r and a rod of 
negligible mass along its axis. The top spins on a smooth floor with the 
axis inclined at the angle d to the vertical, the point of support being at a 
distance 2r from the centre of the disc. If the top precesses steadily at co 
radians per second, find the spin about its axis. 

j^The spin j = « 4- o> cos ^ ^ 4- Jw cos ^.j 


13. A child’s hoop rolls on a horizontal plane, the centre of the hoop 
moving with a speed z;' in a horizontal circle of radius r. Find the 
inclination of the plane of the hoop to the vertical. 

What would be the inclination of a skater describing an equal circle with 
the same speed ? 

[ . —1 “1 T 

The inclinations are respectively tan — and tan — . I 

gr gr\ 


14. A uniform disc rolls on a horizontal plane, the centre describing a 
horizontal circle of radius r with a speed v. What must be the inclination of 
{ts plane to the vertical ? 


ftan-* ^.] 

L 


15. A body with a symmetrical axis is set in rotation with an angular 
velocity q about an axis inclined at an angle ^ to the symmetrical axis, and 
is subsequently acted on by no forces. Show that its sj^mmetrical axis will 
describe a cone with angular velocity o) about a line inclined at ^ to the 
symmetrical axis, such that 

A® cos® ^ 4- B® sin® ^ , 

“' = 


and 


tan ^ ^ tan ^ 


the angle B being measured from the symmetrical axis towards the axis of q 
in the plane of both these axes. 

16. A solid cylinder, whose length is equal to V^times its radius, is thrown 
into the air spinning about an axis through its centre of mass. Show that the 
axis of rotation remains fixed in space and in the body except for the motion 
with the centre of mass, and that the angular velocity remains constant. 

17. A penny is thrown into the air spinning with an angular velocity q 
about a line inclined at 30® to its symmetrical axis. Show that, while the 
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penny is in the nii\ its axis describeb a cone of semi-angle 6' in the period 

4'rr 

— 7=, the vertex of the cone being at the centre of mass. 

(7VI3 

18. If A, B, C, are the principal moments of inertia of a rigid body at a 
point of the body which is kept fixed, and if y, are its component angular 
velocities about the principal axes, prove that the kinetic energy of the 
body is 

JAa2 + + iCyS 

[If I is the moment of inertia about the instantaneous axis of rotation, 
and /, 771 , and the direction-cosines of this axis relative to the 
principal axe^, then, ^ being the resultant angular velocity, 

I = A/2 -f Bw 2 + C«2, by Art. 209 ; 
and a = /$^, ^ y = nq. 

The kinetic energy is clearly ^ 1 ^ 2 ^ which is equal to the given 
expression.] 

19. If the angular velocity of a top or gyroscope is the resultant of cd about 
a vertical line and n about its axis^ show that the minimum value of n for 
which steady precession is possible w ith the axis inclined at Q to the vertical 
is given by 

= 4(B — N)Mgh cos B 

where A and B denote the principal moments of inertia at the fixed point of 
the body. But if s denotes + cu cos d), the component angular velocity 
about the symmetrical axis when the other component is perpendicular to it, 
jhow that the minimum value of s for steady precession at the same inclina- 
tion is given by 

A2j2 =: 4BM^i^- cos B 

[Regard a> as an independent variable in both cases.] 

20. If is the minimum resultant angular velocity of a top for which 
steady precession is possible with the symmetrical axis inclined at 6 to the 
vertical, show that 

A2y2 = 2Mg/i cos A2 tan^ ^ -f B 2 4- B) 

21. A symmetrical flywheel can turn without friction about a diameter of 

a vertical metal ring, this diameter making an angle a with the vertical 
diameter. There is initially no rotation of the flywheel, but the ring is made 
to execute a complete revolution, from rest to rest, about its vertical diameter. 
Prove that the flywheel will have turned relatively to the ring through the 
angle 27 r cos a. Manchester University^ Hono^irs Maths. 

[Since the forces acting on the flywheel have no moment about its 
axis its angular velocity about this axis remains zero. If 0 is the 
angle through which the ring has turned at any instant, its 
component angular velocity about the axis of the flywheel is 
6 cos a. The relative angular displacement is thus B cos a, which 
becomes 217 cos a for a complete revolution.] 

22. State carefully the piinciples of linear and angular momentum. 
Assuming, in addition, the principle of energy, solve the following 

problem : — 

The bob of a conical pendulum is held so that the string is tense and 
horizontal, and is pro jected horizontally at right angles to the string with the 
given velocity V Prove that when next it is moving horizontally the 
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velocity will be V where y is the positive root of the quadratic 
j/(y ^ c) = and / denotes the length of the string. 

Manchester University^ Honours Engineerings Applied Maths, paper, 

[Suppose z is the vertical fall of the body before the velocity becomes 
horizontal again, and let v be this velocity, and u the initial 
velocity. Then the energy equation gives 

+ 2.gz = %g{c 4“ -sr) = 2^. 

Since the forces on the bob have no moment about the vertical 
through the point of support the moment of momentum about this 
line remains constant. Therefore, equating the squares of the 
moment of momentum, 

'Zgcl^ = — a®) = zgicl^ ^ cs^) 

or (* + «■> = ^; 
yiy - r) =r 

23. A pendulum bob is projected in any manner. Show that, unless it is 
projected in the vertical plane containing the point of projection and the 
vertical through the point of support, the string can never be vertical. 

24. Before the plug is pulled out of the bottom of a hemispherical wash- 
basin the water is set in rotation. Explain why the rotation increases as the 
basin empties. 

[The moment of momentum of the whole mass about the vertical 
diameter is but slowly decreased by the resistance at the surface 
of the basin, and the water that escapes has little or no moment 
of momentum. Consequently the water that remains has a great 
part of the whole moment of momentum, which explains why its 
rotation increases.] 

25. A body rotates with angular velocity q about an axis which is fixed 
in the body and in space. At a point on this axis the principal moments of 
inertia are A, B, and C. If the axis of rotation is in the plane of the axes of 
A and B and is inclined at the angle B to one of them, show that the body 
exerts a couple on the axis whose magnitude is (A — 'B)q^ sin 6 cos 6 . 

26. If the body mentioned in the last question were spinning about a 
fixed axis whose direction-cosines were /, m, and referred to the axes of 
A, B, and C, show that the couple on the axis would be 

+ an^ - (A/2 + Bw® + C«*)2}. 

[If R denotes the resultant moment of momentum, then the com- 
ponents of R along the principal axes are A/^, B/«y, and Cnq. 
Therefore 

R 2 = (A2/3 4 . + On^)q^ 

Also, the component, P, of R along the axis of rotation is 
P = (A^ 4 Bw2 + Cn^)g 

The other component of R, namely, \/(R* - P®;, rotates in one 
plane with angular velocity q* Therefore its rate of increase is 

•./(R* - P*)?.] 



CHAPTER XXIV 

UNITS AND DIMENSIONS 


484. The fundamental units in physics and mechanics are the units of 
length, mass, and time. All other units may be derived from these 
three. The connection between force and these fundamental units is 
given by Newton’s second law of motion, and the otlier units are 
connected by definition with the fundamental units. 

Let L, M, T, denote the units of length, mass, and time, and let 
V, A, F, E, P, denote the derived units of velocity, acceleration, force, 
energy, and power. Then 


Velocity = 


length of path described 
time occupied 


If unit length is described in unit time, the velocity is unity. Hence 

v = f (I) 


Likewise, unit acceleration is the acceleration of a body which gains 
unit velocity in unit time. That is 


A = 


V L 


( 2 ) 


The absolute unit of force produces unit acceleration in unit mass, 
and the force is equal to the product of mass and acceleration. Hence 


F = 


MA = 


ML 

1’2 


(3) 


If energy is measured in work units, so that the unit of energy is the 
work done by unit force in a displacement of unit length in the direction 
of the force, then 


E=:FL = 


ML2 

X2 


(4) 


If a body of unit mass has unit velocity, its kinetic energy is 

iMV2 = ^My = iE ...... (s) 

Thus the kinetic energy of the body is half a unit of energy. 
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The unit of power is the power of a force which does unit work 
m unit time. Hence 


P 


E_ML 2 
T ~ T8 


( 6 ) 


The preceding units are all absolute units, the most convenient 
units for theoretical investigations. In practical calculations it is 
customary to use any convenient unit. The pound is the practical 
unit of force for example, and in order to make the equation 

Force = mass X (acceleration produced) 


hold, engineers have invented a new unit of mass which is the mass of 
^ pounds. Thus the engineers’ units of force and mass are each g times 
as large as the theoretical or absolute units. The objection to the 
pound as a theoretical unit of force is that the weight of one pound 
depends on the earth’s attraction, which is different at different places, 
but the unit is good enough for practical purposes, and both systems 
give the same theoretical, results. 

The unit of volume is L®, and the unit of area L^. Also the unit of 
density is the density of a body which has unit mass in unit volume. If 
D denotes this unit, 

M 

I> = D W 


The unit of momentum is 


MV = 


ML 

T 


( 8 ) 


The impulse of a force / acting for a time i is ft 
denotes the unit of impulse, 


1 = 


FT=: 


ML ^ ML 

rp2 ^ ^ rp 


Hence, if 1 


. . ( 9 ) 


which is, of course, the same as the unit of momentum, because an 
impulse is equal to the momentum generated. 

The number of radians in an angle is 

Q — g-rc subtended 

““ radius of circle 


If both radius and arc have unit length, we get the unit angle one 
radian. Calling this R, we get 

R ^ = I, a number (lo) 


Angular velocity is the number of radians described in unit time. 
Hence, if Q denote the unit, 


R I 
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486. Every physical quantity is of the fonn 

NL“m'’T^ (I,) 

where N, a, y, are numbers, and L, M, T, are the units of length 
mass, and time. The quantity in (12) is said to be of dimension a in 
length, P in mass^ and y in time.^ Two physical quantities have the 
same dimensions when they contain the same powers of L, M, and T. 
Every term in any physical or mechanical equation has the same 
dimensions, for quantities of dilferent dimensions are not like quantities 
and cannot, therefore, be added together. For example, a velocity 
cannot be added to a displacement, or it would follow that a displace- 
ment divided by a velocity could be a mere number, whereas we know 
that when we divide a distance by a velocity the quotient gives the 
time required by a body having the velocity to describe the distance; 
that is, distance divided by velocity can only give time. 

The usefulness of the theory of dimensions depends on the important 
fact that all the teims in an equation must have the same dimensions. 
It enables us to check our working at any stage. If we find two terms 
of different dimensions in the same equation, we know that there is 
some mistake. Moreover, when the data in a particular problem are 
small in number, we can even predict the form of the result merely by 
using the theory of dimensions. 

We shall now work a few examples. 

486. Illustrative Examples. 

Example i. — The velocity of a body fallmg from rest through a dis-- 
tance h depends only on h and g. To find how these quantities are involved 
in the velocity v. 

We have to combine h and g so as to get a quantity of the dimen- 
sions of a velocity. Now being a length, contains the first power of 
L, the imit of length. That is 


y^OC L 

Also, g being an acceleration, we have 

L 


Let us assume 
This gives 




V oc Jl^g^ 

L „ 1 / 
^ q'as 

J CL + p 


T2^ 


• • • (^3) 

(14) 

(^s) 

w , V . • (16) 


Since both sides are of the same dimensions, we get, on comparing 
indices, 


a = I . , * . . (17) 

2^ = 1 . (18) 



UNITS AND DIMENSIONS 


5*5 


which give a = I, )8 = Hence 

I'cc . . (19) 

or p = N\/, 4 ^ (20) 

N being a number. 

We know this result is correct, for actually 

V = ^/'2hg (21) 


Example 2. — By the same process we will fnd Jw%v h tmd g are in^ 
vclved in the time of falling ihj'ough a distance h fro7n rest 
Let t denote the time, and assume 


/oc h^g^ 


From this 

Toe 

Hence, making the dimensions the same, 


-2|8 


( 32 , 

(* 3 ) 


a + ^ = o (24) 

- 2^ = I • • (25) 


These give a = /3 = 


Therefore 



(26) 


Example 3. — The time of oscillatmi of a simple pendulum can depend 
only on the three qnantitiesy g, 1, the length of the pmdtdum^ and j3, the 
angular anfplitude. To find^ as far as possible^ how these quantities are 
involved m the time. 

Since jS is itself a number, the theoiy of dimensions does not help 
us to discover how this quantity is involved. We have, then, to combine 
/ and g to get a quantity of the dimensions of time. Since / is a 
length, the method of the last example shows that 


That is 


\/p (®7) 

(28) 


where N is a number, which may involve J31n any 
We may, therefore, write 



manner whatever. 


(29) 


where F(j3) denotes some function of jS to which the present theory gives 
US no clue. 


The numerical coefficient of cannot contain / or g^ since no 

combination of these will give a number. Consequently, this numerical 
coefficient is the same for all pendulums, provided P is the same, how- 
ever large ^ may be. 
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If a number of uniform rods, each fixed by a smooth hinge at one 
end, are allowed to fall from the horizontal position, the preceding 
reasoning will show that the time required for a rod of length I to fall 
into the lowest position is an expression of the form given in (28). 
Consequently, the time of falling of any rod is proportional to since 
g is the same for every rod. 

Example 4. — To find the dimensions of ike constant 0/ gravitation. 

If K denotes the constant ; ^1, the masses of two attracting 
bodies; F, the attraction between them; and r, their distance apart, 
then 




(30) 


Putting in the proper dimensions of the known quantities, 

ML fcM2 

^ L 2 ~ • ® • • • ’ » (31) 

L 3 

MT 2 

oc (32) 

Example 5. — To find the form of the expression for the period of a 
satellite about a primary of mass S assumed fixed. 

The period obviously does not depend on the mass of the satellite, 
because, other things being the same, the attraction is proportional 
to the mass of the satellite, and therefore the acceleration, which is 
proportional to the attraction divided by the mass of the satellite, does 
not depend on this mass. 

The period depends on S, the constant of gravitation k, the major 
semi-axis, of the orbit, and possibly on the eccentricity of the orbit 
But, since the eccentricity is a mere number, the theory of dimensions 
does not help to discover whether it is involved in the period or not. 


Let us assume, then, that the period is 

/ = N . (33) 

Writing the dimensions of these quantities 

Tec , • (34) 

Making the dimensions of both sides the same, we get 

a = ^ (35) 

- 2^ = I (36) 

r = (37) 

Solving these and substituting in (33) 

^ /-o\ 


whence 

or 
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If we were sure that the eccentricity were not involved in the number 
N, this last equation would prove that the periods of different planets 
are proportional to the cubes of their mean distances. 

Example 6. — To find the form of the expression for the ntaxwiU7n 
spafi of a catenary of uniform strength of given materiaL 

The maximum span clearly depends on the breaking tension per 
unit area P, the density (mass per unit volume) of the material of the 
catenary p, and the intensity of gravity g. 

If s is the maximum span, 

y = NP>V (39) 

The dimensions of P, which is a force divided by an area, is 

ML I M 

fp2 X j^2 — LT^ * < * • (4®) 

Inserting the dimensions of the quantities in (39), we get 



To make the dimensions the same we must have 

a + j8 = 0 (42) 


2a + 2y = 0 (43) 

-'a-3p+y=i .....t* (44) 


These give assi, ^8 = — i, y = — i. Therefore 



( 45 ) 


In this result P is measured in absolute units. If British funda- 
mental units are used, P is in poundals per square foot, and 
P 

consequently - is the breaking tension in pounds per square foot. 

p 

Writing P^ for — the result can be expressed thus 
S 

f = N^ (46) 

P 


The number N is shown in Art. 198 to be tt. 

Example 7 . — To show that the attractio?i of an infinite uniform plane 
distrihition of matter is independent of the distance frvm the plane* 

The attraction can only depend on the constant of gravitation k, 
the surface density p, and the distance from the plane d. Now 
attraction is force on unit mass, and has therefore the dimensions of 
acceleration. Also p is mass per unit area, that is mass divided 
by area. 
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The attraction must be given by 

r = NpV^ (47) 

The dimensional equation from this is 


VlV \MT2/ 


To make the dimensions the same, we get 

= * (49) 

a-p = o (50) 

— 2a +3^4-y = i (51) 

Whence a = /3 = i, y = o. Therefore 

F = Nk/> . « . ... (52) 

The number N is shown in Art. 243 to be 277. 

487 . The measure of any quantity of a particular kind is the number 
of times that quantity contains the unit of its own kind. If the unit be 
changed the measures of all quantities will be changed in consequence. 
For example, the measure of the radius of the earth with the mile as 
unit of length is about 4000 ; but when the unit is a metre its measure 
is about 64 X io 5 . 

If N and N' are the measures of the same quantity when U and U' 
are the units, then 

NU = N'U' (S 3 ) 

N U' 

Whence . . . . • (S4) 

that is, the measures are in the inverse ratio of the units. The larger 
the unit the smaller the measure. 

If M* occurs in any quantity, an alteration of the unit of mass from 

( M \* 

M 7 * ^ 

few examples will illustrate these principles. 

Example i. — The acceleration of a train is f miles per hour per hour} 
to express this in foot and second units. 

Let L and T denote the units one foot and one second ; XI and T 
the units one mile and one hour. Then, if a denotes the measure of 
the acceleration in foot-second units 


_L _ i; 


3600^ 27000*' 


one mile V one s econd "^ 
one footA one hour / 


Therefore 
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Example 2. — If g and g' denote tJie measures of the acceleration due 
to gravity in foot-second units and ce^itimetre-second units respectively^ wt 
find 

^ = (S 7 ) 

where h. and N are the British and metric units of acceleration. Hence, 
since the unit of time is the same in both, 

10 _ one foot 

one centimetre 5 • • • • fS^) 

Therefore f = 30*5 X 32*2 = 982 ....... (59) 


Example 3. — The absolute unit of work is 



The metric unit is called an erg and the British unit is a foot- 
poiindal. Their ratio is 


I foot-poundal 
I erg 


I lb. f I foot Y 
I gram ' Vr centimetre -' ““ ^ ‘ 


(60) 


the time unit being the same. Hence 

I foot-poundal == 422 X lo^ergs . * . . • • * (61) 

I foot-pound = 422 X 32*2 X io 3 = 136 X lo^ergs . (62) 


488 . The rest of the units in the metric system can be expressed in 
terms of British units when the ratios of the three fundamental units are 
given. In the metric system the centimetre^ grants and second^ are the 
names of the fundamental units of length, mass, and time. Theii 
values in terms of British units are given in a table at the end of the 
book. The absolute unit of force is called a dy 7 ie and, as we have 
mentioned in the last article, the absolute unit of work or energy is 
an erg. 

489 . Whenever different powers of the same quantity are added 
together in a physical equation this quantity must be a number of no 
dimensions in length, mass, or time. If, for example, / or cosz occur 
in an equation, z must be a number, because / and cos a involve 
different powers of a. In the theory of struts, Art. 237, the deflection is 


/“F / F 

y-C cos/sf ^ + r> sm/\f gj: 


The quantity 



must therefore be a number. 


This can be 


easily showmto be true by finding the dimensions of F, E, and L 
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Again, the angular diaplacement of a simple pendulum is 


= A sin 




Consequently 



t must be a number, and this is 


easily seen to 


be true from the dimensions of the quantities involved. 

Likewise sin^^^, when it occurs in an integral, is a mere number 
and not an angle. It is a coincidence that the number can be obtained 
from trigonometrical tables. It should be remembered that the radian 
measure of an angle is a mere number because it is the ratio of an arc 
of a circle to its radius. 


EXAMPLES ON CHAPTER XXIV 


1. What are the dimensions of the gravitation constant ? Assuming that 

the value of the constant is in absolute foot-pound-second units, 

find its value in centimetre-gram-second units. 

r L3 I n 

j^The dimensions are In units its value is ^ ^ 

2. The velocity of a body which has been attracted from infinity to 
distance r from the sun depends on the sun’s mass S, the distance r, and the 
gravitation constant /c. What is the form of the velocity ? 

[The velocity is proportional to V fcSr-i,] 

3. What are the dimensions of Young’s modulus and of the modulus of 
rigidity ? 

j^Each has the dimensions 

4. The velocity of longitudinal waves in an elastic body depends on 
Young’s modulus E, and the density p. What is the form of the velocity ? 


The velocity is proportional 


»v1-] 


5. The velocity of waves on the surface of deep water de])ends on the 
intensity of gravity and the wave length A. How are the quantities 
involved in the velocity ? 

[The velocity is proportional to V^.] 

6. The couple required to twist a wire of length I and radius r through 
one radian depends on /, r, and the rigidity modulus n. Assuming that the 
couple varies inversely as /, find how all three are involved. 

The couple varies as 

7. The greatest length of a cylindrical horizontal beam lhatjcan be safely 
supported in a given way under its own weight depends on the breaking 
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tension P, the density /), the radius r, and the intensity of gravity What 
does the theory of dimensions tell us about the greatest length ? 

j^The theory tells that the greatest length varies as with 

the condition that a + jS = i.jj 


8. The mass of water that flows over a triangular notch in t seconds, 

the vertex of the triangle being lowest and at depth h below the surface of 
the water, depends upon and the density />, as well as the vertical 

angle of the triangle. Show, by considering dimensions, that the mass is 
proportional to a and p being connected by the equation a + ^ = 3. 

[Actually a = ^ f , and the tangent of half the vertical angle is a 

factor, but the theory of dimensions cannot tell us so much.] 

9. Assume that the period of a planet in its orbit does not depend on the 
minor axis of the orbit, and show from dimensions how it depends on the 
sun’s mass S, the major semi-axis and the constant of gravitation /c. 

The period varies as 



10. The maximum angular velocity at which a disc can be rotated about 
its axis so as to be safe from bursting depends on the radius r, the density 
p, and the breaking tension P. Find how this angular velocity involves the 
quantities. 


I^The angular velocity varies as j 


II. The slowest period of oscillation of a tightly stretched string depends 
on its tension T, its length and its mass m. How do these quantities occur 
in the period ? 

j^The period varies as -v/f-] 


X2. Suppose the buckling load, P, of a strut depends only on the length / 
and on the product EL Find how these quantities are involved. 





13. If the maximum stress in a rotating disk depends only on the density 
p, the radius r, and the angular velocity co, show that it is proportional to 

14. The terminal velocity of a sphere falling in a fluid depends on 
on the radius r, on the density p and the viscosity p of the fluid. This 

last has dimensions ML~^T“^. Show that the square of the velocity is 
proportional to where n is some number not determined by 

dimensions. 




APPENDIX ON CONICS 


L Definition of a Conic and Deduction of its Polar Equation.— 
A conic is the locus of a point which moves in one plane so that its 
distance from a fixed point in that plane bears a constant ratio e to its 
distance from a fixed straight line in 


that plane. The curve is called an 
ellipse, a parabola, or an hyperbola, 
according as the ratio e is less than, 
equal to, or greater than unity. 

We will first find the polar equation 
to a conic, the fixed point being the pole. 

The fixed point and the fixed straight 
line are called the focus and the directrix 
respectively. 

In Fig. 213, S is the focus and CQ 
the directrix. P is any point on the 
conic. LL' is the chord through the 
focus parallel to the directrix and it is 
called the latus rectum. Its length will 
be denoted by 2/. 

Now SP =:= r = ^ . PQ = e(RS + SC) 
= ^ . r cos ^ ^ . LM 

= ^ cos + SL = cos 5 + / (i) 

Hence ^ = i — ^ cos d . (2) 



Fio, 213. 


If the angle ASP be called d\ we may write the equation (2) in the form 

j;=i+ecos 8 ' (3) 

Either of the equations (2) or (3) may be taken as the polar equation of a 
conic. In equation (2) the 

initial line, from which 9 is Y 

measured, is the aphelion 

distance, and the initial line _ 

for d' is the perihelion dis- g 

tance. ^ # 

2 , The Ellipse. — Since •. 

^ is less than unity for the : ^ ’ 

ellipse, it is clear that the / j I \ \ 

cun^e meets CS produced in C — -A — .-1 

some point A'. Let 0 be A\ S 0 k S Jfi! . 

the mid-point of AA'. \ / 

Then SA = ^.AC (4) 

SA'= ^ . A'C is) 

Adding these 

AA^ = ^(AC + A'C) 
or 2 . AO = 2e . CO (6) 


Fig. 314 



52+ MECHANICS OF PARTICLES AND RIGID BODIES 

Writing a for AO, this becomes 

CO=2 ......... (7) 


Again, subtracting (4) from (5), 

SA' - SA = e{h!C - AC) = ^ . AA' 
or 2SO = lea 

that is, SO = ^<3 * 

Now taking OA' and OY as axes of x and y, let the co-ordinates of P bo 
(x, y). Then 

SP = eFQ = e(CO + OR) = a + ex . ^ , , (9) 
Therefore {a + ex)^ 

But S^^=SR^ + RF^ = (ea + x)*+y\ . . . (lo) 

Hence (ea + x)^ y^ {a ex)^ 


Therefore e^a^ + 2eax x^ + y^ ^ + 2 eax + 

or x\i e^) y^ — a\i -- e^) (n) 

) y^ / 

a\i ~ ^2) = * (12) 

The value ofy when ;r = o’is ± OB. Hence putting ^ = o, we find 

OB^ = a^(i -- e^) (13) 

Let OB — d. Then 

= (14) 

and the equation to the ellipse can be written 

x^ yS 

(15) 


This equation shows that the curve is symmetrical about the axis ofy, for 
there are two equal and opposite values of ;r for any given value of j/. There 
is consequently another focus S' and a corresponding directrix at the other 
side of the curve. If QP meet the other directrix in Q\ we have 


SP = ^PQ (16) 

S'P = ^PQ' (17) 


SP - 4 - S'P = # . QQ' ==r 2^ . OC = (18) 


Hence 
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That is, the sum of the distances of any point on the ellipse from the foci 
is constant, and is equal to the major 
axis AA'. 

We shall now prove that SP and S'P 
make equal angles with the tangent TP. 

Let P and Q be two neighbouring 
points on any curve ; and let SP = r, 

SQ = r + Sr, S being any point in the 
plane of the curve. SF is cut off equal 
to r so that FQ = Sr. Let the arc PQ be 
denoted by Bs. Then 

FQ 

= lim .=r^ 
ds PQ 

= lim cos PQF 

= cos 

By cutting off SF equal to SP we do 
not make PFQ a right angle, but its 

limiting value is a right angle, since the triangle SPF is an isosceles 
triangle which has ultimately its vertical angle zero, and therefore its base 
angles right angles. 

Now in the ellipse, if S'P = (Fig. 214), 



Therefore 

that is, 
Hence 


r + r' = 2<a:, a constant. 
dr dr^ 

^ 4- _ _ o 


cos SPT + cos S'PT = o 

SPT + S'PT = 180® 


(I9> 


and consequently the acute angles between the tangent and the lines SP 
and S'V are equal. 

3. The Auxiliary Circle. — Let a circle be described on AA' as 
diameter. This is called the auxiliary circle to an ellipse with AA' as major 
axis. If Pi and P are points on the circle and ellipse respectively such that 
PiPR is perpendicular to AA', then Pi and P are called corresponding 

points. The angle A'OPi, denoted 
by is called the eccentric angle 
of the point P. 

If OR be called -t* and RP, RPi, 
be called jv andjKi, then 



^ = I 

^2 


- (20) 




Hence 


(21) 

(22) 


Fig. 216. 


zi: 

yi~a 

Thus the ratio of the ordinates at 
corresponding points of the ellipse 
and circle is constant and equal to 
b 


This shows that the ellipse 
a 

could be obtained by turning the circle about A A' until its plane were inclined 
to the plane of the ellipse at an angle cos ^ ^ and then projecting the circle 
orthogonally on the latter plane. 
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If the circle and the elUpse be divided into very thin strips parallel to 
the minor axis of the ellipse, it is clear that the areas stnps of the 

ellipse would bear the constant ratio 5 : to the areas of the corresponding 

strips of the circle. Consequently the whole area of the ellipse is - of the 

area of the circle, that is, its area is ^ab. „ 

In terms of the eccentric angle the co-ordmates of P are a cos <i>, b sm 
4 Let FPF' be a tangent at P ; SF and S'F' perpendiculars to this 

tangent. We shall prove that F 
and F' lie on the auxiliary circle, 
and that 



SF.S'F' = ^ 


(23) 


Let SP be produced to meet 
S'F' in K. Then, since the angles 
SPF, S'FF', are equal, it follows 
that PK = PS'. Hence 

SK = SP + PS' = za (24) 

Now because O and F' are the 
mid-points of S' S and S'K, therefore 

OF' -r iSK = a (25) 

Thus F', and clearly also F, lies on 
the auxiliary circle. ^ 

It is useful to remember also that K, the image of S in the tangent, 
lies on a circle of radius with S as centre. . . _ , 

FS is produced to meet the auxiliary circle again m h*. Then obviously 
SE = S'F'. Now let SP = r, S'P = SF = A S'F' Then 

SF . SE = AS , SA'= + «) = ^2(1 = ^2 (26) 

Again, because the angles SPF, S'PF', are equal 

i.-iL 


Therefore 


whence 




r' 

p* b^r 


a * 


2 

r 


- • ^ T . » e • (27) 

which is the tangential-polar equation to the ellipse. 

Now the semi-latus-rectum is the value of y when x = ea. Thus 
equation (15) gives, for the ellipse, 

12 

a 2 * 


whence 
and therefore 


a 


Thus equation (27) may be written 

_ 2 ^ I 
p2'~ a 


« c « « 


. (27A) 
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The above is tlie tangential -polar equation of the ellipse with a focus as 
pole. We shall now find the tangential-polar equation with the centre as pole. 

Let the co-ordinates of P be (;r", j)/ 0 ,andlet and denote respectively 
the perpendicular distance of 0 from FF' and the distance OP. Then it is 
easy to show that the equation of the tangent is 


XX 


i ^2 * 


which becomes, in terms of the eccentric angle of the point of contact P, 
-cos -i-j sin ^ ~ I 

The perpendicular from 0 on this line is given by 


whence 


I cos®^ . sin^^ 

A*"" 

cos 2 (f, + sin* ^ 

= ^^* + 3* — (^r*cos* ^ -h sin* 

^ - (x'^ ’h y^) 

- ri* 


which is the required equation. 

6. The Hyperbola. — The polar equation to the hyperbola 

/ 

- =: I — cos 9 
r 

shows that r is infinite when 

cos *•••••#•• 

e 


(28) 


(29) 


which gives real values of B since When (i — ^cos 0 ) is positive 

r is positive, but when this quantity is negative r must be regarded as 
negative, that is, r must be drawn in the direction opposite to that 01 tne 
arm bounding the angle B. By reasoning from the polar equation it cai? be 
shown that the curve consists of two infinite branches which do not unite ; 
but it will be easier to see this from the cartesian equation. 

By nearly the same working as for the ellipse we can prove tnat 


^2 _y2 

a2(i _ V2) 


I 


Now ^ 1 for the hyperbola. Let us therefore put 

quantity ^2(^2 — x). Then the equation becomes 

^ _ I 

^2 ^2 - " .... 


^ for the positive 


C30) 


This last equation shows that the least value of ^2 is a 2 Conse- 
quently there is no portion of the curve between the lines *t » 
X = —a. 


Where the line 

y = 

meets the hyperbola, we have 

^ “ (^2 


mx 

= I 


I 1 w 2 


(30 


. . ( 33 ) 
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This gives two real equal and opposite values of :ir so long as the right- 
hand side of (32) is positive, that is, so long as 

( 33 ) 

When w® is equal to ^ the value of x is infinite, and greater values of ni^ 

give no real values of x. It follows, then, that there is no portion of the 
curve in that region between the two lines 

h b . ^ 

y=—a^ ( 34 ) 

which contains the axis oiy. These two lines are called asymptotes to the 
hyperbola. They are the lines OH and OK in the figure. 



If 2 a denotes the angle between the asymptotes then 

o b2 

tan® o = ^ = — I 

and therefore sec a = <? 

Corresponding to (18) the property of the hyperbola is 
ST - SP = AA' = 2 a 

that is, P — r = 2a (35) 

P being a point on the branch nearest S. 

Also, if PT is a tangent to the hyperbola at the point P, we can prove 
that 

angle SPT = angle S'PT (36) 

Just as for the ellipse we can prove that the feet of the perpendiculars from 
the foci on a tangent lie on the circle on AA' as diameter, and thence 

= 3® '• (37) 
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Again, by the method used for the ellipse, 


^ r 4- r 


Consequently 


^ I _ 2 I 

a r a 


which is the tangential-polar equation to that branch of the hyperbola 
nearest the pole S. Taking the pole at S' to get the equation of the further 
branch 

^ r r' — 2,(1 


, ^2 I I 2 . 

= * 

As in the ellipse the focus is at {ea,^ /). Hence equation (30) gives 

12 ‘ 


<*2 ^2 ■ 


whence 


and therefore 


12 = (^2 - 1)^2 = --^2 


as in the ellipse. 

6. The Parabola. — For this curve ^ = r, and therefore 

SP = PM. 

If any line DM' be taken parallel to the directrix, we find that, when P 
is between CM and DM', 

SP + PM' = MP + PM' = constant 


Now imagine DM' to be moved to a very great distance to the right, so 
that PD makes an infinitesimal 


angle with SD. Then PD would 
differ very little from PM', and 
we should have, approximately, 

SP -f PD = a constant (42) 

But if SP + PD were exactly 
constant, the curve would be an 
ellipse with foci at S and D, and 
it would follow that 

angle SPT — angle DPT' (43) 

In the limit when DM' is at 
an infinite distance to the right 
of CM, the relations (42) and 
(43) will be exactly true. A 
parabola may therefore be re- 
garded as an ellipse with one 
focus at infinity, and conse- 
quently the centre at infinity. 
The line joining any given point 
to the focus at infinity, or to 
the centre, is a line through 



Fig. 319. 
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that point parallel to the axis AD of the parabola. Thus PM' is along the 
second focal distance of P. 

Most properties of the parabola can therefore be derived from those of 
the ellipse by assuming one focus to be at infinity. Thus 

angle SPT = angle M'PT' = angle MPT ... (44) 

^2 

Again, since — is equal to /, the semi-latus-rectum of an ellipse, which 

remains finite in the parabola, it follows that b becomes infinite when a 
becomes infinite. From the tangential polar equation to the ellipse 

^ _L _ 2 _ I 

a' r a 


we get that of the parabola thus 


i -5 

r * 


(45) 


This can be proved directly from (44). Thus join SM. Then in the 
triangles MPF, SPF, MP and PF are respectively equal to SP and PF, 
and the included angles are equal. Therefore SM is perpendicular to the 
tangent, and 

^ = SF = FM 
p SF CS 

Therefore 7 ~ SP ” SM similar triangles 


But CS is equal to / by the property of the curve, and SM = 2/. Hence 

^ = i 

r 2p 

which agrees with (45). 

The auxiliary circle of the ellipse, which passes through A and has its 
centre at the centre of the ellipse, becomes a circle of infinite radius in the 
parabola, that is, a straight line touching the parabola at A. 'Phe feet of the 
perpendiculars from S on the tangents lie on this straight line. 

The parabola may be derived not only from the ellipse but also from the 
hyperbola. If DM' is on the left of CM, we get 

PM' — SP = a constant 

Now, supposing DM' to be moved to infinity on the left, PM' is the same 
as PD, and we find 

PD “ SP = a constant 

which is the same as for an hyperbola with its second focus D at an infinite 
distance to the left of S. 

We will now find the cartesian equation referred to axes through A, the 
axis of Y being parallel to the directrix. A is, of course, the mid-point 
of CS. 

By definition 

SP = MP = CA + AN 
Therefore SP2 = (CA + AN)3 

or SN2 -h NPS = (CA + AN)2 

Now, writing /, for AN, NP, CS, we get 

(^-5/ +>2 = (5+ A-)" 

J/2 = 2lx 


whence 


: (46) 



USEFUL QUANTITIES 


1 foot = 30’48 centimetres. 

I inch = 2'S4p centimetres, 

I mile = 1*6093 kilometres. 

I pound = 4S3‘59 grams. 

I metre = 39*37 inches, 

I kilogram = 2*2046 pounds. 

I poundal = 13,825 dynes. 

I foot-poundal = 4217 x lo^ ergs. 

TT = 3-r4iS93- 

& = 2718282 (the base of natural logarithms). 

logio^ = 0*4342945* 

log^ 10 = 2*302585. 

g = 32*173 — 0*083 cos 201 where 0 denotes 
G = 32*228 - 0*028 cos 20/ the latitude. 


G is the true acceleration produced by the attraction of the Earth at sea- 
level, whereas g is the acceleration relative to an observer on the rotating 
earth. The difference between g and G is the acceleration of the observer 
due to the earth’s rotation on its axis. 

At Greenwich^ = 32*191. 

At Paris ^==32*183. 

One cubic foot of water at 4® C. weighs 62*3 lbs. 

12*41 cubic feet of air at 0° C. weigh one lb. when the mercury barometer 
stands at 30 inches. 

Equatorial radius of Earth = 3962*8 miles. 

Polar radius of Earth = 3949*5 miles. 

Mean distance of Earth from Sun = 92*8 million miles. 

Mean distance of Moon from Earth = 60*26 equatorial radii of Earth. 

One sidereal month = 27*322 days. 

One tropical year = 365*24 days = 13*368 sidereal months. 

Mass of Sun ~ 328,000 times mass of Earth and Moon. 

Mass of Earth — 80*4 times mass of Moon. 

Semi-diameter of Sun subtends 961 "*82 at the Earth’s mean distance. 

Semi-diameter of Moon subtends 934''*68 at the Earth’s mean distance. 


The constant of gravitation = 


1 

948 X 106 


, the units of mass, time, and 


force being the pound, second, and poundal, and the mean density of the 
Earth being taken as 5^6 times that of water. 
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Coefficients of Friction. 


Wood on wood, dry 0*25 to 0-50. 

Hemp on oak, dry 0-53. 

Hemp on oak, wet 0*33. 

Metals on oak, dry 0*50 to o*6o. 

Metals on oak, wet 0*24 to 0*26. 

Metals on elm, dry 0*20 to 0*25. 

Leather on oak 0*27 to o‘35. 

Leather on metals, dry 0*56. 

Leather on metals, wet 0’36. 

Leather on metals, greasy 0*23. 

Leather on metals, oiled 0*15. 

Metals on metals, dry 0*15 to o’2a 

Metals on metals, wet • 0*30. 


The following table gives some useful properties of common materials. 
The density is in pounds per cubic foot, the two moduluses in millions of 
pounds per square inch, and the breaking tension in thousands of pounds 
per square inch. 


Material. 

Density. 

Young’s 

modulus. 

Modulus 
ot rigidity. 

Breaking tension. 

Wrought iron bars . . . 

4S0 

29 

II’I 

60 to 70 

Cast iron 

444 

17 

2*9 

16*5 

Steel bars ..... 

490 

29 to 42 

ir8 

100 to 120 

Copper wire 

545 

17 

7-1 

60 

Oak . . a . ■ • « 

50 

1*5 

0*082 

12 

.Ash a a a a a . ■ 

47 

1*6 

0*076 

17 


The following table gives the periods of the planets in days, their mean 
distances from the Sun in terms of the Earth’s mean distance, and the ratio 
of the mass of the sun (S) to that of the planet (M[), 


Planet. 

Period. 

Mean di.stance. 

S-r M. 

Mercury 

87-97 

0*3871 

8,000,000 (?) 

Venus a 

224*7 

07233 

402,000 

Earth 

365-24 

1 

332,000 

Mars , 

687-0 

1*524 

3,093,000 

Jupiter 

4.333 

5*203 

1,048 

Saturn . * 

10,759 

9*539 

3 »S 02 

Uranus 

30,687 

19*18 

22,500 

Veptune 

60,127 

29-92 
[ 

19,000 
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Aberration of light, 391 
Acceleration, 2 

due to gravity, 14 

relative to rotating axes, 247 

Accelerations, polygon of, 8 
Action and reaction, 17 
Analytical method of summing forces, xi, 
12 

Angular velocity, 2 

as a vector, 490 

— dimensions of, 5 13 

d* Alembert’s principle, 261 
Amplitude, 268 
Aphelion distance, 523 
Apse, Apsidal angle, Apsidal distance, 
373 

Astronomical unit of mass, 213 
Asymptotes, 528 
Auxiliary circle, 525 


B 

Bashfortli^s experiments on projectiles, 

304 

Bashforth^s “Motion of Projectiles,” 

314 

Beam under a concentrated load, 191 

under isolated loads, 185 

Beams, bending of thin, 181 

, deflection of, 187 

, deflection due to several systems of 

loads, 193 

, strength of, 196 

with transverse loads, 184 

with variable sections, 194 

Belt on a rough cylinder, 120 
Bending moment, 183 

in a rotating rod, 415 

Bicycle, braked, 408 
Body, 1 


Cantilever, 186 
Cardioid, 363 
Catenary, 127 

common, 127 

of uniform strength, 138 

parabolic, 134 

Cavendish experiment, 210 
Centimetre, 14 
Central forces, 343 
Centre of gravity, 38 

of mass, 3$ 

of parallel forces, 28, 36 

of percussion, 470 

Centres of suspension and oscillation, 444 
Centrodes of a body moving parallel to 
one plane, 1 10 

Chain under any load, 135, 136 
Circle rolling inside a circle of twice the 
radius, iii 

Circular orbit, stability in a, 369 
Clutch, friction, 124 
Coefficient of friction, 102 
Collision of elastic bodies, 476 
Comet, Haliey^s, 367 

of 1866, 381 

Comet’s orbit, 391 

tail, 380, 381 

Components of a force, 9 

j unique set along three linei 

in space, 10 

Compound pendulum, 443 

method of finding g by a, 445 

Concentrated load on a beam, 1S5 
Conditions of equilibiium, 28, 35 

of stability, 79 

Cone of friction, 104 
Conic, definition of, 523 
Ccm‘cr .3 290 

C'’'r.r.ecii.'.g i.'d. c; a steam engine, 96 
Continuous body, 39 

loads on beams, 187 

Constant of gravitation, 210 
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Constant of gravitation, dimensions of, 
516 

Coplanar foices, resultant of, 26, 52 
Couple, 20 

exerted by a rotating body on a 

fixed axis, 510 

, moment of a, 22 

, vector repiesentation of a, 24 

Couples, equal, 23, 24 

in inclined planes, 25 

, resultant of sevei al, 26 

Cycloid, equation of a, 320 
Cycloidal motion, 320, 321 

D 

D’Alembert’s principle, 261 

variation in length of, 421, 422 
Deflection of beams, 187, 191, 193, 197 
Degrees of freedom, 79, 427 
Deviation towards the cast of a bod)" 
dropped from rest, 381, 382 
Displacement, i 
Double star, 397 
Dynamics, i 
Dyne, IS, 519 

E 

Earth’s axis, piecession of, 503 

, free motion of, 503 

effect on bodies' attracted into solar 

system, 399 

surface, bodies projected from, 276 

Easterly deviation of falling bodies, 381, 

382 

Elastic rods, 170 

Elastic string, work done in stretching 
an, 167 

Elastic strings, 165 
Elasticity, 164 

Electrostatics, a theorem in, 231 
Ellipse, 523 

Elliptic-harmonic motion, 348 
Elliptic orbit, 353 

, construction of, 354 

, time in an, 365 

Energy equation of a particle, 262 

; — of a 1 igid body, 426 

, kinetic, 263 

, potential, 74 

Equations of motion of a rigid bndy, 406 
Equilibrium, 18 

, conditions of, 28, 34 

under three forces, 29 

Equimomental systems, 158 
Equinoxes, 3S0 

, time between, 356 

Equipotential surface, 228 
Eig, 518 


F 

Filament, 288 
Fluid resistances, 304 
Fluxional notation, 13 
Flying in a wind, 7, 16 
P'orce, 2 

, line of, 228 

, Newton’s laws of, 259 

, tube of, 228 

Forced oscillations, 328, 333 

with resistance, 336 

Kiames, over-rigid, 54 
Frameworks, rigid, 53 
Freedom, degrees of, 79, 427 
Friction, 102 

, angle of, 104 

, cone of, 104 

cone or clutch, 124 

on a body turning about a normal 

to the surface of a contact, 112 
, laws of, 102 

maintaining a ladder in equilibrium 

107 ’ 

, work done by, 21 

Funicular polygon, 53 


G 

Gauss’s theorem, 223 
Giam, 14 

Graphical method of dealing with co- 
planar forces, 52 
Gravitation, 37 

^ constant of, 37, 210 

, law of, 210 

potential, 21 1 

unit of force, 14 

Gravity, acceleration due to, 14 

, centre of, 38 

Grooved pulley, rope on-a, 126 
Guldinus, theorems of, 46 
Gyroscope, 50*1 


H 

Halley’s comet, 367 
Hodograph, 251 

of a planet s motion, 390 

Hooke’s law, 165 
Horse-power, 73 
Plyperbola, 527 
Hyperbolic orbit, 352 


I 

Impulse, 467 
Impulsive force, 467 
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Inclined plane, force required to drag a 
body along an, io6, 107 

.. , motion down an, 265 

Inertia, moment of. See Moment of 
inertia 

- — , product of, 155 
Initial motions, 479 
Instantaneous centre of rotation, iio 
Invariable plane of solar system, 40S 
Inverse square law of force, 273, 351, 362 
Isochronous pendulum, 320 


J 

Jupiter's effect on a body attracted in the 
solar system, 396, 398, 399 


K 

Kater’s method of finding the value of^, 

445 

Kepler’s laws, 38S 
Kinematics, i, 240 
Kinetic energy, 263 
of a rigid body, 424, 510 


L 

Latitudes, variation of, 503 
Laws of force, 259 
Line of force, 22S 

M 

Mass, I 

, centre of, 38 

Masses, definition of equal, 14 

of primaries, 292, 389 

Matter, i 

Maximum span for any material, 139 
Measure of a physical quantity, 518 
Metric units, 14, 519 
Modulus of rigidity, 165 

, Young’s, 165 

Moment of a couple, 22 
of a force, 20 

— of a vector about any axis in space, 

492 

represented as a vector, 493 

of inertia, 145 

about different axes tlirough 

the same point, 154, 157 
about parallel axes, 15 1 

— of a triangle, 152 

of momentum of a particle, 343 

of a rigid body, 405 

Momentum vector, 494 


Moon’s motion, 395 

Motion down an inclined plane, 265,410, 

431 

Mutual atti action between two parts of 
the same body, 234 
potential, 231 


N 

Newton’s laws of forces, 259 
Normal velocities and accelerations, 244 


O 

Orbit, elliptic, 353, 362 

, hyperbolic, 352, 362 

, parabolic, 352, 562 

relative, 386 

Orbits, Chaps. XVII. and XVIII. 
Oscillation, centre of, 444 

of pulleys on a shaft, 465 

Oscillations, forced. See Forced oscil- 
lations 

of a particle, Chap. XVI. 

of a rigid body. Chap. XXL 

started by friction, 465 

Over-rigid frames, 54 


P 

Pantheon, experiment'^ on falling bodies 
in the, 3S2 

Pappus, the^ irems of, 46 
Parabola, 529 
Parabolic motion, 285, 352 

orbit, 352 

, time in a, 364 

velocity, 352 

Parallel forces, centre of, 28, 36 

, resultant of two, 19 

Particle, i 

Pendulum. See Compound pendulum, 
Cc"'*''':! Simple pendulum, 

Percussion, centre of, 470 
Perihelion distance, 523 
Phase angle, 268 

Planetary motion, 351, 362, 374, 3S4, 
390 

Polygon of accelerations, 8 

of displacements, 4 

of forces, 9 

Potential energy, 74 

of a stretched siring, 169 

, mutual, 231 

Pound, 2 

weight, 14 

Poundal, 14 
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Power, 73, 266 
Precession, 500 

of the earth’s axis, 502 

Principal axes, 155, 157 

moments of ineitia, 157 

Product of ineitia, 155 
Projectile, range of a, 286, 2S7 


R 

Radial and transverse accelerations, 245 

'■ — velocities, 245 

Radius of gyration, 140^ 

Range of a projectile, 286, 287 

Rate of change of a lotatmg vector, 242 

Reaction, 17 

Redundant rod, 54 

Relative displacement, 6 

velocities and accelerations, 24S 

velocity, 7 

Resistance producing slow variation of 
satellite’s orbit, 391 
Resistances, fluid, 304 
Resolution of forces, 9 
Resultant, 3 

of coplanai forces, 26, 52 

— moment of a vector at a point, 493 

of momentum at a point, 494 

Rest, 2 

Re^rdatiqp, 2 
Rlf^d Uody, 17, 401 

enei gy equation of a, 426 

, of notion of a, 406 

^ ;i 1. of a, 424, 5x0 

, small oscillations of a, Chap. 

XXI 

frameworks, 53 

, stresses in, 56, 62 

Rocking bodies, 455 
Rod, twisting of a, 177 
Rods, elastic, 170 
Rope, maximum span of a, 139 

of uniform btreugth carrying a load, 

144 

on a grooved pulley, 126 

Rotating plane, accelerations in a, 246 

vector, rate of change of a, 242 

Rotation, instantaiieous centi'e of, 1 lo 


S 

Sag^ of a measui ing chain or telegraph 
wire, 134 

Satellite in a circufar orbit, 291 
Satellite’s orbit slowly varying under 
resistance, 39 1 
Scalar quantity, 3 
Set, permanent, 165 
Shaft in loose bearings, 125, 126 


Shear stress, 163 
Shearing foice, 164 

in a rotating rod, 4x5 

Short beams, shearing of, 176 
Simple-harmonic motion, 267 
Simple pendulum, 315 

, exact period of, 316 

Smooth l)odj\ 17 

Solid and holiov spheres rolling down 
inclined planes, 419 
Span. See Maximum span 
Speed and velocity, 8, 240 
Spinning projectile, 505 

top, 500, 504 

Spiral spring, 179 

under non-axial tension, i8o 

Statics, I 

Stable and unstable 79 

Stability, conditions . 

in a circular orbit, 369 

of rolling bodies, 84, 457 

Stendyrg a ship’s cabin, 508 

atii. 

Stress, 163 ^ 

, breaking, 165 

Stresses m a rigid frame, 56, 62 
^ initial, 57 

Suing or belt on a rough cylinder, 120 
Strings, elastic, 165 
StrutSj theory of, 198 
Suspension, centre of, 444 


T 

Tangential and normal velocities and 
accelerations, 244 

Tangential-polai equations, 346, 526, 

5 ^ 7 » 529, 530 

Tension, 17, 163 

in a rotating hoop, 413, 421 

rod, 415 

in a string on a rough cylinder, 120 

on a smooth body, 97 

Terminal velocity, 304 
Three bodies, problem of, 394 
Thrust, 17, 163 
Tidal action on the earth, 422 
Top, Spinning, 500, 504 
Trajectory, body in a flat, 314 
Transmissibility of force, iS 
Transverse loads on beams, 184 
Truck on an inclined plane, 16 
Tube of force, 228 
Twisting of a rod or prism, 177 


V 

Variation of a satellite’s orbit, 391, 393 
Vector^ rate of change of a, *8, 242 
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Vectors, 2 
— addition of, 4 

negative, 5 

subtraction of, 5 

Velocity, 2 

and speed, S, 240 

, angular, 2 

, constant, 8 

due to a fell from infinity to earth’s 

surface, 277 
, relative, 7 

Vertical circle, motion in a, 294 
Virtual work, 91 


W 

Weight, 14 

Work, analytical expression for, 71 

, definition of, 68 

done by a couple, 70 

weights of pai tides, 73 

Work-function, 75 
Work, r^ of doing, 72 
^ virtual, 91 

Y 

Young’s modulus, 165 



